Condensed Matter Physics 1

[] Largest subfield of physics
(] Link between atoms and everyday world.

(] Unity obscured by tremendous variety of topics.
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Dividing the field 2
Historical Roots Concepts
[] Atomic Structure (] Self-organization
(] Electronic Structure (] Form and Function
[] Mechanical Properties [] Scaling and Symmetry
[] Electron Transport (] Precision Measurement
(] Optical Properties (] Fabrication
[] Magnetism (] Computation
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Atomic Structure

Questions:
(] What is the basic structure of matter?
[] How do atoms spontaneously organize?

Basic Answer:

(1 Scaling theory relates atom—scale units to macroscopic solids.

[] Atoms form crystalline arrays.

[] ldea comes from special class of solids: minerals.

See vast numbers of minerals at http://webmineral .com/
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Two-Dimensional Lattices 4

Definitions:
[1 Bravais lattice
primitive vector
basis vector
unit cell (primitive or not)

Wigner-Seitz cell (Moronoi polyhedron)

0 O O O @O

translation, space, and point groups
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Bravais Lattices

Square

Hexagond

al

B = g
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Bravais Lattices

Centered Rectangular

Rectangular

a2 f [ J [ J [ J [ J
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Oblique
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Question 7
Q: Are primitive vectors unique?
A: No..for hexagonal lattice
a = a(l O) (L1a)
1 3
However, one could equally well choose
1 V3
/ b— —_ [
a = ( > 5 ) (L2a)
1 V3
/ — R [
a, a ( > 5 ) : (L2b)
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L_attice with Basis 8

(C)

Note presence of glide plane, showing that space group is not the same as the product of
translation group and point group.
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Selective Destruction of Symmetry by Basis

Some, but not all symmetries of triangular lattice destroyed.

CEE
SO S SRR
X A A A A
W A A A A

A X A A A
MR
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Unit cells

10
Unit cells are not unique.
[ ] [ [ ] [
[ ] [ ] [ ] [ ]
(A) (B)
Puzzler: how does one construct bizarre—shaped cells that tile the plane?
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Questions 11

Q: What makes lattices the same or different?
A: Two lattices are the same if one can be tranformed continuously into the other without
changing any symmetry operations along the way.

Mirror plane... . broken... ...and restored

o Y o o o

Rectangular t» X Centered Rectangular
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The Space Group 12

Operations
G =4d+R(Nn,0). (L3)

that leave lattice invariant.

Two important subgroups: translation and point groups. The full space group cannot be
formed from these because of glide lines and Screw axes.

e ——— *
e s -
i o - .
>
a
SRS 1+Ssla=R'+4. (L4)
S=01-1)+9, (L5)
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Questions

13

Q: How many distinct Bravais lattices are there?

A: Five

Q: How many distinct two-dimensional lattices are there?
A: Seventeen. They are enumerated at

http://www2.spsu.edu/math/tile/index.htmor
http://www.clarku.edu/ djoyce/wal lpaper/
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Three-Dimensional Crystals
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Topics 2

(] Distribution of structures among elements
[] A small number of popular crystal structures

(] Crystal symmetries:
[] 7 crystal systems
[] 14 Bravais lattices
[] 32 point groups
] 230 space groups
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The Elements

Atomic name

Atomic number and symbol

Ground state electron configuration

Melting temperature in K

SiLICON
14si

[Ne]3s*3p?
T=1683 p=1-10°

Atomic weight (12C=12)
Density in 102atomscm ™3, at 293K or at melting

Electrical resistivity in u£2 -cm at 298 K

Crystal structure, either at 293 K, or at a=5.43 Lattice parameters
%0 melting if liquid at 293 K
&
N
&
<
la lla Metal Insulator Semiconductor Semi-metal
LITHIUM BERYLLIUM
3Li u=6.94 |4Be U=9.01
= =12.
1208k n=4.63 19082 n 36
T—-454 p—8.55
@ a=4.38
Sopium MAGNESIUM
11 Na Uu=22.99 | 12Mg u=24.31
1=2.54 1=4.31

[NeJast [Ne]3s?

T=371 p=4.2 T=922 p=4.45 - Transition Metals >
a=3.17 b IVb Vb Vib Viib «—Vvip ———>
c=6.15

POTASSIUM CALCIUM SCANDIUM 44.96 TITANIUM 7.68 VANADIUM 50.04 CHROMIUM 52.00 MANGANES%4 04 IRON COBALT 58.03 NICKEL 58.60
U=39.10 u—40.08 u=44. " =47 =! u=52. u=54. u=58.! . u=58.

19K e 20Ca e 21Sc | T,o0 |22 g0 |23V o5, [24Cr g% |25Mn ToNeT [ 26Fe T | 27Co  ToheT [ 28Ni TS

[Ar]ast [Ar]4s® [Ar]3dt4s? [Ar]3d?4s? [Ar]3d®4s? [Ar]3d®4s! [Ar]3d%4s? [Ar]3d®4s? [Ar]3d74s? [Ar]3d84s?

T--337 p—6.15 T-1112 p=3.43 T—1814 p=61.0 | T=1933 p=42.0 | T=2160 p=24.8 | T=2130 p=12.7 | T=1517 p=185.0 |, T=1808 p=9.71 | T=1768 p—6.24 | T=1726 p—6.84
a=5.33 a=5.59 a=331 a=2.95 a=3.02 a=2.88 a=8.91 a=2.87 a=3.54 a=3.52

c=5.27 c=4.68

RuBIDIUM STRONTIUM YTTRIUM 88.01 ZIRCONIUM NioBium 92.01 MoLVBDENugrg o TECHNETlurg8 o RUTHEN\UMIOl o7 RHODIUM 102,91 PALLAmuM106 2
u=85.47 u=87.62 u=_s. u= u=9e. u=9. u=38. u=104. u=102 u=106-

37Rb = & s Y a3 |02 AND | os | 42Mo gy |43TC 700 RU 737 |45Rh 736 |4 n=6.80

[Kr]5st [Kr]5¢? [Kr]4d'5s? [Kr]4d?5s? [Kr]4d*ss! [Kr]4dS5s! [Kr]4d55s? [Kr]4d75s! [Kr]4d8ss! [Kr]4d15<”

T=312 p=12.5 T=1042 p=23.0 T=1795 p=57.0 | T=2125 p=42.1 | T=2741 p=12.5 | T=2890 p=5.2 T=2445 p=22.6 | T=2583 p=7.6 T=2239 p=4.51 | T=1825 p=10.8

% a=5.62 @ 2=6.08 a=3.65 a=3.23 % a=3.30 % a=3.15 a=2.74 a=2.71 @ a=3.80 2=3.89
c=5.73 c=5.15 c—4.40 c=4.28

CESIUM BARIUM LUTETIUM 174.97 HAFNIUM 78.49 TANTALUM 180.95 TUNGSTEN [WOnggAg% RHENIUM 186.20 OsMIum 1902 IRIDIUM 102.22 PLATINUM 195.08
u=132.91 u=137.33 u=174. u=178. u=180. u=183. u=186. u=190.. u=192. U=195.|

55Cs v | 96Ba =Rl TILU iage | T2HE (ps | 73TA 55 n-63 | PRe nggp | 7605 gig | TTI0 g Pt 662

[Xe]6st [Xel6s® [Xel4f145dl6s” [Xe]4 f 1450265 [Xel4f145d%s* [Xe]4 f 1450465 [Xe]4f45d%6s? [Xe]4 f 1450565 [Xe]4f145d76s [Xe]4145d1%6s°

T--302 p—20.0 T=1002 p=50 T—1936 p=79.0 | T=2503 p=35.1 | T=3269 p—12.45 | T=3680 p=5.65 | T—3453 p—190.3 | T—3327 p=8.12 | T--2683 p—5.3 T--2045 p=10.6
a=6.14 % 2=5.03 a=3.50 a=3.19 a=3.30 a=3.17 a=2.76 a=2.73 a=3.84 a=3.92

c=5.55 c=5.05 c=4.46 c=4.32

FRANCIUM RADIUM LAWRENCIUB/I RUTHERFORDIUM | DUBNIUM SEABORGIUM BOHRIUM HAssIuM MEITNERIUM

87Fr umgzﬁ 88 Ra u:§2363-03 103Lr ﬁjf“ 104 Rf 105 Db 106 Sg 107 Bh 108 Hs 109 Mt

= nx1. =

[Rn]7st [Rn]7s2 [Rn]5f146d17¢?

T=300 p=" T=973 p=100 T=? p=2

a=5.15

? ?

LANTHANUNiSS o1 CERIUM 140.12 PRASEODVMl%\ngl NEOD\eruM144 2 PROMETHIUV\{IAE SAMARIUM 150.36 EUROPIUM 151.07
u=138. u=140. =140.! u=144, UR u=150. u=151.
Lanthanides S7La | o6r |58Ce g5 [SOPr pgg |GONd 593" | 61PM \“ggp |62Sm o |63EU 508
[Rare Earths] [Xe]5d16s? [Xe]4f25d%6s? [Xe]435d%6s? [Xe]4f45d%6s? [Xe]4°5d%6s? [Xe]4 65d%s? [Xe]4f75d%s?
T=1194 p=57 T=1072 p=73 T=1204 p=68 T=1294 p=64.0 1441 pas50 T=1350 p=94.0 |, T=1095 p=90.0
a=3.77 a=4.85 a=3.67 2=3.66 a=? 2=9.00 a=4.58
c=1.22 c-11.83 c—11.80 <:> @:w 13
ACTINIUM 22703 THORIUM 232.04 PROTACTINILZJBMI o URANIUM 238.03 NEPTUN\HMZ:W 05 PLUTON\UM244 AMERlcluMz43
U= A U= .| U= o U= . 93 N = B U, URs,
89AC o7 |90Th (o n—sss | 92U 479 P nesia nosgo | BAM a3
Actinides [Rn]6d!7s? [Rn]5%6d?7s? [Rn]5f26d'7s? [Rn]5f36d"7s? [Rn]546d*7s? [Rn]566d7s? [Rn]576d7s?
T=1320 p=? T_2023 p=13.0 |, T=2113 p=17.7 | T=1406 p=30.8 | T=913 p—122 T=914 p=146 | 11267 pe8
a=5.31 @ a=5.08 =3.93 =255 72
=3.24 —4.95 .66
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The Elements

@ <:> HYDROGEN HELIUM e
u=4.
fec: bec: rhcmbohedral,’@' tetragonal: hexagonal: 1H n=4.54 izHe n=3.11
1st
hep: @ cubic: D orlhurhombic:@ munodinic:@ diamond<> T=14.01p=" At2K, 26 am
a=3.77 a=3.53
c=6.16 c=4.24
X 4
& (<)
& J
' S
< <
Illa IVa Va Via Vila Villa
BoRoI CARBON FLUORINE NEON
cp | u=108L | u=t201 N"IIROGEU:mm OgGEN U=1600 | gF  U=1900 | 10 u=2018
n=13.03 n=17.59 n=4.43 n=7.53 € 430
1s22s22pt 1s22822p? 1s22822p3 1s?2s22p* 122822p° 1s22822p0
—25735=1.8. 10 T=3820 p=10"° | T=6329 p=? T=54.8 p=7 T=53.5 p=? T=245p="
—8.74 a=3.57 a=5.64 a—=6.83 a=6.67 a=4.45
. = O O O 2
g ALUMINUM SiLIcoN SULFUR CHLORINE
Q. U=26.98 PHOSPHORLJ%O 97 . - ARGON o
I=26.! . u=28.09 u=30. u=32.07 u=35.45 u=39.95
\q,s BAI 6 |14S n—4.99 5P 35 |16S 30 |17C1 3us |1BAT [ ogp
S [Ne]3s23pt [Ne]3s23p? [Ne]3s23p? [Ne]3s23p* [N€J3s23p° [Ne]3s3p°
< T=1683 p=1.10° T=172 p= T=83.8 p="
—6.24
b I1b a=5.43 v @ a=5.31
c—8.26
COPPER ZINC GERMANIUM ARSENIC SELENIUM BROMINE KRYPTON
u=63.55 u=65.39 u=72.61 u=74.92 u=78.96 u=79.90 U=83.80
29Cu gy |302Zn 32Ge 4y |3BAS e |38Se (g6 |35Br 355 |36Kr 503
[Ar)3d104s! [Ar]3d104s? [Ar]3d10454p? [Ar]3d104s24p3 [Ar]3d104s?4p* [Ar]3d104s24p5 [Ar]3d104s24p5
T=1357 p=1.67 | T=693 p=5.92 T=1211 p=4.6-10" | T=1090 p=26 T=490 p=1.10° | T=266 p=7 T=117 p=?
a=3.61 a=2.66 a=5.66 .13 a=4.37 =6.74 a=5.72
— _540 . b=4.55
c=4.95 “@LM 10 c=4.96 Lt
SIVER 10787 | o o112 I 11671 | ANTIMONY 11 75| TELLURIOM 5 60 | OP™NE U sasion | SENON 13120
u= u=. " u=. . U= . U= A u=. . u= .
ATAQ | s |48Cd i3 491N _ag3 | S0SN 37 n=33l |92T€ o9q |58l 53 |94Xe ig
[Kr]4d™0ss! [Kr]4d105s? [Kr]4d!05s?5pt [Kr]4d058*5p? [Kr]4d'05s?5p° [Kr]4d'05s*5p* [Kr]4d105s25p° [Kr]4d105s25p°
T=1235 p=159 | T=5% p=6.83 T=429 p=8.37 | T=5Q5 p=11.0 T=723 p=4.36-10° |T=387 p=1.3-10% | T=161 p=7
a=4.09 .23 . a-4.46 tﬁg a-6.19
—=4.94 =3. c=5.93 R
GoLD 196.97 MERCURY THALLIUM " EAD 207.2 BISMUTH 208,08 POLONIUM 200 ASTATINE 210 RADON o
u= . I=100.59 U= 2 u=. . u= . UR, URe, URz,
AU 5o |8OHI o BLTI 549 |82PD “355 |83Bi | op n-268 |89AL oy 86Rn |,
[Xe]4f145d106st [Xe]4f145d106s% [Xelatsd%s?6p' | [Xe]4f*5d%6s%6p?  |[Xelaf5d6s%6p®  |[Xelaf5d%6s’6p’  |[Xel4f15d%6s’6p°  |[Xel4f45d'°6s’6p"
T=1338 p=2.35 T=577 p=18.0 | T=601 p=20.65 T=527 p=140 TR575 p=1 T=202 p="
a=4.08 a=3.46 a=4.95 a=3.35 a="?
c=5.53 D ?
GADouNluq57 - TERBIUM 158,93 Dvspﬁoswumlezso HoLmium 164.93 ERBIUM 167.27 THULIUM YTTERBIUM17304
u=157.. u=158. u=162. u=164. u=167. u=168.93 u=173.
64Gd |y [65Tb 335 |66Dy 5177 | 67THO \—gp | BBEr 5o |69TM W= 70Yb | o0
[Xel4f75d16s? [XeJ4f95d%s> [Xe]4f105d%s? [Xe]4f115d%6s? [Xe]4f125d%s® [Xe]4f135d%6s? [XeJ4f145d%6s>
T=1586 p=134 1685 p=57.0 T=1818 p=79.0 |, T=1007 p=29.0
a=3.64 @ 59 a=3.54 a=5.49
572 c=5.65 c=5.55
CURIUM 247 BERKLIUM 247 CAL\FORNIUZI»gl EINSTEINIUI%I54 FERMIUM 257 MENDELEVIUZg8 NOBELIUM 250
ure. UR:. U URs, = URY, U,
96Cm ol |97Bk o |98CF 2t |99Es 1 [ 100Fm TR [100Md 2 | 102No YD
[Rn]5f76d17s? [Rn]5f%6d°7¢? [Rn]5f106d07s? [Rn]5f116d07s? [Rn]5f126d07s [Rn]5f136007s? [Rn]5f146d07s?
T=1610 p=7 T=7 p= T=7 p=7 T=7 p=1 T=7 p=" T=7 p=7 T=7 p=7
a=7
? ? D ? ? ? ?

Web Elements
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http://www.webelements.com/webelements/index.html

Allotropy 5
Many elements adopt multiple crystal structures between 0 K and their melting
temperature. Plutonium has a particularly elaborate phase diagram:
Transformation Phase Structure (atoms per unit Density (g/cc)
Temp, C cell)
112 o monoclinic (16) 19.8
185 I5; fc monoclinic (34) 17.8
310 vy fc orthorhombic (8) 17.1
450 ) fcc (4) 15.9
475 o' fc tetragonal (2) 16.0
640 € bce (2) 16.5
Table 1: Source, Atomic Weapons Establishment, Discovery Article
16th May 2003
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http://www.awe.co.uk/main_site/scientific_and_technical/publications/discovery/pdf/discovery_march_2001/the_94th_element.pdf

Popular Lattices 6
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To view these crystals in 3—d, install r asnol . Using xpdf version 2, one can click on the name
above each figure and invoke rasmol automatically. Configure rasmol with a .rasmolrc file
containing

spacefill 100
wireframe 20
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http://openrasmol.org/

Popular Lattices 7
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Popular Lattices :
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Popular Lattices 9
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Popular Lattices 10
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Popular Lattices
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Popular Lattices 13

(CeCl)
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Popular Lattices 14
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Popular Lattices
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Popular Lattices 16

0% 0 % 00" s

\"\‘\3

a

16th May 2003
(© 2003, Michael Marder



Fourteen Bravals Lattices and seven Crystal
Systems 17

Please welcome The Bravais Lattice Song

http://ww. haverford. edu/ physi cs- astro/ songs/ bravai s. ht m
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http://www.haverford.edu/physics-astro/songs/bravais.htm

Fourteen Bravals Lattices and seven Crystal

Systems 18
Cubic Tetragonal Orthorhombic Monoclinic Triclinic Hexagonal Rhombohedral
a=b=c a=b#c a#b#£c az#b#c a#b#£c a=bz£c a=b=c
a=B=v=90° a=f=y=90° a=F=y=9%0° a=y=R0° a,B,7#90°  a=p=90° a=f=~v#90°
B£90° ~ = 120°
. e R ) b b oB 9 b b NRdER b
MR giss PR MBNNES S &
1 - - o2 152 lo
. . a >y 9
Base- ) g g §
Centered M 4 )
|
q a a
Body-
Centered % %.
q
Face-
Centered
16th May 2003

(©2003, Michael Marder



Fourteen Bravals Lattices and seven Crystal
Systems 19

B \ 790\
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Symmetry Axes 20

Schonflies International

. Operation
AXis type Notation Notation Symbol
Inversion =% 1 o F— —T
Twofold C2 2 or ° °
[/ \ Q
Threefold Cs 3| or ol °
Q
Fourfold Cq 4 . ° 1, °
e ]
Sixfold Co 6 4 R R
Twofold op, L toaxis ® °
Rotoinversion oy, plane contains axi = m or
or Mirror o g, bisects twofold axes °
e
Threefold g1 _ el 0?
Rotoinversion 6 3 A PR P
e
Fourfold g1 — "N ? ?
Rotoinversion 4 4 ng
Y
e §Jl
Sixfold g1t _ Co| 0?
Rotoinversion 3 6 @ e el
o

16th May 2003
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Schonflies and international notation 21

Schonflies

C = Cyclic; allows successive rotation about main axis.

D = Dihedral; contains two-fold axes perpendicular to main axis.
S= Spiegel; unchanged after combination of reflection and rotation.
T = Tetragonal.

O = Octahedral.

A subscript n=1...6 denotes the order of a rotation axis, and subscripts h, v, and d
denote the three types of mirror plane on previous slide.

International

Associates each group with a list of its symmetry axes Notation such as 6mrefers to a
mirror plane containing a sixfold axis, while n% refers to a mirror plane perpendicular to a
sixfold axis.

16th May 2003
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32 Crystallographic Point Groups 22

Triclinic  Monoclinic Ortho- Trigonal Tetragonal  Hexagonal = Cubic
rhombic

L’l CZ Cs Cy Ce L

1

I ~

3o
S|
=1
=

=

=
=1ES
S|
3
3
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SN
3
3
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&
=)
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230 Space Groups 23

Learn as much as you want at

http://cst-ww. nrl.navy.ml/latticel/spcgrp/

http://ww. uwgb. edu/ dut chs/ SYMVETRY/ 3dSpaceG ps/ 3DSPGRP. HTM
http://ww+structure.llnl.gov/ Xray/tutorial/spcgrps. htm
http://ww. ccas.ru/galiulin/feddosl. htmn
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http://cst-www.nrl.navy.mil/lattice/spcgrp/
http://www.uwgb.edu/dutchs/SYMMETRY/3dSpaceGrps/3DSPGRP.HTM
http://www-structure.llnl.gov/Xray/tutorial/spcgrps.htm
http://www.ccas.ru/galiulin/feddos1.html

Some conseguences of symmetry 24

Sometimes it is possible to decide that some particular effect must vanish in a particular
crystal simply by considering its symmetries. Magic when it works.

Example: Piezoelectricity

. 1 8Ua 8u5
€as = 5 (8|’5 + 8|’a> : (L1)
Py =) Basy€as, (L2)
af

‘B Is the most general possible tensor describing a general linear relationship between
dipole moment and the strain, and is computed by considering all atoms in equilibrium.

Considerr — —T.

Crystal cannot be centrosymmetric, ruling out possibility of (large) effect in huge
numbers of compounds.

16th May 2003
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EXperimental Determination or Crystal
Structures 1

28th January 2003
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History 2

Experiments and theory in 1912 finally revealed locations of atoms in crystalline solids.
Essential ingredients:

e Theory of diffraction grating.

e Skiing, and physics table at Café Lutz.

e Willingness to disobey supervisor, and belief that “experiment was safer than theory.”
e X-ray tubes, photographic plates, and experience with their use.

e Persistence.

e Coherent experiments dragging incoherent theory along behind.

28th January 2003
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Terms 3

Bragg scattering, elastic and inelastic
Bragg angle

Bragg peak

Bragg planes
Atomic form factor
Reciprocal lattice
Miller indices
Structure factor
Extinctions

Ewald construction
LLaue method

Debye-Scherrer method, powder diffraction

28th January 2003
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Scattering Theory 4

5\—1
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Incoming radiation o oYX o o
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> 4 .|ofo o o\o |
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Scattering Theory 5

"
/
O O O O :
O O O O
O O Q¢ s

64{2’«(&”/

N 9\\’(’\4//’&@
0.

o O O O O

O,

- 2t 5 >
= —(=,0,0
o= ""(2,0,0) o

Plane wave travels toward solid, scatters off atoms. Coherent scattering pattern reveals
crystalline pattern.

28th January 2003
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Scattering from a particleat theorigin s

Schiff page 115 or Jackson Eq. 9.8

o

W~ AeT RO 4 £ (f) —| (L1)
do
liom = — = |f(F)|? L2
f is atomic form factor.
28th January 2003
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Scattering from particleat R 7

o L , gkolF—R
P ~ Ag Wtk Ridko(T=R) 4 f(p) =], (L3)
F—R|
For sufficiently larger,
L r o
ko|F — R zkor—kOF-R. (L4)
Using Eq. (L4) and defining
K=k, (L5)
and d=ky —kK (L6)
gives
o jkor +id-R
P ~ Ae 1Rt 4 () ¢ —1. (L7)
Note that
q = 2kpsiné. (L8)
28th January 2003
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Many scattering particles

8
Assume multiple scattering and inelastic scattering can be ignored
o __@kor+ia-R
b ~ Ae 'wt[ékowzl:ﬁ(r) : } (L9)
Look away from incoming beam
| aikor+id-R
~ Agi! [ fi(f } . L10
(0 |Z 1 (F) - (L10)
Intensity per unit solid angle
| — Z f f e (R-R/) (L11)
1/
Eqg. (L11) is true no matter how atoms are arranged.
28th January 2003
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Scattering from crystal 9
| = laom| > €4R 2, (L12)
|
Laue condition: find g so that for all atom locations R,
exp(ig-Ry) = 1 (L13)
28th January 2003
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One-Dimensional Sum 10

N—1
Sq=) €& (L14)
|=0
N—1 -
g = » €™ (L15)
|=0
=¥y, = ) l+b (L16)
|=0
N—1 - _
= ) 14N (L17)
|=0
= Yq—1+eh (L18)
eiNaq_l
~ dNa/ZsinNag/2 (L20)
- €a/2 sinag/2
28th January 2003
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One-Dimensional Sum

11

L = sin“Nag/2 (L21)
; sin“agq,/2
ghad 1

%9 = gGa_q (L22)

5P sin®Nag/2 (L23)
T sinfag/2

28th January 2003
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One-Dimensional Sum 12
1000 . '
800 T
600 T
Al
400 T
200 T
o L Ll 1 Al Al
0 2m ar 6m 8
a a a a
Wave number g
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One-Dimensional Sum 13

Peaks when
aq/2 =lr = q=2nl/a (L24)
View as sum of delta functions:
Ze"aq— > N—cS (q—2xl'/a). (L25)
I/ =— o0
28th January 2003
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Scattering in three dimensions 14

Main result: when d = ko — k = K satisfies
exp[iK-R =1orK-R=2nl (L26)

there Is a strong scattering peak.

The scattering sum can be rewritten

Y eRI=3"N (Zﬂ)gd(q— K), (L27)
; R

Y,

When the vectors R lie in a Bravais lattice, then vectors K satisfying Eq. (L26) also lie in
a lattice— the reciprocal lattice.

28th January 2003
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Scattering in three dimensions 15

First consider
K-R=0 (L28)

Once the of K is chosen, the R satisfying this condition lie in a plane passing
through the origin

©0000900009000¢%%00¢ €009

Fon, wHih, D = (110)
az

afo e ©60 e ©0090¢

000099&1

© 0006000606000 ©0 OO0 00OCOFO 000006 oOVeo

© 0 0 005 000050000 0000 goooo 00000 ggooe00 00000 00066 00000

000090 0000 ,0000 5000 g060¢ 00009 5000 _ge00 ©0000° ©000°
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Scattering in three dimensions 16

The of K is restricted by the need to satisfy Eq. (L28) for all Bragg planes. In
the plane,

1181 + |28, (L29)

For any &; in an adjacent plane, suppose

d;-K = 2. (L30)
Then
K-R=K- (18, + 1,8 + |383) = 27ls. (L31)
Explicit construction:
- . ézxag A é3><51 A 51)(52
b, = 2#51.32X53 b2—27réz.a?,><al b3_27r§3-§1><§2 (L32a)
3
K = ) mb. (L32b)
=1
28th January 2003
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Scattering in three dimensions 17

Reciprocal lattice of a simple cubic lattice of lattice spacing a is another simple cubic
lattice, of spacing 27 /a.

The reciprocal lattice of an fcc lattice of spacing a is, however, a bcc lattice of spacing
At /a

The reciprocal lattice of a bce lattice of spacing a is an fcc lattice of spacing 47 /a.

28th January 2003
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Miller Indices 18

o |ijK] refers to a direction
IX+ Jy+kz (L33)
In the lattice specified by the three integers i, |, and k.

e (ijk) refers to a lattice plane perpendicular to [i jk]

o {ijk} refers to the family of lattice planes perpendicular to [i jk] and related by
symmetry.

28th January 2003
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L atticewith a Basis 19

R=10 + 7 (L34)

Regrouping of basic sum first carried out by Laue

Zejq'-lfé _ Zejq'-(0|+17|/) (L35)
R

1’

_ (Z éa-ffu) <Z é@%) (L36)

| |/

Ny - (Ze—ia-(ﬁj—ﬁj/)> (Zeiq’-(q')’|17|/)> . (L37)
ji’

1’

Structure factor for the unit cell 1s

Fa=1) €77, (L38)
|

When K vanishes, have an extinction: Laue overlooked this possibility, leading to years
of confusion interpreting patterns.

28th January 2003
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L atticewith a Basis

20
Example: Diamond
S L, a
91=(000), = Z(l 11). (L39)
S A A A7
K=l1—11-1)+lb—(-111)+I3—(1 -1 1). L40
1755 ( ) 12 ( ) 13 ( ) (L40)
Therefore,
T K = g(I1+I2+I3), (L41)
FIZ IS
Fe = [14+gmlitlatla)/z)2 (L42)
(4 ifly4l,+13=4.8.12,...
= ¢ 2 ifly+I>,+I3is0dd (L43)
\ 0 ifli+Il,+13=2,6,10,....
28th January 2003
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Experimental M ethods 21

Ewald construction

22 e Pt ‘
0_/?/?; :: | "411' I ":er_lé A H i | ° ° Y ) ) ) ) )
; |
1 ° ° ° °
[ | i/’(‘
J
= ° ° ° °
u’('
| 2 ° °
o Y
N 7
| }: JL | | ° ° °
. | s 4
V. ) J %
v | 74 ] %
L ¥ ° ° ° ° ° ° ° °

Shining generic monochromatic X-ray upon crystal gives no scattering peaks
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L aue M ethod 22

Z 10
S 8|
5 6|
5 4|
<
> °
= | | |
§ 0.2 0.4 0.6 0.8
IS Wavelength \ (A) e e s
28th January 2003
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Rotating Crystal M ethod 23

Film

N

Cylindrical Film

Incoming Beam
ampl

N

28th January 2003
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Rotating Crystal Method

24

gl

28th January 2003
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Powder Method 25

9 = sin"(K/2ko) (L44)

and the radius r on film of the scattering ring due to reciprocal lattice vector K is
r = Dtan(20). (L45)

28th January 2003
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Moreon Scattering Experiments 26

X-rays  Neutrons Electrons
Charge 0 0 —e
Mass 0 1.67-107%" kg 9.11.10—3' kg
Typical energy 10 keV  0.03eV 100 keV
Typical wavelength 1A 1A 0.05A
Typical attenuation length 100 gm  5cm 1pm
Typical atomic form factor, f 10=3A 10~4A 10 A

Interactions of X-rays with matter

e (1+cos?20) ¢

Iatom(r) — m2ct 2 :I'nzCA’P(f) (L46)
= f(f) = % P(f) =2.82-10~/P(f) m (L47)
28th January 2003
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Moreon Scattering Experiments 27

1013 .

t 10174
L aser

Synchrotron Radiation

1012
1011
1010

10°

Photons [smrad? 0.1% Bandwidth] —1

108
Bremsstrahlung ‘ ‘

101 100 101 102 108 104
Wavelength A (A)

Neutrons are almost completely isotropic. Elastic scattering (neutrons lose no enerqy)
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Moreon Scattering Experiments 28

gives very precise information about static structure. Inelastic scattering gives very
precise information about mechanical excitations. Neutrons are sensitive to the spins of
the nuclei from which they scatter.

(111) (222)

o) S0 (311) (622)
5 N
-
s (400) (331)  (511) (440) A
= /\ )
< | 293K
g (111)
S (311)
3
=

(200) (220) A

I A Al .
0 20 40 60 80
Scattering angle 26 (degrees)
Information on a neutron detector
28th January 2003
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http://www.msfc.nasa.gov/NEWSROOM/background/facts/bonner1.html

/5 yearsof further advances... 29

Insertion of heavy atoms allows extremely complex crystals to be deciphered.
Crystallography Online

Structure of Hemoglobin

rasmol viewer for molecules

Computers do most of the work now (for better or worse)

28th January 2003
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http://www.iucr.org/cww-top/crystal.index.html
http://www.biochem.ucl.ac.uk/bsm/pdbsum/1a00/main.html
http://www.rasmol.org

Surfaces and Interfaces

18th May 2003
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Surfaces and Interfaces 2

Counting up ways to align two surfaces

(A) (B)
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Commensuarate and Incommensurate

Interfaces 3
cosfd sind R R
N1d; + Nody = ( _ ) (mlbl + mzbz) (Ll)
—sind cosé

[
[
L
o o
[
[ 0o
[
® O
[ J
® © 000 O O O 00
[ [ J L
®e® © O © Oe® O Q
[ J [ | J

QO ©¢ 00® © O © O
[ [ J
0.00000E:E
L 4
® © ¢ & 6 ©

Lattice constants differ by v/5/2: commensurate but incoherent.
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Stacking Period and Interplanar Spacing 4

P=§(i*+ j*+k*),where 6 equals 1 or 2. (L2)
d=ea/\/i2+ j2+K2,

Q@ S I
) 9 O
® 2%

fcc (100) surface, P = 2

18th May 2003
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Nomenclature

0 oo oo oo oo oo oo 0O 0O O o @O

Twin boundary

Twist boundary

Tilt boundary

Stacking fault

And here come the acronyms
LEED—Low energy electron diffraction
RHEED—Reflection high energy electron diffraction
MBE—Molecular beam epitaxy
FIM—Field ion microscopy
STM—Scanning tunneling microscopy
AFM—Atomic force microscopy

HREM—High resolution electron microscopy

18th May 2003
(© 2003, Michael Marder



Twin Boundary

1nm

Al

Ni @

® o © @) e
o° 00 o 0 %0, I S
0 o 0 0 = =
o o o 0 @
@0 0 0 0 -
© o o % 0 0o
® o o © 0 0
o) e} el e, el Nel e
o9 @ 0 0 0 o
® o6 o6 o o6 o o —
0 o0 00 00 9" 00 00

o 0® ool 0® o o0 0—»
o o © o °
e Ca Ca C® O e 0 0

e 0@0@0 Qoo

(111)

110>

0@ OQAU

© e 0 0 ® @ O

o 'e "0 0 "0 "

o o o0 ‘@ "
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Low-Energy Electron Diffraction (LEED) ~

Technique used by Davisson and Germer to find wave nature of electron.
5000 V

electron gun'

-V =10-1000 V

(A) (B)
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Low-Energy Electron Diffraction (LEED) s

A= 12.2 [energy/eV]| Y2 A (L4)

§-R=2nl G= (Ky,Ky,q). (L5)

18th May 2003
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Molecular Beam Epitaxy (MBE) and
Reflection High-Energy Electron Diffraction
(RHEED) 9

Electrons of energy on the order of 100 keV reflected off a surface at a grazing angle.
The wave vectors associated with such energies are on the order of 200 A=, much larger

than the spacing between reciprocal lattice vectors.
Element #1 Element #2 Element #3

\)/shutters \\ /

Ultra-High Vacuum

Electron gun

Substrate

18th May 2003
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Molecular Beam Epitaxy (MBE) and
Reflection High-Energy Electron Diffraction

(RHEED) 10
AN DL L L R A L AL L AL B AL S L L L B L L
)
=
-
2
L
2
=
N
LLl
LLl ' T T DT T T T ST T T R T T T T S T T T
= 0 5 10 15 20 25
Timet (s)

Oscillations in RHEED intensity, (001) GaAs surface monitoring the [210] reflection as
electrons reflect off the surface at an angle of 0.91°. ( )

18th May 2003
(© 2003, Michael Marder



Scanning Tunneling Microscopy (STM) 1

Oppenheimer and tunneling

| ~exp—

W ~ exp[—xy/2mUJ /h?).

¢ =

N| -

(14 p2).

(L6)

(L7)

(L8)
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Scanning Tunneling Microscopy (STM) 12

18th May 2003
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Scanning Tunneling Microscopy (STM) 13

b(X) ~ exp [(i /h) / "dx/2m(E — U (x'))} .

Amplitude drops by

exp [—s\/quﬁ/hz}

J o ningVexp[—2sy/2me/h?]
X exp [—1.02[S/A]\/[¢/eV]} .

(L9)

(L10)

(L11)

(L12)
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Scanning Tunneling Microscopy (STM) 14

Weak spring

Strong spring

Sample
Tip
Piezodl ectric e ements
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Scanning Tunneling Microscopy (STM) s

Wolkow and Avouris (1988)

18th May 2003
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Atomic Force Microscopy (AFM) 16

M. Tortonese
See Atomic Probe Microscope galleries at
IBM STM Image Gallery

Digital Instruments/\Veeco

18th May 2003
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http://www.almaden.ibm.com/vis/stm/gallery.html
http://www.veeco.com/nanotheatre/default.asp

DLA—Diffusion Limited Aggregation 17

Witten and Sander

Java simulator of DLA

18th May 2003
(© 2003, Michael Marder


http://apricot.ap.polyu.edu.hk/~lam/dla/dla.html

Complex Structures

“ 1.___.:

My AN o
...1% ‘!m

F 7. i
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Alloys 2

Entropy always favors mixing things together:

| M
) = (LD)

M)~ MIIN—M)!  M!
c=M/N, (L2)

IS
ks In(NM/M!) ~ —ksN(cInc—c). (L3)
F=E-TS=N]|ce+kgTclnc—kgTc|, (L4)
c~ e c/keT, (L5)
16th May 2003
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logc, FesC in Fe

Alloys 3
-3 " 1 1 " 1 1 1 1
\'30 °
4 | ¢ C. -
o0
5 | -
°
() -
_6 M | M | M | M | M | M | M | M q
0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4
1T (K™Y (1972)
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Gold Copper

O 800 O gm0
@ 700 S 700
& 600 T 600
o Q.
500 500
CusA
E CuAu UszAU la_E.a

200

O 10 20 30 40 50 60 70 80 90 100
(A) Atomic Percent Copper (B)

(1958)

1100 , , , , 1100
1000 \/ 1000
900 | ~ 900 |

400 < 400
300 } /\/\ ‘ 300 }

Silver Copper

Liquid
Eutectic

Cu

Cu+Ag

|

0 10 20 30 40 50 60 70 80 90 100
Atomic Percent Copper
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Superlattices 5

CusAu CuAu
- Q\O 9
o o
o o o o
o o
C
e &
(A) (B)
a a
Q Gold ®  Copper

(A) A 3:1 mixture of copper and gold (B) Equal mixtures. Lattice constant c is 7%
smaller than a.
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Phase Separation

6
>
5
Ca Cp
0 Concentration ¢ 1
?ps: fgj(ca)‘F(l— f)ff(Cb), (|_6)
(L7)
C—0Cp Ca—
= F(c F(c L8
=>3'~ps Ca—Co (a)+ca_ ] (b) (L8)
16th May 2003
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Phase Separation

F(T3) F(Ty) F(T)

F(Ty)

A

Solid

Liquid

\/

At sufficiently high temper-
atures, the liquid phase is
of lower free energy at all
concentrations ¢ than the
solid.

At this temperature, the lig-
uid L is lower in energy to
the left, but coexists with
solid of type 3 towards the
right, and 3 is stable for
sufficiently high concentra-
filang.solid of type « is sta-
ble for low values of ¢, B
is stable for high values,
liquid is stable for a small
range in the middle, and
there are two coexistence
regions.

Only solid phases are sta-
ble. These can be pure o,
pure 8, or mixtures o« +
3 of the two.
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Nonequilibrium Structures in Alloys s

Grains

Due to B. Hockey, attributed to E. Fuller, and published by R. Thomson (1986)

16th May 2003
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Nonequilibrium Structures in Alloys 9

j=-DVec. (L9)
%3 = DV?c (L10)

16th May 2003
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with

Molecular Dynamics 10
S 0¢&
A=—x (L11)
.
mo —F (L12)
Rt = 2R R+ Fm—'ndt2 (L13)
A" = RARIR...RY) (L14)

16th May 2003
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Correlation Functions

11
Order parameters
Np(F1,T25t) = <Z<5(?1—I?2|(0))(5(T’2—I3|/(t))>. (L15)
| A1
I
SO = g (L16)
= 1+ % / dry dF, ny(Fy, Fo; 0)d (—T2) (L19)
where .
@ = 5 / drdr’ ny(r +7,7;0)d" . (L20)

16th May 2003
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Long- and Short-Range Order 12

Long—-range order in crystals...

Voo
Og = an(K). (L21)
Short-range order in liquids...
No(r
o) = "2 (L22)
S(@ = 1+n / drg(r)ed’ (L23)
= 1+n / dr(g(r) —1)d%" +n / dréedr’ (L24)
~ 14n / dredT(g(r) —1). (L25)
16th May 2003
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Long- and Short-Range Order 13

------ Liquid

_ Amorphous

Sa)

fi rst peak
Z= n/ dr 4zr2g(r), (L26)
0

16th May 2003
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EXtended X-Ray Absorption Fine Structure
(EXAFS) 14

Incoming radiation whose energy € lies above the onset of absorption at £,. Receiving
atom emits an electron of energy & — &, and wave vector hk = /2m(& — &,).

a(€) o Y |[1+[eN/TERIf /R (L27)

~ < / dsg(s)e /7 cos(2ks)>. (L28)

|+ 1s the mean free path of electrons in the solid.

16th May 2003
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Calculating Correlation Functions 15

Dense Random Packing, Bernal model, Hard spheres
3 , ,

a(r)

r/d

The radial distribution function g(r) for hard spheres (disks) of radius d in two
dimensions.

16th May 2003
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Glasses 16

n o exp[C/(T —Top)]. (L29)

Temperature

Temperature

a, B in solid solution

(B) Composition

Properties depend upon time one waits.

Temperature

(C) Composition

16th May 2003
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Glasses 17

. 6 F —
9 3
< 5 g
| A
(Vp] /N
v 4 F {1 20 E§
5 &
8 3 | 1 15 o
L 0.62 Hz 34 Hz 1100 Hz 3
a2 — 4 1.0 ch
5 x
'E' 1 B ] 0.5 |
& o
0

180 200 220 240
Temperature T (K)

Specific heat ¢ times thermal conductivity « for the glassy liquid glycerol as a function
of temperature. ( )
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Continuous Random Network 18
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Continuous Random Network 19

Bond-counting and constraint argument of Phillips
N number of atoms, b number of bonds per atom.

Nb/2 total bonds. If there is an optimal angle, N(2b — 3) extra constraints per atom.

3N = N(2b—3)+N7b, (L30)

it follows that
b=2.4, (L31)

16th May 2003
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Liquid Crystals 20

CH3 o (¢ N—N —{ —0— CHg

- -

20 A

Picture of the organic molecule p-azoxyanisole (PAA), which forms a nematic liquid
crystal between 116 °C and 135 °C. It can roughly be regarded as a rigid rod of length 20
A and width 5 A.

e Nematics
e Cholesterics

e Smectics

16th May 2003
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Liquid Crystals 21

Nematic liquid crystal

16th May 2003
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Cholesterics 22

ny=20 (L32a)
Ny = COS (pX (L32b)
n, = singoX. (L32c)
§, oo \ \ .
“ ll’ ‘02‘\ “%\” “[]u ’\ ‘: ‘;eii ‘Ilh
oy e ) oyt ey )
) i
[log  #o - T Vi by g gy W
Few s, o= o b muﬂﬂ” N Se d
Uﬂﬁﬂgﬂ%/ :a: W', by Yo e I\
Dy % QQM‘” & = 4, -
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Smectics

23
Smectic C m W\
1
= /dsrldelnl(rlael)é(g COS2 91 — l) (L33)
1
QozB — €af — §5aﬁ Zefy’ya (L34)
Y
16th May 2003
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Polymers 24

Polymer as a random walk.

Ideal Radius of Gyration

Pha(R) = [ dROVR)PLR-R) (L35)
= Pnya(K) = Pu(k)Pr(K) (L36)
= Pn(k) = [P0, (L37)
/dﬁ P(R)=1= P1(k=0)=1. (L38)

16th May 2003
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Polymers 25

Po(K) ~ 1— gkz g2 (L39)
= Pu(k) ~ e N2 (L40)
L PR = —— e R/, (L41)
v2mNC
Central limit theorem
° o . ,
C= —%hzoﬂﬁ(k) = / dRR*P;(R) = a&* (L42)
RZ = / dRR?P\(R) = 3¢cN = 3a?N (L43)
=R = av3N. (L44)
3, R
S=%- EkBﬂz_.z (L45)

16th May 2003
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Polymers 26

2 2
F = kBTi kBT R (L46)
4 R keT5 KXo
F = 3kBTR—|2 2NR= R (L47)

Polymer behaves like an ideal spring

Spring constant that rises in proportion to temperature, falls in proportion to the
molecular weight R, o N

RZ
M ~ 2 (L48)
N .1 R N a’ RZ
0+keT(13)5 57 = FotkeT 5 5 = Fo+ keT o (L49)
%, a’ kBT(N /M)
P=—ooske TN s o =3, (LS0)
Pressure of an ideal gas of N/M particles in volume R3.
16th May 2003
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Polymers 27

N R
=23 = 2m3 (L51)
F oc kg TR AN+ Bn*+Cn° + .. ]. (L52)

F = Fot kg T [3;2 Ry 933[ ( i >+B(a92'2 >2+C( i )3+H (L53)

fRZ a2:R3 2923 aZ:RS
R R R4 RS
2@—2@—35614924—6c3a6927 ~0. (L54)
R R4
2@ ~3B g =0 (L55)
6
= 915“2:,92“@6/50<N3/5 (L56)
a
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Polymers 28

B|Rf R g3 CR
= R ~
a*R4 °C R |B|a?

© solvent
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Quasicrystals 29

Five—fold symmetry is impossible... and yet

79.2°

58.29°

J

A~

) Quasi-crystal site with several applets
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http://jcrystal.com/steffenweber/qc.html

One-Dimensional Quasicrystal 30
Xn =N+ (7 —1)int(n/7). (L58)
po1p Lo V5L e (L59)
T 2
Deflation rule:
Replace 7 with sequence 7, 1,
Replaces every 1 witha 7
Tlr7rl.... (L60)
lrrlrlr.... (L61)
Xnr1 = XnXn—1, (L62)
16th May 2003
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One-Dimensional Quasicrystal 31

X a=7X=71:X1=71r;X%=71771... (L63)
X3:X2X1:7'17'7'17'17'.

16th May 2003
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One-Dimensional Quasicrystal 32

Xm=M+ Y nd(n—m/7+1)0(m/r—n)/7 (L65)
X/T>y>xX/T—1. (L66)

[mazn:rﬁ(m/T— )6 (n—[m/r —1])]. (L67)
(x+1)/7—1>y>x/7—1. (L68)

[Em: mg((m+1)/7—1—n)f(n—[m/7 —1]),n]. (L69)

Xoy1 = > mA((m+1)/r—n—1)0(n—m/7+1)+n/r. (L70)

X, hollow circles. , X = —1/7 + 7Xm.

16th May 2003
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Scattering from a One-Dimensional

Sinqular continuous spectrum QuaSICryStaI 33
g = y € (L71)
— Zeiq<m+”/T)9(n— m/T+1)0(m/T —n) (L72)
= /dxdye‘q‘(x’y) [Z S(X—m)d(y— n)] Oy—x/T+1)0(x/T—y) (L73)
where d=(q,q/7). (L74)

First piece
A(D) / dxdy ) " §(x—m)§(y— n)e**e (L75)
N (2r)° Z §(ax — 27n")d(gy — 27rm) (L76)
V g d '

n’,m

16th May 2003
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Scattering from a One-Dimensional

Second piece Quasicrystal 2
X/ T _ . _ dy(x/7) _ gay(x/7—1)
B(J) = /dX/)(/T_ldyequx+lqyy _ /dxepqxx [ o ] | (L77)
2q X

A —2nr oy (x/7) _ dax/r-D7]
/dxdq;dqg,Z{ 0(d—g—2m) }[ely e ]e'qxx (L78)

gt xd(q/T — o, — 2mnY) [ol¢
d(a/r—2rm)(x/7) _ d(a/7—2am')(x/7—1) | ,
= (q—27'('n )X L7
/dXIZ’ [ 1q/ T — 2winy }e‘ (L79)
n’,m
1— e—i(q/T—Zﬂ'm’) q ’
21 ) ey §([2mm _]/7+2mn —q) (L80)
n’,m’
The peaks of (80) are at
2r(m /7 +n’
(T_£—|—1 | =4 (L81)
16th May 2003
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Scattering from a One-Dimensional

Quasicrystal 35

Square amplitude is proportional to

: mr—n' 2
2
sin <7r [7‘—|—7'_1 ]) /(q/T —2mm()”". (L82)
S
=
=
S
)
.|. Ll N ..‘I RN N
0 20 40
Wave number g
16th May 2003
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tals—Penrose
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Penrose

ICrystals

Imensional Quasl

1Two-D

37

Tiles

vAt!\vA vAng
\./, ﬁ», ﬁ.«.,?\ /i
43%@7!&6
’AN)V‘V‘

FARLITIRS
‘.«»«vlﬁ\v»»«v(

)

(A

Amman lines

(L83)

Xna7 réB:Xnﬂ7

?'éa —
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Physical reasons for quasicrystals 38

AlgLi3Cu is real equilibrium quasicrystal
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Physical reasons for quasicrystals 39

Kortan (1996)
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Fullerenes and Nanotubes 40

David Tomanek’s Nanotube Site

16th May 2003
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http://www.pa.msu.edu/cmp/csc/nanotube.html

The Single-Electron Model

%’a”f
~ A\l /77
%\ \ 7 P

% %0n Wy Wy, VI 500990000 00

e § N Ty 00
& 1N

AN B DS
ERRS

(L1)
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Approximations

1

i

T

Nuclei treated as classical poten-
tials. Many electrons combined with
nuclei in closed shells to form ions.

lons treated as static potential.
Born-Oppenheimer  approxima-
tion.

All electronic degrees of freedom
eliminated, turned to effective po-
tential for ions. Phonon dynamics.

\

lons treated classically. Studies of
cohesive energy, molecular dynam-
ics.

 T—

Coulomb interaction incorporated
self-consistently into lattice poten-
tial. Single electron approxima-
tion, partially justified by Fermi lig-

uid theory

lons arranged in a lattice, form-
ing periodic potential for single
electrons. Starting point for first-
principles’ calculations. Weak ionic
potentials justified by pseudopoten-
tials.

Y

lonic potential eliminated. Free
Fermi gas, surprisingly effective
with alkali metals.

lonic potential eliminated, interact-
ing electrons move in uniform pos-
itive potential.  Jellium, starting
point for field theoretic work.

18th May 2003
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Approximations 3

Main physical idea is the Pauli principle, which has two consequences:

1.

2.

It populates solids with electrons whose energies would classically signify
temperatures on the order of 10,000 K.

It prevents all electrons but those whose energy differs slightly from the highest
occupied state from participating In transport processes

Important terms:

[]

1 OO O O @O

Occupation number
Fermi energy

Fermi surface

Density of states
Sommerfeld expansion

Effective mass

18th May 2003
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The Basic Hamiltonian

4
R N _h2v2
HI =) ( 2m| +U))T(F1...TN) = ET(F, ... TN). (L2)
=1
Single electron problem:
—h°v?
o TUM) i (0) =& (D), (L3)
Free electron gas
N
o > VAU TN) = ET(T...TN), (L4)
=1
18th May 2003
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Periodic Boundary Conditions 5

(Xlaylazl- . ZN)
(X1,Y1,21...2n)-

U(xp+L,y1,z1...,2n) =

v
\II(X]_,y]_—FL,Z]_...,ZN) v

(L5)

18th May 2003
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Densities of States 6

S L6
?pk \/V ( )
with k of the form
S 27
kK = T (klyla). (L7)

The eigenvalue corresponding to the eigenfunction (6) is
h*k?
e — = L8
Occupation number f; of a state indexed by k is 1 if this one-electron state is part of the
ground state, and O otherwise.

18th May 2003
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Densities of States

7
k states described by Eq. (L7) occupy a cubic lattice in K or reciprocal space, with
neighboring points separated by distances of 27 /L,
k space volume per state is (27 /L)3.

18th May 2003
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Densities of States

8
> R (L9)
K
- 2
/dkFr( = Y (TR (L10)
K
v -
:>ZFF< — (27r)3/dkFR (L11)
K
corresponds to
2m)3
b %5(k—ﬁ) (L12)

18th May 2003
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Definition of Density of States D 9
Density of electronic states or density of levels
D, = 2 L (L13)
kKo T(2n)¥
defined so that
SR o=V / dkD;F; (L14)
ko
To avoid perpetually writing Dy, adopt the notation
/ dk = — / dkD (L15)
18th May 2003
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Energy Density of States 10

D F(&) = V/d8 D(&)F(€) . (L16)
ko
To find D(€), note that
> F(&) = 7
ko
? 5 D(E) = / dKsE—¢&) . (L19)

18th May 2003
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Results for Free Electrons

11
D(&) = / k] 5(€ — €2) (L20)
= 7
7= N ome (L23)
B (Y
= 6.812-10%t /€/eVeVvtem™3. (L24)

18th May 2003
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Results for Free Electrons

12
Electrons in sphere of radius kg is
N = )k (L25)
ko
= 7
V 3

?3—:2, (L28)
ke = (372n)Y/3 =3.09 [n- A’]Y/3A ", (L29)

18th May 2003
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Results for Free Electrons

13
radius parameter rg
Ar 5V 3 VY3
3= = | = — L30
3 SN [47rN] (L30)
Fermi energy, g, or Fermi level
h°k2 .
EF = MK _ 3646 n-A%2/3ev. (L31)
2m
Fermi surface, electrons with energy Ek.
ve = hke /m=3.58 [n-A*%/3.108¢cm s~ 2. (L32)
3 n ) o 3 1 &—3
D(Eg) = 58—:4.11-10 n-A’ eV A . (L33)
F
18th May 2003
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One- and Two-Dimensional Formulae 14

One dimension:

D. — 2(—)\d L34
D(E) =7 (L35)
Two dimensions:
D(E) =7 (L36)
18th May 2003
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Statistical mechanics ot noninteracting

electrons 15
Zy = ) '8 (L37)
states
1 1 1
LY D DR ? (L38)

N1=0n,=0n3=0

Using the mathematical fact that

Z Z ZHAn =" ? (L39)

n1=0 =0 ny=0I=1

one has that

Zgr — ?

? (L41)

18th May 2003
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Statistical mechanics ot noninteracting

electrons

16
Therefore the grand potential is given by
II = —kgTInZy (L42)
= kT In1+enc0]. (L43)
|
— —kBTV/dS? (L44)

18th May 2003
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Fermi Function 17

T=n = 7 ? (L47)

where...

18th May 2003
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1.0
0.8
0.6
0.4
0.2
0.0

Fermi Function

> (<)

f(€): kgT = .005u
\ -~ f(&): keT = .0254

exp[—A(€ — )] keT = .25p

" f(8): keT = . 251

f(€) =7 ? (L48)

f, =7 ? (L49)

=& —uN :V/dE’D(S’)(e’—u) f(&) (L50)
= % = /dE’ D(E) &' (&). (L51)

18th May 2003
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Classical Limit 19
Boltzmann statistics
f(€) =Ce "¢, (L52)
when
f(&)<l=ePE1 1 (L53)
At low temperatures
f(E) =7 ? (L54)
Fermi temperature:
T = & /ke, (L55)
18th May 2003
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Elements as free electron gases 20

Element Z n (= EE TE VE rs/ap
(10%%cm™3)  (10%cm™1) (eV) (10°K)  (10%cms™Y)
Li 1 4.60 1.11 4.68 5.43 1.28 3.27
Ag 1 5.86 1.20 5.50 6.38 1.39 3.02
Be 2 24.72 1.94 1436  16.67 2.25 1.87
Al 3 18.07 1.75 11.66 1353 2.02 2.07
Sn 4 14.83 1.64 1022  11.86 1.89 2.22
Sh 5 16.54 1.70 1099  12.75 1.97 2.14
Mn 4 32.61 2.13 17.28  20.05 2.46 1.70
Fe 2 16.90 1.71 1115  12.94 1.98 2.12
Co 2 18.18 1.75 11.70 1358 2.03 2.07
Ni 2 18.26 1.76 11.74  13.62 2.03 2.07

18th May 2003
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Sommerfeld Expansion 21

Paradox that density of states too small solved by

cy x TD(EF), (L56)
LSS
30
A
20T kT = .0054
10 }
| keT =.0254
) ©_keT = .25
— i
18th May 2003
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Sommerfeld Expansion 22

(H) = /_oo dEH(E)F(&). (L57)

H 2 > 77t A, 0
o) = [ deH(E)+ T TP H )+ g baTIH (). (L6D

18th May 2003
(© 2003, Michael Marder



Specific Heat 23

1 0€&
L63
Cy = V 8T |NV ( )
& _
\Y
? (L65)
ON
ou 9T 'V
3T N = AN (L66)
Em v
N = V/dé”? ? (L67)
op
a-l- |N'\7 ? ? (L68)

18th May 2003
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Specialize to Free Fermi Gas 24
w="? ? (L69)
To order T?
EF 2
o de’ &'D(&) + E(kBT)ZD(sF)
v = 0 I (L70)
vee { (u-enD(er) + e D (Er) |
E EF 7l
= - = dEED(E) + — (kgT)*D(EF) (L71)
% 0 6
=Cy = %zkéTD(EF) (L72)

As predicted, cy o« D(EF)T.

Linear coefficient, Sommerfeld parameter

")/ECv/T

18th May 2003
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Specialize to Free Fermi Gas 25

Cv _o 2
— = . 73
V=T (L73)

Specific heat effective mass of the electron.

18th May 2003
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Specialize to Free Fermi Gas 26

Metal Z ~ (mJmole=t K=2) Metal Z ~(mJmole~! K—2)
Expt. Eg.(L73) Expt. Eq. (L73

Li 1 165 0.74 Al 3 1.35 0.91

Na 1 1.38 1.09 Ga 3 0.60 1.02

K 1 2.08 1.67 In 3 1.66 1.23

Rb 1 263 1.90 Sn 4 1.78 1.41

Cs 1 397 222 Pb 4 299 1.50

Cu 1 0.69 0.50 Sb 5 0.12 1.61

AgQ 1 0.64 0.64 Bi 5 0.008 1.79

AU 1 0.69 0.64 Mn 2 12.8 1.10

Be 2 017 05 Fe 2 490 1.06

Mg 2 1.6  0.99 UPts 450

Ca 2 2./73 151 UBeq3 1100

Sr 2 3.64 1.79

Ba 2 2.7 1.92

ZNn 2 064 0.75

Cd 2 069 0095 (1983), and (1984).
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Specialize to Free Fermi Gas 27

Heavy Fermions

18th May 2003
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Problem of conductivity

- Drude model 1

mo = —eE — mg, (L1)
7 1S the relaxation time.
B(t) = Toe V7. (L2)
Steady state, times much longer than 7:
v =7 ? (L3)
Current therefore Is
=7 ? (L4)
=0 = 7 7, (L5)
o 1s the electrical conductivity
9th February 2003
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Problem of conductivity: Drude model >

10-13
_ ) 3.55-10"*°s (L6)
n/[10°2cm=3] p/[uS2cm]

Exercise:
1. Estimate typical value of 7.

2. How does this compare with rate at which classical thermal electrons scatter off
nuclei?

3. How does this compare with rate at which electrons at Fermi velocity scatter off
nuclei?

4. What happens if one starts over and takes the relaxation time proportional to the
electron velocity?

9th February 2003
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Bloch’s solution 3

Periodic function u(r)

Single particle in periodic potential U

U(F+R)=U (). (L7)

Solve

9th February 2003
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Bloch’s solution

4

.~ P? .

H= om +U(R) (L8)
WRONG:

Y(F+R) = (F) (L9)
Can see this is wrong from case U =0

() o X7 (L10)
9th February 2003
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Translation operators 5

Let T translate wave function by R

e

Tg=e"PRM (L11)
Theorem: if one has a collection of Hermitian operators that commute with one another,
they can be diagonalized simultaneously

Suppose O» has unique eigenvector |a) with eigenvalue a.

010;]a) = a01]|a) = 0,01|a) (L12)
so O1|a) is eigenvector of O,; by uniqueness, must be some constant times |a).

In case of degenerate eigenvalues, one operator may categorize further states of other;
parity.
Use theorem:

[1]yp) = ePRMy) = Cxly). (L13)
W (F+R) = Cxh (). (L14)
9th February 2003
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Translation operators 6

g

d*R(Kly) = Culkly) (L15)
= eitherCs = &*F or (Kjy) =0 (L16)
0 k: Bloch wave vector
0 hk: Crystal momentum
9th February 2003
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Bloch’s Theorem

.
Hvw) = Exlvm) (L173)
g = €N (L17b)

Restate as
Yoi(7 + R) = €T (7) (L18)

or
U (1) = e T o (7) (L19)
uP+R) =7 7and 4 (F) = &¥Tu (7). (L20)
9th February 2003
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Energy Bands :

LMTO

Energy (eV)

A)

h2

(B)

Plane wave

Fu(r) = ~—[~ V2 —2ik- V+KJu(r) +U (P)u(F) = Eu(r). (L21)

:2m

9th February 2003
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Allowed values of k 9

If crystal is periodic with (macroscopic) dimensions Md;, M»d,, Msds

then requiring exp[il?- r| to be periodic constrains k to

3
Z% 0<m <M, (L22)
=1

b -8 =278 (L23)

Periodic boundary conditions place a condition on how small k can be.
Demanding that Cs = exp[iR- ﬁ] be unique places conditions on how big k can be.

Number of points in crystal equals number of unique Bloch wave vectors.

9th February 2003
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Brillouin Zone 10

A

9th February 2003
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Density of States 11

B]_ . (BZ X 63)

(L24)
M;M>Ms3
_ 2r by (bp x (81 x &) (L25)
33- (gll X 52) M1M2M3
(2m)°
— .26
M1M2M3§1 . (52 X 53) ( )
(2m)°
= L27
v (L27)
> K=V / [dK] R, (L28)
ko
Define Dy, as before:
Dn(&) = / [dK]3(E— € .2). (L29)

9th February 2003
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Dynamical importance of energy bands 1

U = Vi (L30)
v = 0w /0K
Wave packet:
W(F,k,t) = / [k w(K —K) X €t/ My, @ KT (L31)
~ gk TIEM / [dk"]w(K")? ? (L32)
~7 ? (L33)

9th February 2003
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Van Hove Singularities 13
D(E) = / dk(2/27)5 (€ — £4) (L34)
2 [ dé
_ ;/|dek/dk|5(8_8k) (L35)
2 1
T |dE/dK| (L-36)
1 1
)~ r/a ™ Ve =t (50
de /dk
S L
D(E) = / dk2(27r)d5(8—8—k). (L38)
D(E) ~ In|E/Ep—1] or #(£E) (L39)

9th February 2003
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Van Hove Singularities 14

(V& for &£>0, 0else,
D(&) ~ ¢ or (L40)
| V=& for &£ <0, Oelse,

9th February 2003
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Van Hove Singularities 15
8
<
1]
©
P
g0
5
2
2
o

4 8 ] 12
Frequency v (THZz)
9th February 2003
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Uniqueness of Bloch vectors 16

it follows that
wn,h—lz — 77Dn’,R' (L42)
ok = €4 e T (L43)
[1 Reduced zone scheme
[1 Extended zone scheme
9th February 2003
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Uniqueness of Bloch vectors 17

10 - . - :
Extended Zone
)
O N | N | N
—3r/a —m/a 0 w/a 3r/a
10
=
0 . . .
—3m/a —m/a 0 w/a 3r/a
k
10 Réduced IZone |
)
O |
—7/a 0 w/a
k
9th February 2003

(©2003, Michael Marder



Explicit construction of Bloch functions s

ejR- (F+R) _ ejR-F’. (L44)
/ dre™ur) = ) / dre @Ry (4 R)e1aT (L45)
5 7 ol
= Q) e Ry, (L46)
.

where € is the volume of the unit cell, and

Ui = 7 ?. (L47)
2 1s volume of unit cell

Sle iR = NY g (L48)
; R

9th February 2003
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Explicit construction of Bloch functions 19

= / dre~'TU ()

= VY Uk
K

?Ze”Z'?UK.
K

(L49)

(L50)

(L51)

(L52)

(L53)

9th February 2003
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Explicit construction of Bloch functions

=0 = 7
? = 9
7=0 = (E3-&)p@)+ > Ugy(d—K). (L57)
K
1 > S R,
P (F) = v;w(k—wé(k o, (L58)
H=> la)eg @+ 1d)Ug (@ —K'I. (L59)
q’/ q/K’/

9th February 2003
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Structure of equations 21
(1) (1) (1) (1) K
o(lll) 0(112) O(lf;'“ 0(11|\)/| Y (0 El)\
1 —
0(21) 0(22) 0(23... o(zlh),l P(01 RZ)
1 1 —
05 0% 03.. 0% (01— Ka)
0
K OfiM (A1 —Km)
2 (2) (2) (2) —
o o2 on- o | f ST
08 o of ot | || stm_rto
0F 0% 03.. 0% o — K3)
0
¢(QZTKM)
0/ )
9th February 2003
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Kronig—Penney model 22
Uoad(x), (L60)
Uk = Uy, (L61)
0=(Eq—&)p(a) + > Uoy(q—K). (L62)
K
Qq = 9(q—K). (L63)
K
Then Eqg. (L62) becomes
U
¥(@)+ go— Q=0 (L64)
Note from its definition (63) that
Qq = Qu—k (L65)

9th February 2003
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Kronig—Penney model 23
? 7=0 (L66)
7=0 (L67)
= Qt? 70 (L68)
1 1

9th February 2003
(© 2003, Michael Marder



Kronig—Penney model 24

& /IN*Kg/ (2m)]

& /In°Kg/ (2m))]

20 Up = —h?KZ/(2m) Up = —0.1h°KZ /(2m)
o
05 J

S(&€),k= 0.2Kg

" -100 50 0 50 100
e Up = —0.1h%KZ/(2m)

« Up = —PKZ/(2m)

2.0 iﬂ? v uéﬁ?
1.5 J J - 'S - 'y ‘?J J |
g f BEEREEE b f )
! J
1.0 F{J f%
BEE2S | jEE Jf e
0s | J;J IERBEE j 1
L T }Ef ]
. R Sj}_o R {1‘}‘0 . "}SJ‘"Q . .S!‘_Q R <.’3L-Q R _61‘"0 . /.\\l_o . ?\)l_o R o o
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Kronig—Penney model 25

&/ IN°Kg / (2m)]

&/ MK/ (2m)]

8 | | |
Extended Zone
— I
0 T | L
—3n/a —7/a " m/a 3r/a
8 | |
Repeated Zone
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Brillouin zones and rotational symmetry

In units of 2r/a, T = (00 0), X = (010), L= (1/21/2 1/2), W = (1/2 1 0),
K =(3/43/40),andU = (1/411/4).

9th February 2003
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Brillouin zones and rotational symmetry 27

In units of 27 /a,I'=(000),H=(010),N=(1/21/20),andP=(1/21/21/2).

9th February 2003
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Brillouin zones and rotational symmetry 2s

In units of 47 /ay/3, 4 /ay/3, and 27 /c, along the three primitive vectors by, by, and bs;
I=(000),A=(001/2),M=(1/200),K = (1/31/30), H = (1/3 1/31/2), and
L=(1/201/2).

9th February 2003
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Summary 1

[1 Energy states indexed by k and n. The first index describes symmetry properties
during translation, while the second distinguishes energy states with same symmetry.

[1 The eigenvalue corresponding to translation symmetry is

g

gkR (L1)
not k. The eigenvalue and eigenstates are periodic functions of K, unchanged when
k—k+K.

[1 Essential result:

(Eq— &) (@A) + Y Ugth(@—K) =0. (L2)

K

27th August 2003
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Condition for scattering 2

K |
k= ——— =>k-K=ZK? L3
2k - K 2 (L3)
[1 Energy degeneracy:
1 1 5 5 1
kP = ZKP—k-K4ZK? L4
2 2 T3 (L4)
0 _ ¢0
=& = & i (L5)
[] Geometry: Plane that bisects line between origin and K is given by
- . K o 5 K2
k-K=—=k-K=— L6
> = > (L6)
27th August 2003
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Perturbation Theory: Zeroth Order 3
Uy = Awy (L7)
Exercise:
Starting with
(Eg— €)Y (@) +) Ugd(d-K)=0. (L8)
K
and
Y@ =vQ @) +vP@A+...; E=EQ+AED .. (L9)
find the zero’th order solution ) (:
07 7 =0. (L10)
D@ = 7 r7=ed@=7 7 (L11)
&0 = 7 7 (L12)
27th August 2003
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Perturbation Theory: First Order 4

Exercise:

Next, expand Bloch’s equation out to first order in A and find both the energy and wave
function to this order:

[80 (1) d) + ZwKw(O) 8(1)¢£0) (@) = 0. (L13)

em =7 7 (L14)

D@ = 7 ?} (L15)

=yx(d) ~ 7 ? (L16)
27th August 2003
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Perturbation theory breaks down 5

The condition for breakdown is

Qp)
~iO
1
Qp)
Ao

(L17)

27th August 2003
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Degener ate Perturbation Theory 6

HET = (4| (F— ) Jpy) (L18)
1) = |K)
[92) = k+K)
3= Zm e (@1 +)_1d)Ug (' —K'l. (L19)
q’lKl

Exercise: Find off-diagonal components of matrix.

88 —-& 7 ?
: L20)
0 (
7 8k+K &
Exercise: find eigenvalues of matrix
E =" ? (L21)
27th August 2003
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Energy Gap 7

Right at k = K have
& =&+ Ugl. (L22)

Eq=2|Ug|. (L23)

0 m/a 27 /a

27th August 2003
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Geometrical view

(A)

(L24)

27th August 2003
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Examplein two dimensions 9

1N

VEER

21 /a
k2 = 4n? /&’
= ke =27 /\/ma=1.1287/a

27th August 2003
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Examplein two dimensions 10
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Nearly Free Electron Fermi Surface Galleryu

Brillouin zone

Extended zone scheme

Reduced zone scheme

First

Second

Third

Empty

-

Empty
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Nearly Free Electron Fermi Surface Galleryi

Brillouin 1 electron/cell 2 electrons/cell 3 electrons/cell

Z0ne

First

Second

Third
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Nearly Free Electron Fermi Surface Galleryis

Brillouin 1 electron/cell 2 electrons/cell 3 electrons/cell

Z0ne

First

Second

Third

Fourth
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Nearly Free Electron Fermi Surface Galleryus

Brillouin 2 electrons/cell 4 electrons/cell 4 electrons/cell

Zone with hcp extinction

4o)

{

First §§;:f,"
Second

Third

Fourth
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Actual Fermi Surfaces of All the Elements 15

Periodic Table of Fermi Surfaces, University of Florida

27th August 2003
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http://www.phys.ufl.edu/fermisurface/periodic_table.html

Wannier Functions

16
L , 1 e
(FIR) = wn(R,F) = Ny Y e Ry L(m). (L25)
k
/ drwn(RP)w(R,7) =7
7 (L27)
Og g On,m (L28)
1 L s
—= > wn(RT)EF =1 1(7) (L29)
VNG
. 1 .
wn(RF) = —=) e "Ry (), (L30)
VN4
27th August 2003
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Tight Binding Hamiltonian 17
H=> [RNRIHRI(R. (L31)
RR/
2v72
Hew = (R|FHIR) = / druy (R.7) [~ hzz +U()]wn(R7) (L32)
oVl k@R
H ,_%:Nene R=R (L33)
Hre=> [Rt(R+4]+) |[RU(R (L34)

27th August 2003
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Tight Binding Hamiltonian 18
f= ?f“ﬂ ) (L35)
- ge—i“ ), (L36)
Hrg =7 7 (L37)
= &lkK (L38)

k

&, =7 ? (L39)
2W = 2zt. (L40)

27th August 2003
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Berry Phases 19
Ph = Ekj ) (o (L41)
RR) = PRP|R). (L42)
w(R,K) = (Y| R). (L43)
Ruw(RK) =Y (¥Rt )w(RK). (L44)

-
(X)) = U (x), (L45)
R = 2| 2ot [ Sugooude

+2r(k—K) / d—xuk( )i(,;ikuk( ). (L46)

0

27th August 2003
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Berry Phases 20

O (X) = e *Muy(x) (L47)
a4 0
/O gxa; (¥i = G(X) =0, (L48)
w(RX) = (X|R) (L49)
Vit2r /a(X) = explix]y(X)
exp[—i~y(K)]
v(2m/a) = x
Ui 2n/a(X) = €T (). (L50)
R= g—: tla. (L51)
27th August 2003
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Born-Oppenheimer approximation 1

i —h2 e
Ve + Y Uion(T) T + U =¢80, L1
SO MCTD NTROLES pen L2

| <1/

“the underlying physical laws necessary for the mathematical theory of a large part of
physics and the whole of chemistry are thus completely known, and the difficulty is only
that the exact application of these laws leads to equations much too complicated to be
soluble” Dirac, 1929.

23rd February 2003
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Hartree Equations 2

B e’n(r)
n(r) =) v (L3)
|
_R?
%Vziﬁl + [Uion(T) +Uee(T) |t = 191 (L4)

23rd February 2003
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Variational Principle 3
Foc {0} = (T|H|D), (L5)

N
v=]]w®), (L6)

=1

5F.‘}C / / /

ry7 (7)Y (T L7
S 7t [ dr ) - (L)

23rd February 2003
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Slater determinants A

U(f1o1...TNON) = \/— Z )>1s, (T101) - . . sy (TnoN) (L8)
P1(Mo1)  Ya(Teoz) ... Y1(Thon)
1 . . .
SN . o (L9)
Yn(T1o1) YUn(T2o2) ... ¥n(Tnon)
23rd February 2003
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Hartree-Fock equations 5
i (Fioi) = i (F)xi (o). (L10)
/dNr 1)sts ] vz ®iop) Z_hzvz Hng poi)| . (L11)
= J sp\ Y | om J
 R2O2
SO [t s (o) o b (fen) (L12)
| o " s
2x72
— ZZ / d?%zwﬁ(ﬁf v Uy (To) (L13)
| o
N 2w 2
= > [arsr R P} (L14)
=1
N
> [ droiuna) (L15)
=1

23rd February 2003
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Hartree-Fock equations 6

> /dNrZN'Z |. ll‘ll% (L16)
01...ON 1< /
S| mowa
x Py ()g (])
> /dNrZ .Z e r’| s SJ, | (L17)
01.-0N i< < ] s (Do, (1)
_ LI i, ]
s ()21, (J) 2 '
dr.dr; | (L18)
;Z/ ‘ZN'IF’ Uil | =g (w3 (1)9s ()95, (1) |
dF’ldT’Z wsl(l)lz\%(Z)\z _
(L19)
;@/ )H I~ mz 5 (D15, (25 (2)95,(1) |

2 / T;dild?fz 1)1 = 47 (DY (2)4(2)%; (1) (L20)

0102 <]

23rd February 2003
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Hartree-Fock equations 7

/ e2dr,dr,

1) Z |¢| (F1)[?19j (F2) | — & (F )¢T(r2)¢i(r2)¢j(rl)dxm}- (L21)

i< ]

23rd February 2003
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Using second guantization :

H= D ¢ K+Uanlly+ D 6666 (11U l"1") (L22)
| T
States | label (i) = ¢ (7i)x1(oi) which include both spatial and spin information.

Second guantization takes this form, no matter what the functions ¢ happen to be. Goal
of Hartree-Fock approximation is to find best possible functions.

23rd February 2003
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Using second guantization 9

Find expectation value in ground state

IG) =|11111...10000...) (L23)

23rd February 2003
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Pairing manipulations 10

Consider
(Gl ¢ |G) (L24)

[1 Get zero immediately unless I’ is one of the states occupied in |G).

[1 Then get zero unless | creates again the state that |’ has just destroyed.

[0 So must have | <N, | =1I’, at which point creation and annihilation operators simply
disappear.
N
(G el 6 (1K +Uion[1")[G) =Y (1K + Uien|l) (L25)
| =1
23rd February 2003
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Pairing manipulations 11

Consider
(Gl¢f ¢!, 66| G) (L26)

[0 Get zero immediately unless I and |"”” are among the states occupied in |G).

[ Then get zero unless | and |” create again the states that | and I”” have just
destroyed.

0 If I’ recreates state just destroyed by |”” and then | recreates |”” formalism gives
overall multiplicative factor of +1.

[1 However, if I’ recreates state destroyed by |”” and then | recreates |’ formalism gives
overall multiplicative factor of —1.

(G| > &€ 6m & (I |in11)|G) (L27)
||I|/I|I//
= > 7 2(1 | Ui 17177 (L28)
||I|II|III
= )7 ? (L29)
1K
23rd February 2003
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Final result 12

202
@) = Y3 [ draur () =)@ +U )P

i 0'1

|rle_2r»2‘ Z i (D) 295(2) 17 — o (L)9] (2)4i(2)9(1)] . (L30)

9192

+ / dr,dr,

23rd February 2003
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Vary with respect to v 13
Doy J AT (L)2j(1) = 6
>eY [ e Wuy( (L3
i, ] o1
2 2
Y )+ U >
ezlw
> &iwi(1) il /dr ol |r‘1J r2| (L32)
| ¥ ()i (2
_Z%(l)Z/d?z @fél(_>é|( )
=1 o)
di=> Wi, (L33)

23rd February 2003
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2
/ er¢, (Fo) _h Vz Ui (Fo) (L34)

—h°V?2
/drzz Y (To) —— o= Wb (Fo) (L35)
lo JJ
—hV?
/drzj;au,zp] (Fo)——i(Fo) (L36)
. _h2v2
/ dr’%}bi (Fo) > b (Fo). (L37)
D) WEE Wty (L38)
iy
= > W&y, (L39)

1’

13-1



where )
Epr = E:Wﬁkgijol' (L40)
i]

13-2



Final equations 14
—h°V?
2m<Mﬂ+U?¢W)2
185
&idi(F) = /ﬁr§3|rrv (L41)

N &5 (1))
Rl Jhg s

23rd February 2003
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Practical implementation 15
o‘ fo ‘.f
(A) (B)
/C|r’e—>\1lf'—f'1|e—>\2|f'—f’2|7 (L42)
=3 Apea(=Ro)” (L43)
|l
V1,72 VK (L44)
K
é =) B, (L45)
k=1
23rd February 2003
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Practical implementation 16
Molecule CH4 NH; H,O FH CO
Bond length (A): Hartree—Fock 2.048 1.890 1.776 1.696
Bond length (A): experiment 2.050 1912 1809 1.733
lonization potential (eV): Hartree—Fock 0.546 0.428 0.507 0.650
lonization potential (eV): experiment 0.529 0.400 0.463 0.581
Dipole moment (eA): Hartree—Fock 0.653 0.785 0.764 —0.110
Dipole moment (eA): experiment 0.579 0.728 0.716 0.044

23rd February 2003
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Jellium 17

Kinetic energy Interaction with ions
—h2v2 N &
&11(F) = &) o0y [ e
anr /dr, A S~ o0 _EN:(S ¢_m/dr, E¢; (F2)41(72)
| j=1 P —T2l j=1 ot i T —T2l |
Coulomb interaction Exchange interaction
(L46)
ghi T
rN=——. L47
23rd February 2003
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Kinetic energy 18

21,2
TN ). (L48)

2m

6(T2)|*=1/V

23rd February 2003
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Exchange 19

¢ Z ékf L é?_ﬁf i (L49)
equ.Z / ar e ,W i (L50)
qblzv“q AT (L51)

€ / " (2d7rk)3 @ k24 - T (L52)
(1) 5 | (€~ (S L ke | (153

23rd February 2003
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Energy of jellium, Lindhart dielectric function

&=~ keF(k/ke), (L54)
F(x) = %{ [(1—x2) |n{%)§} +2x] . (L55)

Electron velocity diverges at Fermi surface. Hartree—Fock incorrectly omits effects of
screening.

23rd February 2003
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Total energy 21

h°k?2 €2 K
Zﬁ—?kFF (E) (L56)
3 3 ke
— N [gep — ZT] . (L57)
23rd February 2003
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Density functional theory 22
n(r) = (¥| ié(f’— R)|w) (L58)
— N/d?l...dF’N\IJ*(F’l,F’z...?N)d(?—?l)\P(T’l...T’N). (L59)
E1 = (V1|H1|PUq) < (\Dz\ﬂflm}zz (L60)
= &1 < (Uo|Ho| W) + (Vo (Hy — Ho) | Po) (L61)
=81 < &+ / dPn(P) [U1(F) — U, ()] (L62)
€< &1+ / drn(F) [U(F) — Uy (7)] . (L63)
E1+Er < &1+ 8y, (L64)
EN| =T[n]+U[n] +Ug[n]. (L65)

23rd February 2003
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Density functional theory 23

/ drn(r) = N. (L66)
(W2|Hq|Wso) = E1[Ny). (L67)
-

eln] = [ drn(nU () + Rl (L69)
R[] = T[] + Ueer]. (L70)

23rd February 2003
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General derivation

24
F[n] = \gn_i)r;(xll\T + Uee| ). (L71)
Eo = mqin(\If|T + U 4 Uge| T) (L72)
= mnin[én_i>nn<\I!\T +U + Uee| U)] (L73)
= mrin &jn_i)nn(\I!|T+Uee|\I!>+/U(F’)n(?’)d?’] (L74)
= mnin —F n] + / U(F’)n(?)df’] (L75)
= mnin é[n]. (L76)

23rd February 2003
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Thomas—Fermi theory 25

21,2
= v/ [dk] — 'k (L77)
5 h2 3 2\2/3,~5/3
= v2m57T —vﬁg(sw)/n/. (L78)
1 ezn(?l)n(?z)
= . L79
Z/df’zdh Tl (L79)
1/3
—N%eZTkF — —\72 (g) en/3, (L80)
/ df’ﬂng (372)*°nB/3(r), (L81)
3 /3 1/3
Exc = — / ar (;) en¥/3(r). (L82)

23rd February 2003
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Thomas—Fermi theory 26

2
e = thg 312) 2/3/d?n5/3 /df’n
1 en(ry)n(r2) (3)”‘”’ 430
+ 3 / dr,dr; Ty / ar - { — e“n*3(r). (L83)
5E
5n—(F’):’u (L84)

h2
2m

1/3
(372 )2/3n2/3(r)+U(r)+ / erT;rl(zj - (%) en/3(P)=p. (L85

Atom of charge Z has energy —1.5375Z7/3Ry

23rd February 2003
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Kohn-Sham equations 27

=> "l (L86)
=1
h2
T =Y - (Vi)?. (L87)

I2m

h* en(F') | 9x(n
~omY W0+ [ / ar |rn = )] i (F) = Ei9hi (F). (L88)

e _,
_Z—V U (T

,ezn?’ 1/3
-+ [ar 220 e 2nm) ]w.m:e.m. (L89)

Local density approximation

23rd February 2003
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Kohn-Sham equations

28
Atom LDA Hartree—Fock Experiment
He —2.83 —2.86 —2.9
Li —7.33 —7.43 —7.48
Ne —128.12 —128.55 —128.94
Ar —525.85 —526.82 —527.60

23rd February 2003
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Stability of matter 29

Oa

2
Udf’hﬂ%ﬁ] [/drr2\¢|2] > hz; (L90)
h2
Tin= 8m [ drr2n(r) (L91)
r
L
2
T[n] > th (z;rl)lzfg / drn®/?. (L92)

23rd February 2003
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IS

Stability of matter 30
- Zh—;/dmwﬁ (L93)
n > —KS / drn®3, (L94)
Ks = 3(m/2)%3, (L95)
n(r) = [4(7)]°. (L96)
—KS / drn®/3 — / dr’ez” (L97)
A(1— / dfn) = 0 (L98)

23rd February 2003
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Stability of matter 31
50 23
5 5o Kah M —€/r+x = 0. (L99)
2\ 3/2

n(F’){ {omie?/r — X/ (5Ket?)}* for r<e/n 100

0 else

4 71.4

_ sh'gli (T, (L101)

Ime? 6 me’ 12
_ 10h2KS( 2)2/3 _ =Ry (L102)

23rd February 2003
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Energy (eV)

Band Structure Calculations

Wave vector k
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Pseudopotentials

2

Question: How could it ever be true that electrons in a metal think they are moving freely

In an empty box?

Pseudopotentials give conceptual answer.
[1 Restrict attention to single unit cell.
0 Let |K) denote plane waves &XT.

(1 Let |1)c) denote core states.

kos) = [K) — )~ [wbe) (tc[K),

C

(- E)ke) = (5= +U—&) k)

(L1)

(L2)

(L3)

23rd March 2003
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Pseudopotentials

y o ]
1= (2 U)K = (e )R, (L6)
Ups =U = " (Ec—&)[whe) (tel. (L7)
(= &) [kos) = (Fps— E)[K). (L8)

23rd March 2003
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Empirical Pseudopotentials

4

=

=

Distance r

Figure 1:

The  Ashcroft
empty core pseu-
dopotential 1s zero
up to a critical
radius R., and it
equals a screened
Coulomb potential
—Uoexp[—r/d]/r
thereafter.

23rd March 2003
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First-Principles Pseudopotentials 5

0.0 o 2.0
r(A)

Figure 2. Real and pseudo wave functions for the 5s, 5p, and 4d levels of silver. The 5p

- - - -
cVE .. .. " D1E0 . ... 0 .. C (U C [) ... . (=0 “l
A A J y, / A A (A hJ U/ (A \ A\ A

23rd March 2003
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First-Principles Pseudopotentials 6

100

50 | Vo

UP(r) (eV)

r (A)

Figure 3: Pseudopotentials for the 5s, 5p, and 4d states of silver.

23rd March 2003
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First-Principles Pseudopotentials 7

Electron density n(f) = " |4;(7)|? is spherically symmetrical in vicinity of nucleus

Equation for radial functions is

L [1 aZr_|(|+1)
2m'r or? r2

/
| Rni + [ |?—f)’|dr

h* 1 Ry 1(1+1)

U™(r) =
I () 2m[rﬂzﬁf‘ 3I’2 r2 ]
enPs(r') ., 8&x
B [ F—7| d?+5nps_8”']' (L10)

50 =3 NMim(0,0)0m(r); 1im(r) = / dodg sinoYi (0, )p(7),  (L11)
Im

23rd March 2003
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Screening :
A7 €2
PS — . L12
Y 02 + K2 (L12)
Result from later work....
1 2

~“UPs(q=0) = = L13
QU (g=0) 3&: (L13)

23rd March 2003
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Linear Combination of Atomic Orbitals o

5 _i ikRaat (v B
i (F) = m%jblé a'(F—R), (L14)
(Y|H —E[). (L15)
gk-(R-R') ,
(W&l = 8RzR;/dF’a f—Ra*(F—R) N b (L16)
— b2 1—|—Zoz gk-d) (L17)
and
a = /d?aat(?)aat(?Jrg). (L18)

— —

ik-(R—R)
¢ b>  (L19)

(|5 Z/df’a (F—R) —h—2V2+U(F’)] A (p_R)

RR/

23rd March 2003
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Linear Combination of Atomic Orbitals 10

h? . . B
— Z/d?aat(?—l?{) [_anzwat(r_m]am(r_m ék'(R_R)bZ(Lzo)
= £ UF) -UAE-R)Ja* (- R) N

g

dr Z gataat(r_ R)aat(r_ R,) epk°(|fé—|fél)b2

N
RR/
. . . e.‘k-(ﬁ—fe’)
+/dF’Zaat(F’—R)[U (M —-UA(Fr-R)]a*T—-R) N b (L21)
e+ ad®d) =23 adk 1 U+ (t—ae®) Y e, (L22)
5 5 5
where
Uu = &%+ / dra®(P)[U (7) —U#(7)]a®(7) (L23)
and

—

€ = acdy / dr a(7)[U (7) — U3 (7 + )] (P + 5). (L24)
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Linear Combination of Atomic Orbitals 11

e=U~+t) &k (L25)

23rd March 2003
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Plane Waves 12

K = |1B;|_ + |262 + |3B3 (L26)
N
> Na(&-d). (L27)
=1
-
= —+U(R). 28
fo= o +UR (L28)
=3 { {8%@/ - 8max} Oggr +Ug g } Yi(K), (L29)
K/
1+ % dt/h. (L30)
23rd March 2003
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Plane Waves 13

¢n—|—l — ¢n _ }
dt h

Yny1 = (1+FHdt/h)ghn = Fipn, (L31)

23rd March 2003
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Linear Augmented Plane Waves (LAPW) 1

cecee
0000
'FEXXX
e N
Dek = e
_%nhzvzqukjLU (N¢ex = Edex
Ye =YimRie(r), (L32)
~h* 9 , 0 hl (1 +1
sz o e (N +U()+ 2(mj2 )]ﬂz.g(r) = ERie (r). (L33)
00 |
ber=> > AmYim(Rie(r), (L34)

=0 m=—I

23rd March 2003
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Linear Augmented Plane Waves (LAPW) 15

00 |
=4r ) > i ik Yim(K) Yim(F). (L35)
| =0 m=—I
(KR (K
¢8k_47rz Z | J|Rlljh Ylm( )Ylm(rf:)gzlg(r) (L36)
| =0 m=—I
kK~ ZbR+K¢8,T<+R- (L37)
K
(P|H — E|w), (L38)
0 = ) (deal Tt Eldeqir)Pyk: (L39)
K
where
. hzq.q/
<¢gql}f—8l¢gq/> = 5 —8)9(5@:,@:/ —I—uq_q/ (L40)
23rd March 2003
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Linear Augmented Plane Waves (LAPW) 1

u(-j’q/ = 47TR% <

(

(

oo

th. q?l

2m

Z

_8)11(

j1(/d—d'[Rn)

(21+1)R

g—d|
R(G-4)ji(aRy) i (d'Rn)

Rle(Re) (-
Rie (Rn) )

(L41)
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Linearized Muffin Tin Orbitals (LMTO) 17

CIYPORie (1) + (=) el forr <Ry
xim(€N) =14 R, Ry (L42)
i Y{“(r“)(T)'+1 forr > Ry.
Rie(Ra) +pie =1 43
/ pe _1+1
Rie (Ra) +1 R - R
OR¢
~(+1)/Re= =5, ‘Rh Di(€)+1+1
pe = T S (L442)
/R0 - or ‘Rh
with R IR
| €
D) = Ry o (H490)
p(®) = BES & Ryn(e,F~R) (L45)
Im R
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Linearized Muffin Tin Orbitals (LMTO)

0=""BX [ pei'Y"(r) ( >+Z|Ym(r R)(rR“R)'HeiE'ﬁ. (L46)
Im i R;éo | | ]

- B Sk, I_/ /
YIR(g) = (5) 1O
RA£0

K /
0 = > B¥|pei'Ym(f ( ) 228';’,T1( )'i"YlC“’(r) (L48)

Im

_ k . Slkl’mm’ r I,-I’ m (¢
=0 = l%s{‘m[pwawam 300 ) (Rh) iy (F). (L49)
0= Z[ (21 + 1) pre Sy Sy — SH,mm,}Bﬂr;. (L50)
23rd March 2003
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DeTinition ot IMetals, Insulators, and
Semiconductors 19

Wilson’s theory:
(I Insulator: All bands are either full or empty.
[1 Metal: At least one band is partially occupied.
[1 Semiconductor: Insulator where energy gap is less than around 1 eV.

[J Semimetal: Metal with very small population of conduction electrons.
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DeTinition ot IMetals, Insulators, and

Semiconductors 20
Insulator Metal
N3 o3
s | e 2
1] T e
CF

Wave vector k

%pied\

States
o

\/

Wave vector k

PN

ccupied
States
o

Fermi Surface
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Noble Gases

21
14 A
e .
S
2
SV _
S 4 ]
Q _
L 2 |
0 I U S % v v
- /_/—- o GEJ
2 189 5
_ J%)
-4
r X W L
Wave vector k
23rd March 2003
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Energy (eV)

Nearly Free Electron Metals

22

15

10

o

1
ol

-10

-15

A I A X U

\Wave vectar k
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Nearly Free Electron Metals 23

Energy (eV)

(A)

LMTO

(B)

Plane wave
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Semiconductors 24

Energy (eV)

[
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Energy (eV)

Transition Metals

25

Wave vector k
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Cohesion of Solids 1
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Cohesion of Solids 2

Solids divide into 5 rough classes for purposes of studying cohesion

[]
[]
[]
[]
[]

Molecular
lonic
Covalent
Metallic

Hydrogen bonded

Goal is to obtain conceptual and semi-gquantitative estimates of cohesive energies, falling
back upon elaborate calculations only as necessary.

Cohesive energy has nothing to do with the strength of solids. It allows one to decide
what the ground state structure ought to be.
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Cohesion of Solids 3
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Cohesion of Solids A
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Radil of Atoms 5

Semi-empirical procedure, assigning atoms a radius and modifying it slightly according
to the number and type of neighbors

31st March 2003
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Radil

of Atoms

El. z M ! Ry E. Z M ! Ry El. M ! Ry

Ac 3+ 188 Co 2— 125 He

Am 3+ 181 cl 1— 181 099 | Hf 4+ 1.58

Ar 0 186 cro 3+ 1.36 Hg 2+ 157 110 149

Ag 1+ 145 126 153 || Cs 1+ 273 167 235 || Ho 3+ 177 158

Al 3+ 143 050 125 || Cu 1+ 128 096 135 | 1 1— 216 133

As  3— 139 222 121 || Dy 3+ 177 159 || 1In 3+ 166 08l 144

Au 1+ 144 137 152 || Er 3+ 176 157 || Ir 2— 136

Ba 2+ 224 135 198 || Eu 2+ 2.04 18 || K 1+ 238 133 203

Be 2+ 113 035 089 || F 1— 136 072 || Kr 0 2.00

Bi 3— 170 152 || Fe  2— 127 La 3+ 188 115 169

B 3+ 098 020 08 | Ga 3+ 141 062 127 || Li 1+ 156 068 123

Br 1— 195 114 || Ge 4+ 137 053 122 || Lu 156

C 4+ 092 015 077 | Ge  4— 2.72 Mg 2+ 160 065 136
4— 2.60 Gd 3+ 1.80 1.61

Ca 2+ 197 099 174 || H 1- 078 208

cd 2+ 157 097 149

Ce 3+ 183 101 165
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Radil

of Atoms

E. Z M ! Ry E. Z M ! Ry E. Z M ! Ry

Mn 4+ 1.30 Po 2— 176 153 || sn 4— 2.94

Mo  2— 140 Pr 3+ 183 165 || S 2+ 215 113 191

N 3- 088 171 074 || Rt 2— 139 Ta  3— 147

Na 1+ 191 097 157 || Pu  3— 158 Tb 3+ 178 1.59

Nb  3— 147 Rb 1+ 255 148 216 || Te  2— 160 221 137

Nd 3+ 183 164 || Re  2— 138 Th 4+ 1.80

Ne 0 158 Rh  2— 135 Ti 4+ 146 068

Ni 2— 125 Ru 2— 134 TI 3+ 172 095 146

Np 22— 156 S 2— 127 18 104 || Tm 3+ 175 156

0 2— 08 140 074 || S 3— 159 245 141 || U 2— 156

Os 22— 135 s 3+ 164 08l 144 || V 3— 135

P 3— 128 212 110 || S 2— 140 198 117 || w 2— 141

Pa  3— 163 S 4+ 132 041 117 || Xe 0O 217

Pb 4+ 175 084 143 || S 4— 2.71 Y 3+ 180 093 162

Pd  2— 138 sm 3+ 1.80 166 || Yb 2+ 1.94 1.70
Sh 4+ 162 071 140 || zn 2+ 139 074 131

zr 4+ 160 080
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Radil of Atoms

lon Type He Ne Ar Kr Xe

(inert core) Cut Agt Aut

Born exponentn 5 7 9 10 12

| is ionic radius: R= I[z/6]Y/("—1)

Ry is covalent radius: R=R; —0.13In[Z/Z]: for Z < 0, use 8 — |Z|.
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Cristobalite 9

According to Wykoff, quartz in the 3-cristobalite form is cubic (a= 7.12 A) and has a
basis with eight silicon atoms and sixteen oxygens, which in units of a/8 are at

Si:  (000) (440) (404) (044) (222) (266) (626) (662)
O: (111) (551) (515) (155) (177) (537) (573) (133)
(717) (357) (313) (753) (771) (331) (375) (735)

The nearest-neighbor distance for this structure is 1.54 A. The silicon has four
neighboring oxygens, so Z = z= 4, while each oxygen has two neighboring silicons, and
Z =6, z= 2. According to table, the covalent radius of silicon is 1.17 A, and that of

oxygen is 0.74 —0.14 = 0.60 A, which sum to 1.77 A. The discrepancy is more than
10%; structure is wrong.
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Noble Gases 10

Energy produced by simple sums.

1
£€=3 Eij (rij) (L1)
Lennard—Jones potential

0|2~

Origin from dipole moments.

¢(r) = [Pr- Po—3(Pr-F)(B2-F)]/r°, (L3)

Dipole moments induced by fluctuations

b~ — 5, (L4)

Repulsive term of form r2 because...because...well, it has to be something!.
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Noble Gases 11

Thermodynamic properties from

PV/kgT =1—hy/V... (L5)
where
1 _
b, = 3 / dr[1—e P90 (L6)

Theory of solids obtained from measurements performed purely on gases.

Noble Gas He Ne Ar Kr Xe
e (eV) 8.6-10~4 0.0031 0.0104 0.0104 0.0200
o (A) 2.56 274 340 365  3.98
B 1 0.\ 12 0.6
E/N = 54%:6 (2)2-(2)°]. (L7)
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Noble Gases 12

_ 012,011 016,16
E/N = ZEZF;(d) ()= () (%) (L8)
|
_ 7vi2 _p TV6 with A =S (9
= 2e[Ana( )" = Ae( )] with A _Z<R> . (L9)
R0
Lattice sums:
Crystal fcc bcc hcp
As 14.4519 12.2519 14.4548
Ao 12.1319 9.1142 12.1353
AL /2”12 8.6078 8.2349 8.6088
Nearest—neighbor spacing in equilibrium:
o = o222 )1/, (L10)

Cohesive energy:
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Noble Gases

13
AL
— _ L11
Bulk modulus:
%€
5/2
B EA12 (i) (L13)
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Noble Gases

14

Noble Gas Ne Ar Kr Xe
Experimental dg (A) 3.13 3.75 3.99 4.33

do from Eq. (L10) (A) 2.99 3.71 3.98 4.34
Experimental £/N (eV/atom)  —0.02 —0.08 —0.11 —0.17

& /N from Eq. (L11) —0.027  —-0.089  —-0.120  —0.172
Experimental B (dyne/cm?) 1.1 -101° 2.7 .10 35 .10 36 -10%
B from Eq. (L13) 1.81-101° 3.18-101° 3.46-10° 3.81.10%

31st March 2003
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lonic Crystals 15

Atom Electron affinity (eVV) Atom  First ionization potential (eV)

H 0.75 Li 5.32
F 3.40 Na 5.14
Cl 3.61 K 4.34
Br 3.36 Rb 4.18
I 3.06 Cs 3.90

31st March 2003
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Ewald Sums 16

Computing sums over particles interacting with 1/r potentials is very tricky because
mathematically the sums candiverge or are ambiguous. Physically, ambiguities in the
sums correspond to putting varying values of surface charge at outer surfaces of crystal,
and the mathematical resolution corresponds to having no net surface charge.

e d d e € L
T2 R ) @ = qlesO-ds@) -1, (L9
R-£0
1 - / e (L15)
— |d—R| 0 ™
0 R#0
/°° 2dp dfi Z o2/ o2+ 2k (AR (L16)

©2dp [ dk 2m)3 . 2/ 24k
S(2k—K) L\ —1| e K /e +2kd (| 17
/O I {Eﬁj lb(2k—K) ) (L17)
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Ewald Sums

17
= 2dp o—KZ/4p+iR-d _ o—d%p
= / 32 —e (L18)
o VT | pdy/m T
A 7 1
= —odid = L19
— QK2 d (L19)
K
*2dp 2(d_F)>2
S(d) / _Ze p(
o VT R-£0
92dp o—K2/4 o2
A R S I
0 \/E Q
K0 ]
o0 de (d R)2 —K2/492+i|z-6 /g 2d,0 —p2d2
— | —=e
=), w2 Z V7
(L21)
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Ewald Sums

18
ds(d) —dS(0)+1= o (L22)
E e? 14.4eV
Nonpars  d [d/A]’ (L23)

« 1S the Madelung constant.

Structure

Madelung constant «

Cesium chloride
Sodium chloride
Wurtzite

Zinchlende

1.76268
1.74757
1.638704
1.63806

Add repulsive term C/d*? because...because...well, it has to be something!.

€ e C
|\Iion pairs d diz’

(L24)
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Ewald Sums 19

12c]H*+
dO — ez— , (L25)
(87
< = — 1 o f : (L26)
N; on pairs 12 d
Compound Experimental Experimental Eq. (L26)
do (A) € /Nion pairs (€V) € /Nion pairs (8V)

LiF 2.01 10.83 11.45

LiCl 257 8.85 8.98

LiBr 2.75 8.51 8.39

Lil 3.01 7.92 7.66

NaCl 2.82 8.18 8.18

NaF 2.32 9.62 9.96

NaBr 2.99 7.81 7.72

Nal 3.24 7.32 7.13

KF 2.67 8.55 8.63

KCl 3.15 7.42 7.33

KBr 3.30 7.16 6.99

Kl 3.53 6.74 6.53

RbF 2.83 8.18 8.16

RbCl 3.29 7.17 7.01

RbBr 3.44 6.90 6.70

Rbl 3.67 6.52 6.28

AgCl 2.77 9.53 8.32

AgBr 2.89 9.40 7.99
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Metals 20
3 3
o = — drn(r =+ — ——
° / ()Z|T’—R| 22\R—R’|
1 en(ry)n(r2) =20
N(r{)N(ro
+§ /d?zdf’l A
Ed o €
N _Er_s’ (L28)
3 Vo3
Madelung constants for metals
bcc fcc hcp SC Diamond
1.79186 1.79175 1.79168 1.76012 1.67085
Ein _3MKE 3K 9m , 51
N “5om s 4l 12 (L30)
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M etals

21
Eex 3 3 ,/9r\"%1
€ 24.35 30.1 12.5
— = |— + — eV /atom. L32
3= e G ] (52
Get general (wrong) prediction
's _16 (L33)
o
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M etals

22
Element Z n k|: EE T vE I’s/ao
102 cem=3)  (108em— Y )  (10%K) (108 cms—1)
Li 1 4.60 111 4.68 5.43 1.28 3.27
Na 1 254 0.91 3.15 3.66 1.05 3.99
K 1 1.32 0.73 2.04 2.37 0.85 4.95
Rb 1 1.08 0.68 1.78 2.06 0.79 5.30
Cs 1 0.85 0.63 152 1.76 0.73 5.75
Cu 1 8.49 1.36 7.04 8.17 1.57 2.67
Ag 1 5.86 1.20 5.50 6.38 1.39 3.02
Au 1 5.90 1.20 5.53 6.42 1.39 3.01
Be 2 24.72 1.94 14.36 16.67 2.25 1.87
Mg 2 8.62 1.37 7.11 8.26 1.58 2.65
Ca 2 4.66 111 472 5.48 1.29 3.26
Sr 2 3.49 1.01 3.89 452 1.17 3.59
Ba 2 3.15 0.98 3.64 4.22 113 371
Zn 2 13.13 157 9.42 10.93 1.82 231
cd 2 9.26 1.40 7.47 8.66 1.62 2.59
Hg 2 16.22 1.69 10.84 12,59 1.95 2.15
Al 18.07 175 11.66 13.53 2.02 2.07
Ga 15.31 1.65 10.44 12.11 1.92 2.19
In 11.50 1.50 8.62 10.01 1.74 2.41
Sn 14.83 1.64 10.22 11.86 1.89 2.22
Pb 13.19 157 9.45 10.97 1.82 2.30
Sb 16.54 1.70 10.99 12.75 1.97 214
Bi 14.04 161 9.85 11.43 1.86 2.26
Mn 4 32.61 213 17.28 20.05 2.46 1.70
Fe 2 16.90 171 11.15 12.04 1.08 2.12 315 March 2003
Co 2 18.18 1.75 11.70 13.58 2.03 2.07 ©2003, Michad Marder
Ni 2 18.26 1.76 11.74 13.62 2.03 2.07



Use of Pseudopotentials 23
U(f){ 0 forr <R (L34)
—~ze?/r  for r > R..

€ s " N& N
o /O drs & = S2neRe (L35)
- 47Tr3 Rg (L-36)

& [ 2435 30.1 125 aoRg

:>N = [ (rs/ao)+(rs/ao)2 (rs/ao) eV /atom. (L37)
(/30 = \/ 1L.9[Re/AJ? + 667 +0.817. (L38)

31st March 2003
(© 2003, Michael Marder



Use of Pseudopotentials 24

Element R (A) rs/ap, measured rs/ap, Eq. (L38)

Li 0.92 3.27 4.09
Na 0.96 3.99 4.23
K 1.20 4.95 5.04
Rb 1.38 5.30 5.65
Cs 1.55 5.75 6.23

Calculated radii rg are all about 10% too large because electronic structure has not been
computed in accurate way.
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Peierls Distortion 25

Perfectly periodic one—dimensional chain of ions is always unstable against small
displacements of ions caused by interaction with electrons.

Displacement of ion at location nis Ay.

JaYA?. (L39)
A = AgcosGna. (L40)
21 /G
- >
00000000 0000000000000 0O000000O00000000000O0O0000O000
—>a<—
U cosGx = (AgUp/a) cos Gx. (L41)
& =1(e0+E0 o) \/(E0— €0 o)2/a+ U2 (L42)
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Peierls Distortion 26

ke
[T st o0 (R ee/ar Uk} (143
L/ dk{“([k—zmz—%)
—kg T 4
h2
- (m([k_ZKF]Z_kZ))2+U2|} (L44)
2
%kp {288F _ \/\u 2/4+ (260 )2 - %sinh_l(%%ﬂu |)}. (L45)
ke
L 2
A8 (L46)
8acy_ —mEp_ &Y /ke
Aoy = ol exp{ e } (L47)
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Structural Phase Transitions 27

(A)
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Hydrogen-Bonded Solids

28

H>0
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Cohesive Energy from Band Calculations 29

& s °
S 5
c S o
S S
2 2
2 s |
(¢b)
g 4 2
8 5 f 2 4
8 1.2 1.4 1.6 1.8 2.08 Y 4 6 8 10
(A)  Wigner-Seitz radius, rw (A) (B) Lattice constant a (A)

Results of computing cohesive energies with full-fledged band structure codes takes a
universal form. It’s not quite clear why! The energies of almost all solids with respect to
uniform contraction and compression take a universal form described by just a few
constants.
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Cohesive Energy from Band Calculations s

E(rw) = €0 (—1—a, —0.05a}).

(L48)

(L49)

(L50)

31st March 2003
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Cohesive Energy from Band Calculations a1

El. "Wo n €o El. "Wo n €o El. "Wo n €o
A) (eV) A) (eV) A) (eV)
Ag 1.60 5.94 2.96 Fe 141 5.16 4.29 Pt 153 6.47 5.85
Al 1.58 4.71 3.34 Gd 1.99 4.27 4.14 Rb 2.75 4.18 0.86
Au 159 6.75 3.78 Ge 1.76 5.05 3.87 Re 152 6.15 8.10
Ba 2.46 441 1.86 Hf 1.74 4.66 6.35 Ru 1.48 6.04 6.62
Be 125 4.01 3.33 In 184 511 2.60 S 1.68 4.88 4.64
Ca 2.18 4.52 1.83 Ir 1.50 6.52 6.93 Ta 1.62 4.92 8.09
Cd 173 8.08 1.16 K 2.57 3.9 0.94 Th 1.99 412 5.93
Ce 2.02 311 4.77 Li 172 3.10 1.65 Ti 1.62 4.76 4.86
Co 1.39 5.31 4.39 Mg 1.77 5.60 153 Tl 1.90 5.74 1.87
Cr 142 5.59 4.10 Mo 155 5.85 6.81 Y 1.49 4.81 5.30
Cs 2.98 4.17 0.83 Na 2.08 3.70 1.13 w 1.56 5.69 8.66
Cu 141 5.30 3.50 Nb 1.63 4.84 7.47 Y 1.99 4.23 4.39
Dy 1.96 4.85 3.10 Ni 1.38 511 4.44 Yb 1.99 3.94 1.60
Er 194 4.94 3.30 Pb 1.93 6.37 204 Zn 154 7.16 135
Eu 2.27 4.75 1.80 Pd 152 6.41 3.9 Zr 1.77 4.48 6.32
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Classical Potentials 32

& = (U|H(R,...Ry)|T) (L51)
R = _o¢ (L52)
R,
Ry
4
ﬁz Ifég
31st March 2003
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Elasticity !
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General Theory of Linear Elasticity 2

Before deformation After deformation

~_ P4 U(F).
(L1)
Many ways to derive elasticity. Could derive from theory of atoms and their interactions.
However, this approach is not historically accurate, and not fully general.
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General Theory of Linear Elasticity 3

Most general approach modeled by Landau; construct free energy simply by considering
symmetry and using fact that deformations are small:

[]
[]
[]
[]
[]

u vanishes in equilibrium

Free energy invariant under translation.
Smallest allowed powers or U
Derivatives of lowest allowed order

Uniform rotation costs no energy.

Unique (?) free energy consistent with these constraints:

. «(T) Ouy (1)
/ dr 1 ZEM Bty Oty (L2)

afByd

45 independent E, g~s after considering symmetry under interchange of indices.

=¢ ) €e*Phrgn,. (L3)
Bu

10th April 2003
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General Theory of Linear Elasticity 4

> / dF €PN, Engy5€7* Ny =0 (L4)
aBydup’
= Eaﬁ'yé — EBa'yé — EchS'y + EBa67 = 0. (L5)
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Strain tensor

5
Define strain tensor 5 5
1 Ua Ug
— 1 L6
eaﬁ 2 [ 8 ar ] ( )
8ua 8U5
=1 : L7/
W B Z[arB 8ra] ( )
F=) / dF  § €aplEasre +Esars +Eassy +Egasy]eys (L8)
afByd
+5  waslEapys — Esars — Eapsy + Egasylwys.
F= > /d? €ap Capys s, (L9)
afByd
Copvs = 3|Eapys + Esars + Eapsy + Egasy]- (L10)
a < B, v+ 0 andalso af < ~d. (L11)
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Stress Tensor 6

F = Z/dr%eaﬁ TaB (L12)
af
where the stress tensor Is
OaB — ZCaB’y5 €ys. (L13)
274

O 7x Oyz
L
vi yy

X
Equation of motion

10th April 2003
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Solids of Cubic Symmetry 7

Cyyyy Vanishes because it multiplies ? ?but? 7 flipssign when X — —X.
Also invariant under X -y — z— X

Three parameters survive:
Corooxx

Cuy
Coy

10th April 2003
(© 2003, Michael Marder



Solids of Cubic Symmetry :

[ Cox [+ +€ \
1 _

/ dr>{ +2Cxy [Be@y+eyezt+entel - (L14)
\ +4CXYXV e>2<y+e32’2+e§><] y,

B&x 6y €z 26; 265 26y
L A (L15)
& & & & & &

CXXXX Cxxyy Cxxzz Cyzxx Cz)oo( nyXX etc.
1 l 1 l l 1 (L16)
Ch Cpp Ciz Cy GCg; GCe et
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Solids of Cubic Symmetry 9

6
F = / dr} ) e.Capes. (L17)

af=1

Cauchy relation: Cy = Cy»

10th April 2003
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Solids of Cubic Symmetry 10

Element C11 Caq Ci2 Element C11 Cyn Ci2
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)

Al 108 28.3 62 Li (195K) 13.4 96 11.3
Ar (80K) 2.77 0.98 1.37 Mo 459 111 168
Ag 123 453 92 Na 7.59 4.30 6.33
Au 190 423 161 Ne (6K) 1.62 0.93 0.85
Cs (78K) 2.47 2.06 1.48 Ni 247 122 153
Ca 16 12 8 Nb 245 28.4 132
Cr 346 100 66 O (54.4K) 2.60 0275  2.06
Cu 169 75.3 122 Pd 224 716 173
C (diamond) 1040 550 170 Pt 347 76.5 251
Fe 230 117 135 Rb 2.96 1.60 2.44
Ge (undoped) 129 67.1 48 Si (undoped) 165 79.2 64
Ge (n-doped,1019sn) 128.8 65.5 477 S (n-doped, 1019As 1622 787 65.4
Ge (p-doped,1020Ga) 118.0 65.3 39.0 S 14.7 5.74 9.9
He3 (0.4K,24cm3/mole) 00235 001085 00197 | Ta 262 82.6 156
He* (L6K,12cm3/mole) 00311 00217 00281 | Th 76 46 49
Ir 600 270 260 W 517 157 203
K 371 1.88 3.15 Vv 230 432 120
Kr (115K) 2.85 1.35 1.60 Xe (156K) 2.98 1.48 1.90
Pb 488 14.8 41.4
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Solids of Cubic Symmetry 11
B = V925 /9V?
Bx =6y =€, =0V/3V
F = 1V[Cy +2C1] [§V/V)?, (L18)
B=1[Ci1+2C1)]. (L19)
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| sotropic Solids 12

Distinguish between rotating all mass points and rotating a pattern of distortion in mass
points that otherwise remain fixed.

Z " (T (L20a)
with
1 (1 -1 O )
Fr=RFandR=—=(1 1 0 |. (L20b)
V2lo o0 2
0 = (2Cqy +Coyy — Coox) (8y — 28y — 6x) (Eyy + 26y — Ex) (L21)

:;/df’)\(;eaa>2+2u§ei5. (L23)

Kinetic energy:
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| sotropic Solids 13

T [ ar el (L2
Equation of motion:
N 0F 0
PUq (r) - 5uo¢ (r\) — ; 8_r50-045 (r)7 (L25)
OaB — ZCaB’y5 €ys. (L26)
~é

/ dF pii, = / dx ) ngogq (L27)
A%

Stress figure

Cap = Mag) €y +2ueag (L28)
Y
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| sotropic Solids 14

= . L29
~ Caf 20(3\+ 2p1) Z‘”ﬁ (129)
o2u ,
S = Yeu (L31)
with ,
v _ HBAE u); (L32)
A+
B = By = g (L33)
= Bt 2p)
A
_ | L34
Y 2(A+p) (L34)
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| sotropic Solids 15

_ _ ~0Uy
8 =2Ge, =G (L35)
Sz(s—LLYzeZZY Sz%G:ZeXZG
S
4 o8
1____|JeL .
L

N

R, s
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| sotropic Solids 16

Material Young’s Modulus Y (GPa) Poisson Ratio v
Lead (cast) 5 0.5
Tin (cast) 27 0.3
Glass 55 0.16
Aluminum (cast) 68 0.3
Copper (cast) 76 04
Zinc (cast) 76 0.3
Copper (soft, wrought) 100 0.4
Iron (cast) 110 0.3
Copper (hard drawn) 120 0.4
Iron (wrought) 200 0.3
Carbon steel 200 0.3
Tungsten 400 0.3
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Waves 17

A(F,t) = V-U(F,t) and @ (F,t) = V x TU(F, 1). (L36)
0°A )
2 —
0y = VG (L38)

U is of form gk Tt

C = : (L39)

C = \/E (L40)
P
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Liquid Crystals 18
Director A.

(A-V)A (L41a)
V-h (L41b)
-V x A (L41c)

on, On,
42
8r5 8I’5 ’ ( )

on, on
_ 1 «
F = / drF(r) = 1 / dr )~ Caprs o arz (L43)
aBvyo
0 o . .
0 = %1 %(n-n) (L44)
0 0

= ZnZ(S' - n, = Zara n, (L45)
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Liquid Crystals 19
on, on,, on,,
—r — 7 —TRg5 — 46
8r5 - 8!’5 +0[ (9 Bo RWB 3[‘5] ( )
0 -1 0
R= (1 0 O) . (L47)
0 0 O
B ron, on, on, on,
0= ;; L Jy Ors Caxy Ox Ors Co‘w‘s}
-ony On ony on
— — — —= 48
Z L Org Org s org Or CXB’Y‘S} (L48)
Bo
ony ony
XY 49
OZ—Cyzyy—|—Cy>o<z‘|‘nyxz (L50)
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Liquid Crystals 20
Kl %] 2 (L51a)
| OX 0y
ond®  [on,]°

ks oy L51b
5 ) (LD
on,  ong|°
i A L51
| OX 0y (L51c)
ony  Onk| [Ony Ok
i L51d
Ox 8y_[8y+8x] (L51d)
ony ony,  Ony Ony
ST X _ZYIX L51
ox dy _ dy ox (Lole)
(V-1)? (L52a)
Ax (V x A)[2 (L52b)
(A (V x A))? (L52¢)
A-(VxA)V-A (L52d)
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Liquid Crystals 21

1 V(- V)n-n@n). (L52¢)
K e SR e a2 LK 2 . AY)2
5—"_7(V n) +2(n (V xf)) +2(n><(V><n)) . (L53)
splay twist bend
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Rubber

_25[

8[’5 (9['

8ra 8!’/3

22
Np : IRZ ;
- N —V|BIn?+VCn3+...|. L54
Re s R4 5 o L55
P R4 R oy (L55)
B
B U, dug ou,
V= V%ea57 (G W) (dys+ o ) (02 = (L56)
Uy OUy OUg ~ Ouq 8u5] | (L57)
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23
ou, Ou
ﬁ o pBpL
2.2 | +ZZRJ or ﬂ 2 oy oy I (158)
Np
YRR = Npgz' S (L59)
=1
_ keTNp 8u3 OUg, 8u
=7 = — [3+2Z o, ; o, arﬁ (L60)
~ ksTNp U, OU, du, Oug  du, Oug
=9 = 3 Z Org Org ; (6’r5 or, Org, 8r5> (L61)
ke T Np 5
— 3 lzegxﬂ o (;eaa) } (L62)
2kBTNp
= 3D %% (L63)
af
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Force per length (N/cm)

Rubber 24
g=2e (3 e +0uif) =3 (L64)
~ 2kgTNp |, R ?
== 2(%)%{( )2} —3]. (L65)

| | | 'D
50 _ o i
L]
= 0
0 I | I I | I
2 3 4 5 6

Extension R/Ry
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Compositeand Granular Materials 25

Figure 1. Avalanche in mustard seeds: Jaeger, University of Chicago

University of Chicago Granular Group

Duke University Granular Page
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http://jfi.uchicago.edu/~jaeger/granular2/?ROLES=0EMA0BDA&DOMAIN=.uchicago.edu
http://www.phy.duke.edu/~bob/

Phonons
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Definitions 2

Phonons

Goldstone modes

Acoustic branch

Optical branch

Density of phonon states

Einstein model

Debye model, Debye frequency, Debye temperature
Griineisen parameter

Inelastic scattering, scattering length, inelastic structure factor
Debye—Waller factor

Kohn anomalies

Mdssbauer effect
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Vibrations of a Classical Lattice

3

Find energy when atoms move small distances from equilibrium. Must keep changes to

second order.

gt ue...uY),

&= 80+ZaTu +Z Zua@
||’

In a crystal, because of translational invariance,

Zcb”’ —0.

Wi
1

1K
aﬁ“ﬁ‘%

(L1)

(L2)

(L3)

(L4)

(L5)
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Normal Modes A

Polarization €

Ul _ —»eiT(’-Ifél—iwt. (L6)
MwZe = Y @!'ghR-R)g (L7a)
Il
= 3(K)e, with d(k) =S FR-Fg!" (L7b)
Il
R/v
€3
€1
€2
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Normal Modes 5

3, (K
ws = |\§ ) (L8)
d(k+K) = a(k), (L9)

[ Can restrict k to the first Brillouin zone.
[1 Phonons, like electrons, are waves in a periodic potential.

O kin Brillouin zone completely exhausts all phonon states.
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Example in One Dimension 6
MU' = % (Ut —2u' +u ). (L10)
Substituting u o< exp(ikl —iwt) gives
Mw? = ? ? (L11)
=>w = ! ? (L12)
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Example in One Dimension 7

1.0

08 }
0.6 |

04 |

w(k)/(2yM/X)

0.2}

0.0 ' ' ' ' ' '
-Tr -/ 2 0 /2 T

K

Linear dispersion as k=—0is generic, example of Goldstone mode.
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IS

th a Basi

Ice WI
Acoustic

Latt

°©0Q°0Q°0°0°0°0°0° 0 °0°0°0°0°0°0°0°0°0¢°0¢°0°0°0°0°0°0°0°80

0 Q Qo0 Q

0 Q00202 Q°20Q°0 °2 QO © ©Q © ©Q ©©Q °2°©9°©°0O

' Q@ ° Q@ ° Q2 0Q0°20°0°0°0°00°0°00° 0 ¢° 0 °0°0°0°0°0°0°0°0¢°0¢°0 ° 0O

°Q°0Q°0Q°0Q ° 0 °0

©Q° 0 ¢° 0 ° 0O

0 Q °290Q°2°9°090°0°0°090°2°0 °2 Q0 °© Q 29 Q9 °20°209°90°0°00°09 o

0 Q 29 Q 29 Q0 °20°2°0°90°0°09°0 ° 0 °© Q o Q0 o0

°© Q0

Q° 0 °09°00°0°0°0°0°00°0°0°0° 00

°©0Q°0°0°00°0Q00°0Q 0

°©Q°20°0Q0°0° 0 ° 0 9° 0 9°0°0°0°0°0°0°0°0¢°0¢°0°0°0°0°0°0°20°0°0 ° ©

Optical

awL

Space
. Z(I)Inl’n’ l—jl’n’
Y
|/

(L13)

o]
Mg
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L_attice with a Basis

9
Um — gneIR Rln—lw'[, (L14)
= Mw? = ) e™ (ke (L15)
nl
3N
Mpw?ep =Y @py (K)ep (L16)
pl
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One—-dimensional example with basis 10

- s
a

Mil, = (U —2u) +ush (L17a)
Mo, = K(ut—2u,+ ) (L17b)

= —w’Me €42 = K(ex —2€1+ eze_ika)eikla (L18a)
—wMye e = 7 ? (L18b)
M1+ M, £+ /M2 + 2M1 M, coska+ M3
:>w:\/§\/ 1+ Mo/ ll\;rM S M (L19)
1Mo
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One-dimensional example with basis 1

w(K) \/2 M1+|\/|2 a, e1=1e=1+ika/2, (L20a)
w(k) = \/29< Mll\;ll_ Ma) , €1=My;eo=—M1(1+1ka/2). (L20b)
1 2
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One—-dimensional example with basis 1

w(K)/+/ X/ My

2.0

1.5

1.0

0.5

0.0

Optical Branch

/2
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Diamond Lattice 13

1 — !/ —1/ S/
U :§Z¢nn,(|0'”+R'”—U' TR, (L21)
Inl’n’
U ~ % Z [Uln . al’n’]flnlln’ [Uln . Ul'n’]7 (L22)
Inl’n’
= (L23)
af ~or s ¢nn’(‘ |)‘r:|fg’ln_|‘q’l’n’
L [ (1) — o (D] + 2220, 0) (24
r2 nn’ [ nn’ [ nn/ e BIn_@n’
r,
Z F¢nn’ (r) |?:|3In_ﬁl’n’ =0. (L25)
|/
(I)Inl’n/ _ Zflnlun// (5||/5nn/ — 5I’|”5n’n”)- (|_26)

|/I nll
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Diamond Lattice 14

heto = ¢'(d)~2¢/(d) (L27)
and o= 00 (L28)
= = rjgﬁ[fl—f2]+5a5f2?:ﬁm_ﬁl,n,. (L29)
" (k) = o gk (R (L30)
-
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Comparison with Experiment

15

Frequency v = w/2r (THz)

15

10

Wave number k
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Comparison with Experiment

16

Frequency v = w/2r (TH2)

16
14
12
10

O N b~ O 0

Wave number k
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Quantum-Mechanical Lattice 17

My, (N4 1); (L31)
J?C—ﬁnL}M 2R (L32)
oM T2

Raising and lowering operators

(L33a)

Qi)l_
||
ﬁ

Mw ~ . 1 .
—hR_I\/ 2thP

W~ . 1 .
ER_H\/ SRV P. (L33b)

H=hw(ata+ 1) =ho(n+3) (L34)

. [ h
_ 4 af). .35
R = 2Mw(a+a ) (L35)
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Quantum-Mechanical Lattice 18
pI°
ﬁzzm+%§:a'¢"’u".... (L36)
I |1/
N
1 Mcwy
&, = —NZ k” \/ Zth# (L37a)
N
1 e Muwy
P L S gRR ‘/ gl L37b
ép,, \/721 T y I\/Zhl\/lw—ky ( )
J = iz 6. &R 1 al e Rﬁ] with Gy LU (L38a)
y JN 2~ L% w k 2Mu, R
kv
and
. e o . AM s
Pl — %Z[llkye'k'R'Jrnge—'k'Rl} with B, = —i4/ Zwk”a(yép,, (L38b)
kv
[P',R]=—ih

14th April 2003
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Quantum-Mechanical Lattice 19

& .41 ]=1. (L39)

wRI/ — w—Ru' (L4O)

| 2M Ku 4 o éRV éﬁugﬁu E)—T(I/ _'_é%l,é{,/azy g*_R
PRI Moy [ & é{ +al &)
I Vs o I U
1’ kv { +[ éRV éRVGRV "k +épvépuef<'l/ 'G—Ru]
Don’tassume € =¢€_g,, as it leads to problems for longitudinal modes.
. Nwp b o
e R B ST C I N ()
kv ke
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Quantum-Mechanical Lattice 20
H=> hwi(hi+3). (L43)
8, (1) = &%t/Mg eI (L44)
SO that

851(0 7N[I, &, e/ (L45)
= —iwg, &, (L46)
=&, () = a,e ! (L47)

1 ik-R —iw ik-R +iw
(1) = g 210,87 TR g e R (L48)
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Phonon Specific Heat 21
Testing ground for guantum mechanics
3tho
E = e (L49)
~Cp - oc 3N(hwo)2eh5w0/(kBT2). (L50)

oT v = [@Bwo — 1]2

Residual ray of diamond wg = 1.71-10%*s~* |eads to
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Phonon Specific Heat

22

Specific heat oy (cal gm—1 K—1)

104

10—°

o Data of

[ Einstein data

— Debye formula

. Einstein formula

102

10°

Temperature | (K)
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with

Phonon Specific Heat 23
&= Zhw, +1). (L51)
_ —Bzthi(|i+l/2) | 52
Z ZZ (L52)
11=01,=
_ ﬁ{zeﬂhwi(n+l/2)} (L53)
i=1 \I=0
> e—BhWi/2
N |1_[1{1 exp(— ﬁhwi)} (L54)
=F = —kgTIhZ= Z@+kBT|n 1— e Py (L55)
0B8F hw. Ao L
=& = (f—ﬁ = + e 1 —Zhw. n—+3) (L56)
n = eamli_l (L57)
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Phonon Specific Heat 24
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Phonon Specific Heat 25

Phonon density of states

Frequency v (THz)

(1 Characteristic frequency of 16 THz

[] Cusps are van Hove singularities (Section 7.2.1)
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Phonon Specific Heat 26

Dulong and Petit

Cyv = Nkg (L61)
dk .

D(w) = / (ZWBZd(w—C,,(k)k) (L62)

_ Z‘jggcgw.h_—ngdz L (L63)

=Gy = Vo zskaT / g (L64)

— V—kB[R] . (L65)
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Einstein and Debye Models 27

D(w) = 6w wo). (L66)
W2
D(w) = Z?TZC?’Q(WD —w) (L67)
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Einstein and Debye Models 28

1.0

08 |

04 |

Cv/3Nkg

O-O . | . | . | .
0.0 0.5 1.0 1.5 2.0

Temperature T /Op

[Data, Dolling and Cowley (1966)]
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Einstein and Debye Models 29
Total number of modes
o0 B w[3)
3N:V/O dwD(w) = n= 623" (L68)
Debye temperature:
kB@D = th (L69)
3 ©p/T

Cyv = INkg <®lD) /O dx(e(xiez)z (L70)
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Form of specific heat 30

Cp T + T3, (L71)

150

o0 Sodium
o Silver

100 |

Cp /T (mJmole/K)

5 |

0 50 100 150 200

T2 (K?)
[Data, Touloukian et al (1975)]
Phonon and electron specific heats comparable when T =~ ©p+/0p/Te, 10 K
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Debye Temperatures 31

El. ©p El. ©p El ©p El. ©p
Am 121 Eu 118 Na 157 Sm 169
Ar 92 Fe 477 Nb 276 Sn 199
Ag 227 Ga 325 Nd 163 S 147
Al 433 Ge 373 Ne 74.6 Ta 245
As 282 Gd 182 Ni 477 Th 176
Au 162 H 122 Np 259 Te 152
Ba 111 He 34-108 Os 467 Th 160
Be 1481 Hf 252 Pa 185 Ti 420
Bi 120 Hg 72 Pb 105 Tl 78.5
B 1480 Ho 190 Pd 271 Tm 200
C(gr) 412 | 109 Pr 152 U 248
C(dia) 2250 In 112 Pt 237 \% 399
Ca 229 Ir 420 Pu 206 W 383
Cd 210 K 91.1 Rb 56.5 Xe 64.0
Ce 179 Kr 71.9 Re 416 Y 248
Co 460 La 150 Rh 512 Yb 118
Cr 606 Li 344 Ru 555 Zn 329
Cs 40.5 Lu 183 Sb 220 Zr 290
Cu 347 Mg 403 Sc 346

Dy 183 Mn 409 Se 153

Er 188 Mo 423 Si 645
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Thermal Expansion 32

X

C -

& = éJ<x2. (L72)
1 2

E(X) = €0+ KK+ .. (L73)

[dxxe=Pe™ g BEM)
— = L74
fdxe—wx) oA\ / xe™ o (L74)
N _|n / dxeP—BE (x0)—BE (0) (x—x0)~BE" (x0) (—x0)° /2|, _ (L75)
A = BE(x)=PBXxo (L76)

a

=X = —|In \/58"( )eAXO pe (XO)] | A=0 (L77)
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Thermal Expansion 33
keT O 2T p%/2-BE,
X 0% l'”\/ FE0° ]'Xoo (0
To .
—%a—ib{:o, with pw?(x) = €”(x). (L79)
AV, OP/aTly
Vor = 3—T |P o —3P/8V|T (L8O)
vV 92F
~  BOVOT’ (L81)
0F Ohw,
oyt = 2+ - (L82)
8237 (9ﬂi (9hwi
T avoT — Z<9T av (L83)

14th April 2003
(© 2003, Michael Marder



Thermal Expansion 34

Main results

(] No thermal expansion until anharmonic effects are taken into account.

(] Gruneisen parameter relates thermal volume expansion to specific heat

8ni 8hwi
i ot Vv
o= ST (L84)
T
#F  Cy
~ TovaT v (185)
_ 1l
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Thermal Expansion

35

8.10°
7-10°°
< 9 6.-10°5
X X
&5 @ 5.10°°
2 O 4.10°5
g O
$ & 3107
E 8 _
§ g}_ 2.10°
?  1.10°5
0

- o—— 0o Specific heat

- «—— \olume expansion

100 200
Temperature T (K)

[Data from Touloukian (1970a) and (1975) for aluminum]

300
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Thermal Expansion 36

Invar, won a Nobel prize!

10 -
X s
—
Q.
c
2 0
-
S
S
S 5| :
&
=
(@)
> _10 | . | .

0 100 200 300

Temperature T (K)
[Data from Touloukian (1975)]
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Inelastic Neutron Scattering 37

Incident neutron beam

Monochromator crystal

@:ollimator

Incoming wave vector k

/ Sample crystal
= Collimator

Outgoing neutrons sorted according to energy by direction
of scattering from analyser crystal.

Outgoing wave vector K

Analyser crystal

Counter

Scattering can be understood from conservation laws
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Inelastic Neutron Scattering 38

Energy

If neutron creates a phonon, then

h2k2 h2 kl 2

If, on the other hand, passage of the neutron destroys a phonon and steals its energy,
then

h°k? h*(K')?
— = — hwg,, . L87
. o, W (L37b)
Momentum
K+d = k+K (L88a)
for some reciprocal lattice vector K, and when a phonon is absorbed,

K-d = k+K. (L88Db)
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Inelastic Neutron Scattering 39

h2k2 h2(k/)2
— 4 hw(p_r(,),y W

, (L89)
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Graphical criterion 40
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Results 41

) u _

E I g % °° ]

SE./ - '/ ° _

2 ! ° ]

3 Juj ' — Jeee e

O 0.00 0.05 0.10 0.15
Energy (eV)

[Data, Mozer et al (1965)]
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Results 42

Frequency v = w/27 (THz)

Wave number k

[Data Dolling and Cowley (1972), Nilsson and Nelin (1972), density functional
computations We and Chou (1994)]
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Formal Theory of Neutron Scattering 43

Nuclear scale is 1013 cm

U = Zmzaglja(ﬁn—ﬁ' —ah. (L90)
s s
s
| = hk/Vm,
- Sgg&n _ kE’ ((\277':;))2 Pk — K). (L93)
Pk—=K)y= > 2%5(8f—8i)|<\11f|0|\11i>|2. (L94)

fi nal states f
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Formal Theory of Neutron Scattering 4

~ : — 2 h2 2 — - i
(U)o = /df’<k’lf’><?l<<1>f\z Tnna5(R— R —)[k)|®") (L95)
2
- dreﬂk K-t <I>f|2”h 25 F—R -t (L96)
2

- % zmaZ@flé“‘”“‘ +R)|gl). (L97)

I

h2k2 h2k12

= _ L98
Nwn, 2m, 2m, ( )

Z<(:Df|ei(R—r(’).(Gl+ﬁl)|(I)i> 2. (ng)

e 27h)3 :
R S DU AR N
f

= — = S (k—K,wp), (L100)
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Formal Theory of Neutron Scattering s

1 i ig- (ol +-R' [ 2
= D 0((E b Epl /et )| (@€ [ (L101)
f |

_Z/ dt It [8f /h+w)zelq»(ﬁl_ﬁl’) [<@||e_|q(]| |(bf> (Lloz)

] .

1L X (9f|edT |@')]

[ —|qu f

—Z [ g e (@ |25 (L103)

1’

<<I>f |e|3{pht/he,q.a' e—iﬁpht/h|q)i>]

—Z / g 3 dtR-R) (gijeiad" |gf) (@f | |l (L104)

1’

N/2 eltheIQ(Rl RI <(I)I‘e—lql]| ﬁﬂl(t)|@l> (L105)
74

1’

(A) =

> (@ e PIADT)
> (@i e8| @)

(L106)
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Formal Theory of Neutron Scattering 4

SQ,w) = %Zeiq-(ﬁ_ﬁﬂ) / S—teiwt<e_iq'alleiq'al (t)> (L107)
/[

1’

1 ,dt / w y =1/ N
— N/df’d? gHr=T)ewty “(s(r s —R —ad' ().  (L108)

1’
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Averaging Exponentials 47

8§ = (&) (L109)
A 1A2
§=(1+A+ A +..0). (L110)
(P
8:1+§<AA>+E<AAAA>+.... (L111)
Wick’s theorem

1~ 11 . 11 ..

§ = 1+§(AA>+§§<AA> - +§H<AA> (L112)
1 -

= exp[5(AY)]. (L113)
(PP — g3 (A+2AB+8%) (L114)
M = <e—iq'ﬂ" g ©)y, (L115)
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Debye-Waller factor 48
Quantitative account of how thermal fluctuations degrade scattering peaks
M = exp[—((d-0)*)]exp[((@-0")(@- 0 (1)))]. (L116)
2W = ((d l]))
1 A '“’ Bl A ik-B N ik B A _iK'-B
= (@ 10, &R ol e R (@ [0, @K F ol e FR)). (L117)
kk’
2W 1, q|2 L118
= N g, A A (L118)
1 h%g, -
%:N M (2n, +1) (L119)
Low temperature
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Debye-Waller factor 49

1 h*(g, - 0)?
2W = EE N 2Mho (L120)
In Debye approximation
3 o?h?
WN=3 Mhcko (HzD)
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Evaluation of Structure Factor

50
1 q@_p' dt ¢ ow ad'ad
S(qu):ZNeIG(R R) Eelwte eldd a-a () (L122)
1K

SO(g,w) = Zéq'ﬁ' S—;éwte—w (L123)
= S(w)Ne=> "5z (L124)

R

1 1 g’ dat . ,
S (@) = 3 e F [ 5eee™((a-d") (@-d ) (L125)
m = ((d-d") @d))

1 ([0, €57 ol e ®R))

NZ k kw (L126)
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Evaluation of Structure Factor 51

G T TN
2N zf\ﬂkgwq) (8, &, e o'+, 8 ety ® T (L127)
kv

1 h%(e -d)2 - iy ! s
= N e (g R g e ) D, (Laze)
kv

-

h2 €dy
SY(g,w) = —Z\NZ ZMh(jq’V] [(14+Ngy) 6(w + wgp) + N0 (W — wap )] (L129)
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Kohn Anomalies

52

KN
o

OO AN ONMO ®
L s B B " N B B

Wave number k
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The Mossbauer Effect 53

32 —

112 _

_1/2 3.2:107 eV 10 717K 295K
1017k 2K C 2

~3/2 e | _—
14.4keV 2 | 1046 K 5 R il
0 =’= = dom "' S
_1/2 7 == 8 £l .I‘..:- oo

]1.9- 10~ "ev—~ =5
1/2_m_ i

<+~ Counts

(A) (B)

(@) = Ezejq-(ﬁ'—ﬁ',)/ooﬂ[ej(AS/h—HF)t_|_e—i(AE/h—iI‘)tKe—ia-G“eia-a'(t)>. (L130)

N m 0 27T
oT
(AE/N)2 4 T2 (L131)
3 o?h?
f = exp _ZI\/?hckD (L132)

14th April 2003
(© 2003, Michael Marder



Dislocations and Cracks 1

8
8
-
8
]
-]
8
s
gee
8
s
]
#
yes
802
B §
yes
803
b8
3es
853
8a 8
e
2
REs
99
e
L1
b
2
=1
oS
9
RO
ey
o
AGe
s
)
A08
%3
]
L]
3
]
be
3

21st April 2003
(© 2003, Michael Marder



Definitions

0 O oo o oo oo o O O O O O

Brittle

Ductile

Dislocation

Burgers Vector

Glide Plane

Frenkel-Kontorova Model

Hexatic Phases

Orientational Order, Mermin—-Wagner Theorem
Kosterlitz—Thouless—Berezinkskii Transition
Cracks

Conformal Mapping

Stress Intensity Factor
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Definitions 3

Given surface energy of I' =1 J/m?, height h at which it pays to split object in two is

4T
h=,/—~1l4cm. (L1)

rY
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Fallure in Shear 4

AoL |
L
L
\j
(A) F (®)
oL F
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Faillure in Shear

5
= shear
s=C =40 (L3)
A Y .

T tension.

Material Shear modulus G/5 Yield strength
(10! ergs cm—3) (10! ergs cm—3)

Iron 1.0-1.6 0.02-1
Copper 1.0 0.005
Titanium 1.0 0.08
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Fallure In Tension 6

= shear
s—- 1> (L4)
A Y .
T tension.
oL F
Y& =5. (L5)
Material  Young’s Theoretical Practical Ratio
Modulus Y /5 Strength Strength
(10tergscm—3)  (10%ergscm—3) (10%ergscm—3)
Iron 4.0 4 0.03 0.008
Titanium 2.2 3.1 0.03 0.009
Silicon 3.2 1.5 0.07 0.05
Glass 1.4 4 0.04 0.01
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Complete Cohesive Energy Curve 7

Pressure P (10! ergscm—3)

1
=
o1

=
o
|

1

o

o1
|

o
o

(L6)

=
fop

18 20 22
Wigner-Seitz radius, ry (A)

2.4

2.6
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Dislocations 8

(A) Edge (B) Screw




Burgers Vector 9

N B poiiiiin y

G 4

R KRR R RPN

Ry SRR RRERE R

R R RN SRR
<—|Eext
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Experimental Observations of Dislocations 1o

“ 5 ~ = -~ -
- > -
> < I/ L[] g
(A) (B)
5 2 9 = ° 5 %
(A) (B) ’

(€)
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Experimental Observations of Dislocations 11

[Source: Amelinckx (1964)]
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Experimental Observations of Dislocations 12

(A)

------

L L] L] - & 'Y

(AR RN RN RN I RN AR N Y T AR Y RN E N
(i) l'o s o OUOCCUODUCCICUIUL l:‘ y ~. R O
L NN AN 00!00."."" ‘\‘ P O OO
LN N R oocllo-nl‘ \Qi . ’ (] L
0"""'!!'!".'.!..0 .!l \“.‘_‘ ......g...g.q
SO R ooauuo-- \., WY ... XN
'rooco--nanol . ' OO OO O

eV -n-o L l-l'lO !tti!. un--ocu
!!C.l O R ooooouo- Qo‘l.otol‘c!lnll
ltlll'!ll! DO O cvoovc '! % C!i!'lll't!
ptvlolullul-.. !oooolcl n-le- DU
"|.,|.|.n| o-uo- lonllllltl u!'oolntt!l!.i!

gasnssannn llll"l"‘. l‘ LA ‘ l."'.'
l.'i'l' I"‘!.l"llliii lll LN ) l“‘..' L LN )
'..I'l'lllil‘ll 'Ill..i\‘. .I‘I.li.!.lll'.
» ..II LI L R l..l LR AR LN ' LA LR RN A
lll'< l.!.llll..‘ll 'll.'l‘lllll. .l'![l. LA
I.l.l" e ll. I.I..l'lll" l.'..l‘ll.lll‘ e .'l
#
.
Illll'l..l'Illl!lll.‘.ll.ltﬁ'l.!‘!l!‘i
'i'l".l'i ..'. (AR RN l’l.llll!!“lli\!'!.ll
Il!lll‘ .Q !'Itlil!llll!illiilllti LA R LA LN
!'ll.ll t!llill!l‘!'ltl.'t."l'.l!“\!“l\l“
I'l'l.i .|lll|'I.! SRR AAAGRARDEERERRANERERERREENNS
Ill LA \ ‘IUIll.|llll.illlllll.ll.i\“'\l\ LA
AR EERRAD S4ATAERENAN .lil RRAERARERAREERRNNN I\::
-

lll..lll‘ . BERA AR EERNERARNERANENARERAERARN NN
|||..'O'| (AR R |I!!ﬂ‘l.‘.IIII.I!I‘I‘.‘!I.\“
L "0 .l!l ..II.!II!l‘l..‘l“l'll'.'il‘
|.| ]..‘Q.Q.U'.‘l.i.l. ‘... Q‘i'i...l. .I‘.. A .I.I.I'l. 'l‘ﬂ.l'..l.l'|.i L l.i .h I'l‘l. ' .
.". LN '\ A SRR FEENSNRAERSARS " LN

(A) Courtesy of J. Humphreys, Manchester University.)

[(B) Cullis et al. (1985)]
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Force to Move a Dislocation 13

fx = oyybx, (L7)
Fext

Oxy = NL;Z (L8)

f=(cs-b)xL. (L9)

Peach—Kohler force
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One-Dimensional Dislocations:

Frenkel-Kontorova Model 14
F = I:crit/z — >
—9 -4 -3 -2 —1 0) 1 2 3 4 5

QLLLLLGLLLLLIG LI LD L LLLLALLLLLPLLLLL QL@

\NNANNNNNNANNANS

(A)

F = Fuit — "
—5 -4 -3 -2 -1 0 1 2 3 4 5
QLRI N L@ PR M L L L L @ LPCOLLLLLLGRLLLL1ARL00D

\NANANNNNNNANNNS

(B) —5a 43 —-3a —-2a -—-a 0 a 2a 3a 4a 5a

Find force needed to move dislocation in simple one—dimensional model.
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One-Dimensional Dislocations:

Frenkel-Kontorova Model 15
U(X) = sK[X—aini(x/a+ 3)]° — TX, (C10)
oU
fn:k[xn—l—l_xn_a]‘Fk[Xn—l_Xn"‘a]_W- (L11)

¢ _ KXne1—Xn—a] +KXp—1 —Xn+a]+ F =KX, —(n—1)a] for n<O0
" KXni1—Xn—al +KXp1—X+a+ f —K[x,—na] for n>0.

(L12)
Xy = f/X+an—1)+Ae", (L13)
K(e9—24+e 9 —K =0 (L14)
X = f/K+an+Ae M. (L15)
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One-Dimensional Dislocations:
Frenkel-Kontorova Model

16
—_atA = A (L16a)
Ael = a+Ae " (L16b)
- _“ (L17a)
eh4+1
—a
— , L17b
A | (L17D)
__a_ e A (L18)
=TT g
aX ¢
- Ly L19
= f¢ > tanh2 (L19)
g~ % (L20)
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One-Dimensional Dislocations:

Frenkel-Kontorova Model 17
ak |XK
fo = -V (L21)
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Impossipility ot Crystalline Order In Two

Dimensions 18
Pelerls and Landau showed that two—dimensional crystals are destroyed by thermal
fluctuations. S 5
U, OUgy
d°r iC L22
/ Z 8r5 8r5 ( )
Zéf’k (k). (L23)
t(k) =0 fork > 1/D. (L24)
U = / d?r 1C Y kK e Ty, (K)ur (K) (L25)
Bakk
_ Zk2|ua K2 (L26)
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Impossipility ot Crystalline Order In Two

Dimensions 19
d4r
W = ([ =) us(Mug(n)) (L27)
[ % L
= > (us(®?) (L28)
Bk
d(k) = 0 (—K) (L29)
(us(k)|?)

[ T 12 I 2
fHaR/ dua(k’)|U5(k)|2e_B% > o K lua (K)

) K .30

fH - dug (K)e ™7 Lk KZUa ()12 (L30)

_ [ dus(k |UB( K)[2e~AVCK|ug () B

N fduB BVCk2|uB(k)|2 ( )
du"du'[(uf U )2]eBVCK(W) 2+ ()7

_ ] (U)?+ (U)?] | -

J durdu'e—ﬂVCk2[<uf>2+<u'>2]
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Impossipility ot Crystalline Order In Two

Dimensions 20
keT
= S8 (L33)
(U?) = vké; (L34)
ok
d?k kgT
— 2 / ) O (L35)
YD dk kT
—_ 9 B . 136
[D 2k C - (L36)
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Orientational Order 21

(dx,dy) =" —T. (L37)
¢ = tan~1(dy/dx). (L38)
F+d() and 7 4U(). (L39)
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Orientational Order 22

_ _1 (dy+0uy/Oxdx+ Ouy/0ydy
¢ = ftan (dx+ DUy /OXdX+ 8ux/8ydy) (L40)
N dxdy Ouy Ouy\  dxou, dy 8uX]
~ gt dx2 + dy? [( oy 8x> i dy ox  dx gy (L41)
, B : Ouy  Ouy ouy . 5 Ouy
=>¢ —¢ = cos¢sm¢<8—y—&>+cos ) sin® ¢ y (L42)
10y Oy
5(F) = ( = 8y>' (L43)
1 . SO 2oy k.
o() =5 Z(lkxuy(k) —ikyUy (k)" (L44)
K
d2
— (00(N)ag(T)) (L45)

_ %Zkz (U (R)[%) + KUy (R)[2) = by (L (R) U () + Uy (K) U (K))) - (L46)

—

k
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Orientational Order 23

Z CW (K +K5) (L47)

2 1/D dkk
L 48
/ dH/ (27)2 167rﬂ)2C (L48)
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Kosterlitz—Thouless—Berezinskil Transition 24

Liquid Hexatic Crystal

t=0.05s

t=0.1s
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Kosterlitz—Thouless—Berezinskil Transition s

[Murray and Grier (1996)]
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Kosterlitz—Thouless—Berezinskiil Transition s

U

Uc=0, u =0, Uuxy)=u/Xy).

/d2 (Vu)?

VZu=0.

a .
u(x,y) = Elmln[x—kly].

2
aaN? o[ =y X
2 (27r) /d r [x2+y2} Jr[x2+y2

T

(L49)

(L50)

(L51)

(L52)

(L53)
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Kosterlitz—Thouless—Berezinskii Transition 27

u(x,y) = %Im{ln[XJriy] X — %o +iy]}.

. a
20°In (%) +2w with g = 4—:

(L54)

(L55)

(L56)

(L57)
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Kosterlitz—Thouless—Berezinskiil Transition 2s

» » » » » PR 4 - A - « - e« -« ~ = ~ o~ o~ ~ ~ ~ ~ v ~ v N ~
» » » » - - - - - - - - - - - - - ~ ~ ~ ~ v A A A > A A A A
» » » » » » - - - - - - - - - - - - - ~ ~ v ~ A A A > > > v
» » » 4 » » » » - - - - - - - - ~ ~ - - v v v > Al A Al » > >
’ 4 » » » » - - - - - - - - - - - - ~ ~ v A A A > > Al A »> >
» » » d » » » » - - - - - - - - ~ - - v v > A A A > »> > »> >
Id Id ’ » » ’» » » » - - - - - - - - ~ ~ A > A > > A \d » > > >
Id Id Id Id » » » » » » - - - - - - - - v A »> > Al » > > > »> » >
’ ’ r Id Id Id » » » » - - - - - - ~ v v A A > > \d »> » » »> » >
14 14 Id 14 Id Id ’ » » » » - - - d ~ - ~ > > > Al » > > » » » > »
y y y » » I3 » » » , - 4 x e o« = =~ N ~ > > v N > > N N N N
2 4 r 14 4 » ’ I3 »’ » * » - - - ~ A S A ~ ~ > 3 3 > > > 3 3 > >
v 4 4 4 4 4 4 ’ » » F Y e T N N ) D > » S > S N N N \ N
14 12 14 12 [2 14 2 ’ 2 ’ 3 s Y o — N AN A \ \ » » » » A \ Iy Iy ) A
v v v v v v ’ v ' yoob 4/ o~ — N\ x y \ » N i N s i N i s N
LA R A A A 2 2 2 T S l / \ T T T S Y S S S S
L2 T A T R I T T TR U \// T S L S S S S S T S S
] v v ] ] v 1 \ 0 \ \ \ N N~ — 7/ / 1 4 ‘ 4 ] 4 4 1 n N 1 4
1 ] 1 1 . 1 1 . ‘. A NN N~ =~ s s 7 ‘ ‘ ‘ ‘4 4 ] 4 4 ‘4 i i
1 Al 1 Al A} A} Al A} A} LY kN « -~ - - - - x 7 ‘ ‘ 4 < 4 4 4 4 4 4 4
Al A} < A} A} Al A} A} A AN . - - - - - - L4 - v <« < < < 4 4 4 4 4 4
Al Al A A A 4 4 | a - - - - - - - - - L4 ‘ ‘ 4 < <4 < 4 4 4 4 4
Al A 4 Al 4 4 AN 4 “ - - -~ -~ - - id L4 v v v v v v < < 4 < 4 « 4
A 4 4 4 4 4 “ a N “ - - - - - - v v v v v v v < < < 4 4 < 4
Al 4 4 “ 4 A a N - -~ - ~ - - - - - - v v v v v « v < “ < < 4
4 4 AN 4 4 “ - N ~ - -~ -~ - - - - \d - v v v v v v v « v < < 4
« « “ “ A “ - - - - ~ - - - - - - v v v v v v v v v v « < 4
4 A “ “ A - A ~ A ~ -~ - -~ - - - - - v v v v v v v v v < v 4
Ry A a N a - - - - ~ -~ -~ - - - - - \d - v v v v v v v « v v <
< < < N N N NN N [N S - - > - - v v v v v v v . ‘ ‘

S=2kgIn(L/a), (L58)
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Kosterlitz—Thouless—Berezinskil Transition 2s

€ =cfIn(L/a).

2

_ T
keTe =~

:%Zu(|ri_rj|)+2w with U (r) = 2¢In(r /a)

I ]
/ dr 27rr2eBY ()

/ dr 27re BY()

- <[
B Bg? —2

(%) =

Zgr — 1_|_Ze—ﬁu(|?l_r2|)_23w 4+ ...,

(1§

(L59)

(L60)

(L61)

(L62)

(L63)

(L64)
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Kosterlitz—Thouless—Berezinskiil Transition so

dr dr N 28w
n(r)dr = @@r,m_m}:@Ze PU(=To)=20ws o o ... (L65)
12
1 27r?dr
~ S Waz g=AU(N-28w (L66)
P = oF =rq((cosh,sing)) (L67)
_ /g—ee_ﬁu(r)_25w+55qr‘3°59rq(c039,sinH) (L68)
/I8
— %qurzﬁ. (L69)
o . 1 2 r\?22mnr dr —BU /e(r)—28w
dX(r)_n(r)dra(r)_éﬁq <5) —z © : (L70)
r r
e(r) = 1+47r/ dX:1+47r/ dr'n(r')a(r") (L71)
a
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Kosterlitz—Thouless—Berezinskii Transition s:

dE I r3 — e(r)—20w
N d(r) = 4AnPpP e V)02 (L72)
N d;(;) _ an2Bepd- 28/ =28 (L73)
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Kosterlitz—Thouless—Berezinskii Transition sz

10 - T, 9T .. r o
B =2
1
/ﬁqz =2.16
. -1
(R | o B2 =2.20
10—2 B
\qu — 2.40
=3 W .
10755 5 10 15 20

21st April 2003
(© 2003, Michael Marder



Fracture of a Strip 33

v \
F S
+
L+40
(A)
\J
Y d
W e —— A
I dl s
B +
B) 5 \ Ty
\J
X
_1o ¥
U = 82w, (L74)
1, Y
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Fracture of a Strip 34

1, Y

[2T'L 0 [21Y
= 0= ~ and ayy_YE_ - (L77)
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Fracture of a Strip 35
(42 (42 (42
Radius of curvature R

———

(1 Dy Ui = Oyz
0
y ]
> 15 |
(@))
-
o
X ® 10 | '
S
V4 o 5 L
et
S e S— —"
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Fracture of a Strip 36

Maxw_num stress . I_, (L78)
applied stress R
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Stresses Around an Elliptical Hole 37

Véu=0. (L79)

L, ¢©) ;W (L80)

o= g = 5116/ (ctiy) ~ 7O ) (L81)

= ¢ ()= =i for ¢ = oco. (L82)
(x(1),y(t)) (L83)

T = (%%’) and N= (—%’%() (L84)
(0xz, 0yz) -N =0 (L85)
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Stresses Around an Elliptical Hole 38
du ou oy ox\ duox oudy
= “(&’@)'(_5’5)_0;‘5@&_&&_0 (L86)
8¢ 0P\ Ox [0y O\ dy
- (_aix+ 8ix) ot <8iy_ 8iy) ot (L87)
= %—f — %—f (L88)
= ¢(¢) =¢(C) (L89)
g=w+£, (L90)
w=¢" (L91)
|
o(w) = d(w) = 8(>), (L92)
w=<+v,<,2_4p. (L93)
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Stresses Around an Elliptical Hole 39
d(w) = —1Xw forw — co. (L94)
$(1/w) — —iXw forw — oo, (L95)
Plw) — %Z forw — 0 (L96)
dlw) — % for w — 0. (L97)
dlw) = —iEw—I—i% (L98)
S 0(0) = iS5+ VIZAp)+iy (- VIZAp/D). (L9
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Stress Intensity Factor 40

ou (X 7y
= U— = — as X — 2. L100
Ry T x—avxr2 | Vx—2 (H109)
r—0
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Atomic Aspects of Fracture 41
3.0 —
- v=.5
25 |
< 20} v =
T s />
5
— 4 6 10
Wave number k
r - T+R (L102a)
t — t+a/w. (L102b)
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Atomic Aspects of Fracture 42

eiR-(?+ﬁ)—iw(t+a/v) _ ejR-r'—iwt (L103)
—  gkR-iwa/v _q (L104)
= (k+K) -7 =w(k (L105)
= k-8=w(K). (L106)
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Magnetism of lons and Electrons 1

1.0 —

0.5

Scaled magnetic induction b

0.0 e
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Definitions

0 O oo oo oo oo o

Atomic Magnetism

Hund’s Rules

Curie’s Law

Landau Diamagnetism
Aharonov—-Bohm Effect
Hofstadter Butterfly

Integer Quantum Hall Effect

Fractional Quantum Hall Effect
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Atomic Magnetism 3

= Z[m AR)| + 2108 (L)
. 1o .
A(R)=—5Rx B2 (L2)
j
2 - 1/\ A — 1—» A A
=P-A = —>P-RxB=>B-RixP (L4)
9 = iZFA)Z‘F,LLB(A—i—ZA)-é—i- e B> (X7 +Y7) (L5)

A A ||ugB- (L+29)|I’ e’B? A
A&y = B (L + 281y + 5 [l &( +8|, LBl F IS (VD). (L6)
|7 £ ]
1B =5.79-10>[B/tesla] eV. (L7)
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Hund’s Rules

4
1. Maximize S
2. Maximize L, with electrons in different orbitals
3. Less than half full....

= |L-§ (L8a)
More than half full....

= L+S (L8Db)
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Hund’s Rules 5

d shell f shell
5 8
a1 ] 6
3
4
2
1 2
0 ' ' ' ' 0 ' ' ' ' ' '
o 2 4 6 8 10 O 2 4 6 8 10 12 14

Number of electrons Number of electrons

Figure 1: Hund’s rules for d and f shells predict values for spin angular momentum Sand
orbital angular momentum L as indicated.
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Finding g(JLS) 6
(1L, +281). (L9)
(JLSL,|L,+ 25,|ILSL). (L10)
Figure 2:  EXpecta-
tion value
of L+ Slies
along J.
(JLSL|V|ILSY) = g(ILS)(ILSL,|J|ILSL), (L11)
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Finding g(JLS) 7
(JLSY|L,+2S|ILSY) = g(ILS)(ILSY,|J,|ILSD) (L12)
(JLSY|L +29ILSY) = g(ILS)(ILST,|J|ILSL) (L14)
= (JLSL|L+29JL'SY) = g(ILS)(ILSL|J|IL'SIL) (L15)
= Y (JLSLL4+25YL'Sy) - (JL'SIIIL"S'Y)
RAUSAL
=gLS) )  (LSLILSE) - (IL'SEIIL"S'Y)). (L16)
RALSN
(ILST| (L +29) - J|ILSY) = g(ILS)(ILSL,|F?|ILSL.). (L17)
S=J-L)P2=F+12-2L-J (L18)
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Finding g(JLS) 3
[2=J-9%=J2+5-2S.J. (L19)
C 18I+ —-L(L+1)+9S+1)]
g(JLS) = > I3+ D) : (L20)
Energy level splittings in magnetic field are
psB [3J(J+1)—L(L+1)+S(S+ 1)]0 (L21)

2

JA+1)
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Curie’s Law 9

J
Zion — Z e_ﬁg.uBBJZ (L22)
JZ:—J
@39ueB(J+1/2) _ o—B9usB(J+1/2)

- e39usB/2 _ e—B9usB/2 ' (L23)
1 2
T
4 OF B 107
H = S g=M= 52 (L25)
0
= nugJB;(BusgdB), (L27)
where
By(X) = ? ? (L28)
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Curie’s Law 10
1 X
o T X L29
coth x < + 2 + (L29)
1J+1
=By = ;- BueglB, (L30)
so that B J(J+1)
2 2 +
~ L31
M ng“ (us) T 3 (L31)
2 (L32)
X = 3KaT Hoeff s
peit = 9(ILS)\/I(I+1).ug (L33)
3k T
Hexp = an X- (L34)
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Curie’s Law

11

Element Term teff, EQ. (L33)  pexp, EQ. (L34)
(1B) (uB)

La3t 4§01 0 Diamagnetic
Ce3t 4t 2R, 2.5 2.3
prit 42 3H, 3.6 3.4
Nd3+ 413 %195 3.6 3.5
Pm3T 449, 2.7 Radioactive
sSm¥t 41> %Hg 0.9 1.6
Eust 4% 'R 0 3.4
Gd3t 4t'%s, , 7.9 7.9
Th3t 48 "Fs 9.7 9.5
Dy>+t 412 °Hys 5 10.6 10.4
Ho3t 410314 10.6 10.4
Er3t 4t %135 ) 9.6 9.4
Tm3t 4% 3H, 7.6 7.1
Y3t 4132 4.5 4.9
Lust 411413 0 0
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Curie’s Law

12
Element Term Leff, EQ. (L33) Leffy J = S Lexp, EQ. (L34)
(1B) (1B) (1B)
Tiot 3d" °D3; 1.6 1.7 1.8
\Vaas 3d? 3F, 1.6 2.8 2.7
crt 3d% %Ry, 0.8 3.9 3.8
Mn3t  3d*°D, 0.0 4.9 4.9
Fe3T 3d° °S; 5.9 5.9 5.9
Fe’t 3d° °Dy 6.7 4.9 5.3
Co’t 3d" *Fg/, 6.5 3.9 4.0
Ni%T 3d® 3F, 5.6 2.8 2.9-35
Cu’t 3d° “Ds 3.6 1.7 1.7-1.9
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Diamagnetism 13

e 2,
~ — —r-. L35
X "ame? 0 3 (L35)
& 2 1’| usB- (L+29)(0)?
AE = B2(0 XZ +Y?)|0) — . L36
8mc2 <|Z(J+J)|> Z 8|’—80 ( )
j 112£0
Element: He Ne Ar Kr Xe
—x, experiment (10~°cm®mole—1): 1.88 7.02 19.18 28.49 43.33

—x, EQ. (L35)x0.35 (10~ °cm®mole~1): 099 14.82 2054 2374 27.95
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Pauli Paramagnetism 14
Figure 3: Pauli susceptibility
& = &Y+ pusB. (L37)
80
Ny = v/deo (2 )f(8°+u B), (L38)
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Pauli Paramagnetism 15

D (&°
Noown = V / de’ (2 )f(SO—uBB). (L39)
N 15BN
~ N _ psBON L40
N ,LLBB ON
~ — 4 HEECT L41
|\Idown 2 + 2 a’u ( )
M = ‘;B (Netown — Nup) =7 ? (L42)
M M 10N
-9 L43
X = HBD(EF)- (L44)
2
- “B;rj]zm — 4.757-10~7 (n/[10% . cm~3])V/3. (L45)
/[y
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Landau Diamagnetism 16
eB
We — n._\Ca (L46)
—hk,
= ; L47
X0 =1 (L47)
h*k2
Cu ko ky = 2— + (v + 3)hwe. (L48)
0 < X<L=0<? 7<L (L49)
=0 > I,>7 7. (L50)
BA &
_ S5A_ ¢ L51
= N Do By (L51)
hc —7 2
Do = - =414-10""Gem? (L52)
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Landau Diamagnetism 17

¢ 1

D(kz,v) = 27rh o (L53)
2 hwe £2mn 3/2 ~1/2
D(EY) = G ! (hT) & (v+ 3)hoc] (L54)
- hwce[a‘—(w%)hwc}, (L55)
with 32
1 /(2
o = G () (59
I = —kBTV/dEZD(S,V)In[lJreﬁ(“_g)] (L57)
= —kgThwcV / dgze &) In[1 4 ePlr—(E+v+1/2)hwe)]] (L58)
v=0
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Landau Diamagnetism 18
- 1 > 1
v+ = | ~ X)dx+ —F’(0 L59
S.F(vig) = [ P zF© (L59)
I = —v/de ke T thG(e)/dyln[1+eﬁﬂ—5<8+”“wc>]
v 2 1 (L60)
o [ dE (hwe) G(e)eB8 ]
= Ho+2(hwc /dee (L61)
with -
I, = —V/dE/ dkaTG(E)In[1+eB(“_8_X). (L62)
0
0%
v/dee(e)f(g) =52 (L63)
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Landau Diamagnetism 19
1 o411
I = To— ¢ (Bus)’ (,Mzo (L64)
B Ol11 N_@_H 1 » ON
=M = ——o | R, = B,U,Balu (L65)
1 ,0N
=X = _§NB$ (L66)
2 N
X = by, (L67)
_ 2 pgkem
= 3 a2 (L68)
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Landau Diamagnetism 20

Metal Z x [EQ. (L68)] x (Experimental)

(10~ %cm3mole™?) (10~ %cm3mole™1)
Li 1 6.90 P 25.00
Na 1 10.26 P 14.00
K 1 15.83 P 18.00
Au 1 5.84 d —28.00
Be 2 4.50 d —9.00
Mg 2 9.08 P 6.00
Ba 2 17.78 P 20.00
Zn 2 6.86 d —9.15
Cd 2 8.66 d —20.23
Hg 2 5.96 d —17.10
Al 3 8.32 P 16.40
Ga 3 9.29 d —21.68
Sn 4 12.65 d —29.68
Bi 5 16.40 d —271.67
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Aharonov—-Bohm Effect 21

P = / d’rB, = / dl-A, (L69)
d
Ao =75 (L70)
g

Solenoid, flux ®

(A) (B)

Figure 4. (A) Electrons traveling around a flux tube (B)Small toroidal magnet with no

flux leakage

1 [h= e.]?
%[TV+EA] )= & (L71)
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Aharonov—-Bohm Effect 22

T

=Y ampﬁf—hg dF' - A(F)

— . (L72)

(A) (B)

Figure 5: Interference fringes of electrons passing through small toroidal magnet. In (A)
the phase change is 0, while in (B) the phase change is 7. [Source:

(1993), p. 67.]
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Tightly Bound Electrons in Magnetic Fields:s

p_ ER_ deAR/Mcpa-ieAR/nc
C
JA{ _ eie,&-ﬁ/hcjﬁce—ieﬂﬁ/hc.
Ze—IEA(S/hC|R ‘|‘Z|R

2y cos (2mlb— k) + Y11+ i1 = Ey,

Ba?

b:a

K = akX

Pryq =%

(L73)

(L74)

(L75)

(L76)

(L77)

(L78)

(L79)
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Tightly Bound Electrons in Magnetic Fieldsza

(¢|+1) _ (8—2cos(27rlb—/<;) —1) ( WY ) (L80)
(] 1 0 (U}
ik ¢1) _ <¢q+1) _ - (¢1) q
() = (M) — ot (3 (L8
q
Q:H(8—2cos(127rlb—n) —Ol) (L82)
1=1
N Det‘Q(E,ﬁ;) —éqk‘ —0. (L83)
Det{Q(E&,k)} + e —Tr{Q(&,x)} ¥ =0. (L84)
Tr{Q(¢&,k)} = 2cos gk, (L85)
Tr{Q(&,k)} =Tr{Q(&,x")} (L86)
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Tightly Bound Electrons in Magnetic Fieldszs

Tr{Q(&,k)} = i Rl

|l=—o0

Tr{Q(&,x)} = Fo(&) + F(&)d¥ 4+ F; (€)e™ ',

ﬁ(_) [ej(Zwlb—m) n e—i(Zwa—m)}

=1

Fl(g) — (_1)q ﬁ e—27rilb
=1

— (—1)%2rbia(a+1)/2,

Fo(€) =Tr{Q(&,ko)}-

(—1)%2cos [27b (7 +q) /2 — gx] .

(L87)

(L88)

(L89)

(L90)

(L91)

(L92)

(L93)
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Tightly Bound Electrons in Magnetic Fieldszs

Tp(q+1) — ok, (L94)

T
= —, .95
Ko 2 (L95)

Tr{Q(&,x)} =2cosak = Tr{Q(&,7/2q)} +2cos [xb(q° + ) + 7q—qgr|.  (L96)

TH{Q(E, m/20)}| < 4 (L97)
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Tightly Bound Electrons in Magnetic Fields:r

10 [~ — 7
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[
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0 1 ’ 3 4
Energy £

Figure 6: The Hofstadter Butterfly
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Integer Quantum Hall Effect 28

(L98)
(L99)
250
S
< E
E 200 | >
;% 150 | E
2 E;
£ 100 | E
|_
0 1
o 1 2 3 4 5 6 7 8
Magnetic induction B (T)
Figure 7: Integer quantum Hall effect. [Source: ( ), p. 44. ]
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Integer Quantum Hall Effect 29

W
5 A [ Y
A

N Contour C
(A) Nwe/2 3hwe/2 (B)

el
JLHJ\ Al

Figure 8: (A) States at energies hw¢(r+1/2),and localized states (shaded). (B) Schematic
circuit for qguantum Hall effect
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Streda argument 30

R —1 0P
jédl E = < (L100)
jJ_ = nyE||7 (L].Ol)
—1 0P
—%dlu = < (L102)
_ oy 0®
6‘t N c Ot (L103)
0Q
= Oyxy = —Ca—(I). (L104)
Q = —ez/E (L105)
@
ecv veé v
= Oxy — 30— h —RH. (L106)
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Laughlin’s Argument 31

t=0 t=7/2 t=T

y

I
o
<
I
o
<
I
o

0 HO [0

Figure 9: Gauge invariance for integer Hall effect

A = yxB, (L107)
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Laughlin’s Argument 32

2% 1 (/hd eB\’
[2m o2 | 2m (i‘@—yJFT) +U(f)—8} $(r) =0. (L108)
Bly(x,L)] =0, (L109)
Bl (x,L)e"] =0. (L110)

—h* 9% 1 (h(‘) exB

2
2m ol 2m\idy ¢ eEy(T’)t) +U(F) - 8} $(F)=0.  (L111)

P ==y, (L112)

E=-VV. (L113)
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Laughlin’s Argument 33
Ble~'®Vi/Ny(x,L)] = 0. (L114)
v = —¥. (L115)
% — 27 (L116)
T = eivl (L117)
==Y (L118)
Oy = ,,% - é (L119)
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Fractio

um Hall Effect 34

100

75

50

Vy/J (k)

Pxy —
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px = Vix/J (KO)

nal Quant
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Induction B (kG)

Figure 10: Fractional guantum Hall effect. Data of Boebinger, Chang, Stérmer, and Tsul.
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Laughlin’s Wave Function 35
p €
oh (L120)
eyn  meef m 5
The = on e = om L9310/ VB/T. (L121)
1 (hdo eB\° 1 (hd B\’ B
ﬁ(i_ay_ 2c) Jrfn(i_@xJr 20) —311#(?)—0- (L122)
2hc . : .y X
lg = 1/ —, and define variables y = = and X = —. (L123)
eB g I
hoe [(10 \° (18  \°| .,
2= %+ iy, and define v = e~ 1%°/2¢(z,2). (L125)
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Laughlin’s Wave Function 36
8¢ 024
hwc{ﬁz—a—zaer% } Ep (L126)
$(22) = 1(2) > ¥(z2) = f(9e” @/ (L127)
U="f(z...2v_1)€ Z:\I=_01|Z"2/2, (L128)
v =T] fo(z—20)e Yoo [al?/2 (L129)
| <1/

0 o _ 0
|—|:—|8—9|_[Z|a—zlﬁ]; (L130)
22D _ b=tz = A (L131)

0z
v =[] -a)%e Ximo 172 (L132)
= 28th September 2003
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Laughlin’s Wave Function 37
1 1 ... 1
V4 2 A |
27 27 LA
m—1
L= (-2 24" (L134)
|=0
e 14°/2 zo=12%/2 Pel2?/2  N-1g-1d?/2 (L135)
B , 2mNhc __BA
A=mNlg=—_—=N= 30 (L136)
BA
2=q(N-1)=N=—. L137
|20|" =0q(N—1) oo (L137)
28th September 2003

(©2003, Michael Marder



Fractional Charge 38

5.8 .
~ el/3
;—E 5.7
<
3 56
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<
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S 54
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5.3

0 100 200 300 400 500 600 700
Current J (pA)

Figure 11: Shot noise for fractional quantum Hall effect [Source:
( ), p. 2528.]
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Classical Theories of Magnets 1
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Definitions

0 oo oo oo oo oo 0O 0O O O @O

Phenomenology of Magnets

Dipole Moments

Ferromagnets, Ferrimagnets,and Antiferromagnets
Mean Field Theory

The Lenz-Ising Model

Domains

Hysteresis

Order—Disorder Transitions

Critical Phenomena

Landau Free Energy

Scaling and Universality
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Magnetic Moments 3

H=B—4xM (L2)
B = — L3
N C * C + c Ot (L3)

.~ A7jee 10D
= 4 M - L4
TV XM C * c Ot (L4)

B} 47 jeq¢ 10D
H = — . L5
= VX C * c Ot (L)
B=puH, (L6)
oM

= —. L7
X= 35 (L7)
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Conductivity 4
— E‘ —> — —
E :q(qzq), r=E—-FE. (L8)
. c2of 1N\ o
| = — — L9
) Ariw (1 H> T (L9)
- = _~(1=Z= E L10
> = - (1 ILL)VXVX (L10)
C
= —7 ? L11
A7 ( )
- C
47
~VxB = ? (L13)
. B . . 108D
- — — L14
= V X P V xH " (L14)
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Free Energy 5

£{B(F)) (L15)

Figure 1: Sample influenced only by cur-

rents jex .
g
de L
e = —/dF‘E(T’) T (7). (L16)
H(r) = 4#68_,{ B} (L17)
5B(T)
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Free Energy 6
58:% drH (7) - 0B(F). (L18)
O& 1 ~ . OB(D)
o o / drH (P o (L19)
C S -
—E/d?H V x E (L20)
_% dr [E-V xH -V (Hx8)] (L21)
—% dFE. ¥ x A. (L22)
S S 47 -
Vox H() = e (L23)
i) = . (B -AM): (L24)
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Free Energy 7
F(T,B)=&B)-TS (L25)
0F = —S6T + / drH(F) - SM(F) + 8'; / drsH?(r). (L26)
=T - / drB(r (L27)
§G = 417T drB(F) - 6H () (L28)
= — / drM(F)-H(7) — 417T / drH () - 6H (7). (L29)

_C 1 2

9—9+§/d?H () (L30)
59:-85T—/dr|\7|.5ﬁ. (L31)
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Magnetic Dipole Moments :

Element X Element X

(10~%cm3mole—Y) (10~%cm3mole—Y)
Ar —19.18 N2 —12.04
As —5.24 Ne —7.02
B —6.70 P —26.63
C —5.88 S —15.39
Cl —20.18 Se —23.69
Ge —7.99 Si —3.09
H2 —4.00 Te —37.00
He —1.88 Tl —43.42
I —45.68 Xe —43.33
Kr —28.49
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Magnetic Dipole Moments 9

1 -
M= / dr 7' J (7). (L32)

E % / dr J(7) x B(r). (L33)

By 1 - . .-

Fo= - / drj(r) x [B(0)+ (F-V)B(0)+...]  (L34)
— 0+ (MxV)xB (L35)
= V(m-B) (L36)

U = —-mB (L37)
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Magnetic Dipole Moments 10

Bo + 7B, —

"

B,

i

[ —

-’

Figure 2: Schematic view of Fara-
day balance.

B,(2) = Bo + zB. (L38)
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Spontaneous Magnetization of Ferromagnets:

10 @ O .... |. .
o Ve,
=
s o
(-
2 05 | . _
N _ Figure 3: Internal mag-
2 * NMR netic fields in iron
§> 0 Mossbauer ] [Source:
(1962).]
0.0 ' -
0.0 0.5 1.0
Temperature T /T
ps = €n/2mc, (L39)
g =9.27-10"%cmesu = 9.27-10"%erg G 1. (L40)
1
= L41
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Spontaneous Magnetization of Ferromagnets:

T 30 ————————————

@

2 10 - *

T o

4 20 ° |

E i .

~ >

& ° | 10} o’ :

@

2 °

O o

g O ' ' ' O . | .. | . | . | . | .

= 0 500 1000 1500 2000 0 50 100 150 200 250 300

(A) Temperature T (K) (B) Temperature T (K)

Figure 4: (A) Specific heat of iron. [Source: ( ) p. 53.] (B) Magnetic
susceptibility x of EuO. Source: ( ), p. 160.]

28th September 2003
(© 2003, Michael Marder



Spontaneous Magnetization of Ferromagnetss

Compound Tc © m Compound Te m
(K) (K)  (eB) (K)  (#B)

Cr a 312 0.59 FeFes Oy fii. 858 4.1

CoO a 291 330 38 (magnetite)

CuO a 230 —745 0.5 FeNiFeO4 fi. 858 23

Mn a 100 0.5 FeLiFeOy4 fi. 943 2.6

MnO a 122 —610 5 FeCuFeO4 fi. 728 1.3

NiO a 523 2470 2 FeCoFeOy4 fi. 793 3.7

O, a 239 2

Co f 1394 1415 1.72

Dy f 85 157 10.65

Eu f 289 108 7.12

Fe f 1043 1100 2.2

Gd f 302 289 797

Ho f 20 87 109

Ni f 628 650 0.6

Tb f 20 87 10.9
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Ferrimagnets 14

Magnetization M / pg per unit cell

0 100 200 300 400 500 600 700
Temperature T (K)

Figure 5: Spontaneous magnetization of rare earth iron garnets 5Fe,O3 - RO, [Source:

(1957).]

1

Rl

(L42)
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Antiferromagnets 15

Figure 6: Spin structure of transi-
tion metal oxides such as
CoO or NiO.
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Mean Field Theory and the Ising Model 16

& = =) Jogog — > Hugog, (L43)

(RRY) R
P(og) ox exp { BY Jogog +8> H uBaﬁ} . (L44)

(RRY) 2
og =0+ (0g—0), (L45)
0s0z = [+ (05— 5)][6+ (08 — &) =~ (05 + 05 ) —T°. (L46)
— ) Jogog — Y Hugog~ NzJ5%/2— "(H+H)usog (L47)
(RRY) R 2
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Mean Field Theory and the Ising Model 17

ZJa

H= (L48)
e
Z ~ Y exp [—ﬁ(NzJaZ/z—Z(H +H)MBU§)} (L49)
01...ON R
= e AND/2 [eXp[ﬁ(H +H)us] +exp[-B(H + F')us]: ) (L50)
=F = —kgTInZ=Nz)5%/2—NkgT In[2coshBug(H +H)]. (L51)
G = = Z ZOR; exp[—BE {os}] (L52)
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Mean Field Theory and the Ising Model 1s
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Figure 7. Graphical solution of Eqg. (L56).
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Domains 20
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Figure 8: (A) Domain formation in a rectangular bar magnet. (B) In an anisotropic crystal
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Hysteresis 21
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Figure 9: Hysteresis in the magnetization curve of Permalloy. [Source: ( )]
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Alloy Superlattices 22
f(—l, —1) = €EAA, f(l, —1) = f(—l,l) = €AB, and f(l,l) = €BB- (L62)
f(O'F*a,Gﬁ,)=C1+C2(0'|3+0'|§,)—|—C30|30'§,, (L63)
€BB T €AB
f(Uﬁ,Oﬁ;) - 5 (UQ-FOQ/)—EABUQUQ. (L64)
)
Plog) = expq ﬁuza B> flogok) ¢ (L65)
(RR) ,
\
= exp{ BusH ZO’R + 5J Z Os0g ¢ (L66)
(RR')
\ /
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Alloy Superlattices 23
€BB T €AB B
,uBH = u-— 5 z and J= EAB- (L67)
og, = 0n+(0g, —0a),08, =08+ (0g, — 0B) (L68)
P = exp {ﬁ,uBH Z og+ I Z (O'AO'R’B +0Bog, — OAOB) }, (L69)
R (RaRe)
— H exp {B,uBHaﬁA — BJZ(O’BO'R'A —opog/2) }
Ra
H exp {5#8"'0@5 + BJZ(O’AO'R*B —opog/2) } . (L70)
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Alloy Superlattices 24
{BuH+BJ208} _ o{ —BugH—-BJz08}
e e
oA <UﬁA> ~ olBueH B8} | o~ BrsH—pzoe} (L71)
opn = tanh[BugH + SzoJ] (L72a)
og = tanh[BugH + Bzoal]. (L72b)
O'A+O'|3:O. (L73)
op = —tanh(BJzoa) = tanh(5|J|zop). (L74)
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Critical Phenomena 25

Critical Points
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Figure 10: (A) Schematic phase diagram for a ferromagnet. (B) Schematic phase diagram
of liguid—gas system. .
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Landau Free Energy 26

F(M, T) = Ag(T) +Ax(T)M? 4+ Ay (T)M* + HM. (L75)

o

F (Arbitrary units)

M (Arbitrary units)

Figure 11: Landau free energy, Eq. (L75), for A, >0, A, =0, and A, < 0.

(L76)
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Landau Free Energy 27

F = aptM? + a4uM* + HM. (L77)
H + 2ta,M + 4a,M* = 0. (L78)
M — {? 7 fort<O (L79)
0 fort > 0.
o8 9 9BF
10 ,0 [ F
_ _ 19 L 81
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1 0°F
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Landau Free Energy 28

(
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= 4 (L83)
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M = H .84
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( fort < 0
— or
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Critical Phenomena 29
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Figure 12: Molar heat capacities of four ferromagnetic copper salts versus scaled temper-
ature T /T.. [Source ( ).]
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Figure 13:  (A) Temperature versus magnetization, antiferromagnet Source:
( ) (B) Coexistence curve for eight fluids. Source:
(1945).
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dP = sdT + ndp, (L88)

Cy(t) ~ [t]™%; (L89)

M~ [t]° and An~|t]°. (L90)
10n 1 0An

= ——n~ —— ~ [t| 7. 91

K noP n. OP 1 (L91)
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=y~ t T 92

50 = X t] (L92)

P~|AN_°, (L93)

M|~ [H[Y°. (L94)

28th September 2003
(©2003, Michael Marder
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32
gr)—1~e"/¢ (L95)
S -1 = n/d?e’qr[g(r)—l] (L96)
~ /df’e—r/@rlﬁ?N 1_|_22q2 (L97)
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Critical Phenomena 33

Exponent  Fluid Magnet Mean Field Theory Experiment 3dIsing
o Cy ~|t|¢ Cy ~|t|¢ discontinuity 0.11-0.12 0.110
i An~ |t|P M ~ |t|P : 0.35-0.37  0.325
v Ky ~ [t|~7 x ~ [t| =7 1 1.21-1.35  1.241

5 P~ |An|° H| ~ M| 3 4.0-4.6 4.82

v &~ ft| 7Y &~ ft| 7Y 0.61-0.64  0.63

n g(r) ~r=7  g(r)~rim 0.02-0.06  0.032
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Scaling Theory 35

8 ... 1 [ H

_M=92 _jj2-e _ ). L107
M=gr = = C (Ho|t|A) (L1070
I 1 (L108)
oM _ P g H (L110)

oH lh=o ~ X HE[t|22 ~ “Holt]2 IH=0
FramE o~ T (L111)
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Scaling Theory 37
one has
Kr ~ /df’g(r). (L122)
Ke ~ 31 / dgse;? (L123)
~ TN~ T, (L124)
(2—n)v =1, (L125)
_J_ [t ~ g3 (L126)
ks TV
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Scaling Theory 38
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l0g,0(X/%0+ 1)

Figure 14: Scaling function h=|H|/|M|? versus x=t/|M|%/# [Source:
(1972), p. 68.]
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Optical Properties of Metals 1
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Plasma Frequency 3

leV = w~10°Hz = A ~ 1um. (L1)
2
W
= 1- P L2
) w(w+1/7) (2
4nel 15 N 1/2
wp = || =5.64-101 Hz || (L3)
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Plasma Frequency 4
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Figure 1: Plasma oscillations
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Plasma Frequency 5
W 2
e(w)=1— (f) (L4)
enVE =7 ? (L5)
6= —7 ? (L6)
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Plasma Frequency 6
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Figure 2: Index of refraction n and extinction coefficient x for metal
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Plasma Frequency 7
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Metals at Low Frequencies :
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E = E(g,w)dd™ 1+t (L13)
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Metals at Low Freguencies 9
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Metals at Low Freguencies 10
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Anomalous Skin Effect 11

Figure 3: Anomalous skin effect
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Anomalous Skin Effect
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Plasmons 13
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Experimental Observation of Plasmons s
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Figure 4: Electron energy loss to plasma oscillations [ (1948)]
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Experimental Observation of Plasmons

16
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Figure 5: Electron energy loss to plasmons as a function of angle [ ( )]
hwk=kK) = A€ (L41)
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Experimental Observation of Plasmons 17

h*k?

= hw(2ksinf/2) =~ hwp+ozp|?02 (L42)
3 h*k2
= = , L4
pl 5 2mhwy (L43)
Element Be Al Mg Sb Na
ap [from Eq. (L43)] 0.47 0.44 039 044 0.32
ap) (Experiment) 042 035 039 037 0.29
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Interband Transitions

18
15 B
10 B
>
L
QT_)x
5 |
hiw '
EF
r N
/ occupied
5 states
Figure 6: The sodium electron bands.
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Interband Transitions 19
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Interband Transitions

with
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Interband Transitions 21
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Figure 7: Absorption of alkali metals [ ( )]
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Interband Transitions
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Figure 8: Noble metal absorption [ ( )]
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Brillouin and Raman Scattering 23

Conserve (Crystal) Momentum:
ks =7 ? (L53)

Conserve Energy:

%(kf ko) =7 7, (L54)
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Brillouin Scattering 24

w1 = Cpk. (L55)
(ki — ko) = L \/k2 + k& — 2k¢ko cos 6 (L56)
2nc, /1—cosé
=k —ki =~ k p\/ . (L57)
C 2
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Brillouin Scattering 25
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Figure 9: Brillouin scattering from the (111) surface of germanium [ ( ).]
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Raman Scattering 26
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Figure 10: Dispersion relation of polaritons in GaP [ (1965)]
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Inelastic X-Ray Scattering 27
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Measurement of Work Functions 28
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Figure 12: Measurement of Fermi function [ (1990)]
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Work Functions

29
Compound  Surface ¢ (eV) Compound  Surface ¢ (eV)
Ag (100) 4.64 Na (110) 2.9
(110) 4.52 Nb (100) 4.02
(111) 4.74 (110) 4.87
Al (100) 4.20 (111) 4.36
(110) 4.06 Ni (100) 5.22
(111) 4.26 (110) 5.04
Au (100) 5.47 (111) 5.35
(110) 5.37 Pt (100) 5.84
(111) 5.31 S (111)2x1 485
Be (0001) 5.1 (111) 7x7 4.50
Cu (100) 5.10 (100) 2x1 4.87
(110) 4.48 W (100) 4.63
(111) 4.94 (110) 5.25
Fe (100) 4.67 (111) 4.47
Ge (111)2x1 4.68 SC (0001) 4.6
(111) 2x 8 4.53 AIN (100) 5.35
K (110) 2.39 GaAs (110) 5.56
Mg (100) 3.71 GaSbh (110) 4.91
Mo (100) 4.53 InP (110) 5.85
(110) 4.95
(111) 455
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Angle-Resolved Photoemission 30
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Figure 13: Angle-resolved photoemission experiment.

¢+ Exin — (—E€B) = hw, (LS9)
&g (Kfinal) = hw — ¢ — Eiin, (L60)
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Angle-Resolved Photoemission 31
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Angle-Resolved Photoemission 32
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Figure 15: Theoretical calculations of ( ). Experiments of (
and ( ).
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Angle-Resolved Photoemission 33

Silicon Galium arsenide
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Charge-Transfer Insulators 34
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Figure 17: Optical absorption of CoO. [ ( ).]
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Figure 18: Structure of CuO [ ( ).
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Charge-Transfer Insulators 35

(@0~ "|H|d°0™"y = 0 (L62a)

(dPo K |d®0""y = A. (L62b)

(d°0~"H|d*0~") = (d0~"|H|d°0" =T, (L63)
0T

. L64

o) =

[Tio) = cos|d°0~"y —sing;|d0~") (L65a)

where
2T

tan26; = A (L65Db)

(0" H|IdPO™Y = Eore (L66a)

(PO NHIPOTY = St A —Ugy (L66h)
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Charge-Transfer Insulators 36
ecore T )
. L67
( T Ecore‘|‘A_Ucd ( )
[Tto) = cosbs|c'd®’O™") —sing¢|c'd 0~ (L68a)
@) = sinf¢|c'd®0™") 4 coshs|c'd 0, (L68b)
where the label f indicates final states of the valence electrons and
2T
— L
tan 20+ A _Usg (L68c)
(PIP|c"Y (Wig| T o.1) (L69)
AE =+/(A—Uyq)2+4T2, (L70)
[(Wio|Ts1)]° 2
tan<(6; — 60 L71
(ol Ty ~ " (00 (L7)
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Charge-Transfer Insulators 37
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Figure 19: Core-level photoemission from CuO | ( ), and
(1981) ]
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Optical Properties of Insulators
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Polarization
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Figure 1. Ambiguity of dielectric
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Ferroelectrics 4
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Figure 2: Measuring the spontaneous electric polarization of a sample.
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Clausius—Mossotti Relation 5

— — 4 —
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Figure 3; A dielectric sphere placed in a uniform electric field Eo.
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Clausius—Mossotti Relation

6
& p R R P P

=—) Vg 23 ~ 8 (L2)

R0 R-£0
P= Ozéce” = P= Oon. (L3)
P = nak. (L4)
E +4nP _ 9 ) (L5)

E

=€ = 7 7. (L6)
E = Ey;— NP, (L7)
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Clausius—Mossotti Relation

{
B Eo_Nm“gﬁ:Eﬁgﬁ (L8)
N %”:jiﬁ (L9)
2 e (L10)
e
3+8mn
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Optical Modes in lonic Crystals :

0=t —0 (L13)
~ 2K MM,
=1/ —, Where M = : L14
VM (M1 + My) (L14)
MO = —Ma?l—Mi/7+e Exq. (L15)
e S
id = — E L16
- M(w? — % +iw/T) cell (L16)
p=e"U+a>Ec. (L17)
. (e%)? .
P = *1E L18
n[M(cDZ—wz—lw/T)+a cell (L18)
3 e(w)—1 (€*)2
— . L19
41 e(w) + 2 n[M(@z—wz—lw/7)+a (L19)
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Optical Modes in lonic Crystals 9

3 [e* -1
0 _ _ .20
“ 4mn (eoo + 2) (L-20)
& Ecell

= L21
d M2 (L21)

> IMw? eV — e
) = . 22
(€") Arn \ (eP+2) (e> +2) (L22)

€ _ EO
e(w) =€> + (L23)
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Polaritons 10
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Figure 4: Dielectric function for CdS, deduced from reflection data by ( ).
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Polaritons

11
o[ € +2
W2 = @ ( s ) (L24)
0
€
wf = wi [GTO} (L25)
w? +iw/T —w?
— > . L26
=€) € L}Z—I—iw/T—w%] (L26)
w?e(w
Wog (L27)
e(w)=0 (L28)
21st September 2003

(©2003, Michael Marder



Polaritons 12
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Figure 5: Frequency w of transverse waves as a function of complex wave vector q.
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Polaritons

* * m*
w w m m « ol
Compound e 0 T “L — ap — 1+ —p) 2
27cC 2mce m m 6
—1 -1
(cm ) (cm™ )
LiF 1.93 8.50 318 667
LiH 360 1290 590 1116
NaF 1.75 4.73 262 431
Nal 3.08 6.60 124 182
KF 1.86 5.11 202 334
Kl 2.68 4.68 102 144 0.325 251 0.461 0.540
RbF 1.94 5.99 163 286
Rbl 2.61 455 76 108 0.368 3.16 0.562 0.720
CsF 2.17 7.27 134 245
CsCl 2.67 6.68 107 168
CsBr 2.83 6.38 78 118
Cdl 3.09 6.32 66 94 0.420 3.67 0.677 0.960
GaAs 10.90 12.83 273 296 0.066 0.07 0.067 0.066
GaSb 14.40 15.69 231 240 0.047 0.03 0.047 0.047
GaP 8.46 10.28 365 403 0.338 0.20 0.349 0.350
InAs 11.80 14.61 219 243 0.023 0.05 0.023 0.023
InSh 15.68 17.88 185 197 0.014 0.02 0.014 0.013
Cds 5.27 8.42 244 308 0.155 0.53 0.169 0.170
CdSe 6.10 9.30 174 214 0.130 0.46 0.140 0.140
CdTe 7.21 10.23 141 168 0.091 0.32 0.096 0.096
ZnS 5.14 8 282 352 0.280 0.65 0.310 0.313
nSe 5.90 8.33 207 246 0.171 0.43 0.183 0.184
ZnTe 7.28 9.86 177 205 0.160 0.33 0.169 0.169
ZnO 4 8.15 414 591 0.240 0.85 0.274 0.279
PbS 18.50 190 67 214 0.082 0.32 0.086 0.087
PbSe 25.20 280 44 147 0.047 0.21 0.049 0.049
PbTe 36.90 450 32 110 0.034 0.15 0.035 0.035
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Polarons 14

P= n[e*U+ Ozooéce”]. (L29)
E = —4nP, (L30)
— 2 — 87T —
— ZE=_—_"_PpP L31
Ecal 2 3 (L31)
S ne*
P = U. 32
- 1+ na=87/3 (L32)
\/9|\/|w2 €0 — e®
d Arn (94 2)(e>® +2
e VA @52 .
14+ na>8xr/3 14+2(e*—1)/(e>*+2)

Mw?n /1 1
_ =) L34
\/ A7 <e°° eo) (L34)
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Polarons 15

P = 30, (L35)
Mwln /1 1
= —- = ). L36
B \/ Arr <e°° 60) (L36)
U —e [ dFP()-V L (L37)
el —phon — W“:AQ—T)".

d g +e 4l (L38)

. 3 k 1
_ / 2., _
Uel—phon eﬁ/dr 2MwLNZk [ " \?/_R|][

- —eﬁ/df” h Z'k'k L _[a e 4. (L39)
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Polarons 16

& [2mrw 1 /1 1 s 1 1 m*/m
= — ——1=144.10° | — — — : L41
=7 h  hw (eoo 60) (eoo eo> wy S (L41)

1/4
— 1 hSw 3 1 e

k
Ljel—phon — Z CT/ <q,‘0el—phon|fj>éq (I—43)
qa’
1/4

e . 1 h5WE 1 "T “

Uel—phon =l 47T04p\/v < 2 ) Z k q// ”ép Cq// R*C |- (L44)
q*llk
| 2

o~ 1{8(@oUs_pron| &) [ s
Al (I)/Zq/ E(C_L (I)O) —8(q",(I>’) . ( )
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Polarons

17
AED = Arop= P > [ : } (L46)
— 7'('()4[3'\7 2+ 7 |q’_q’/|2 h2 2 h2q/2+h
2~ | 2m M
hPw? . d(cosé) 21V
= L47
47@"\7 2m* /dq (2m)* nqf _ (Pld+df o
2m~ 2m~ L
— ds R (q’2+c11|2+ 200’9 (L48)
LY 2 ( 2m* + th)
V2 h°q?
—  —am/mhw3 Y Zsin™? , .49
apy/ M Ny’ : sin >mhor (L49)
h2q2
AEP = —aphw —ap o (L50)
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Polarons 18

Thol _ 1+ %. Table of data.

m*
V2 _ o h°g? _
(2) — _ ok 3 V= 1
ALY = —apy/mrFhwy . 7 /2 +icosh st | (L51)
exp | - 'H(e@ +AED), (L52)
2 (2)
exp [Hlm(AE )t} : (L53)

h*g2
Zap\/m*hwf’\r{—s coshl\/ 2m*2w . (L54)
L
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Vacancies 19

Crystal Cohesive Energy £€/N  Vacancy Energy

(eV) (eV)
Na 1.16 0.42
Au 3.8 0.97
Al 3.4 0.76
Pt 5.3 1.4
Ne 0.021 0.020
Kr 0.11 0.077
Ge 3.9 2.0
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F Centers 20

Electron trapped in vacancy

Figure 6: The F center is a halogen ion vacancy that has trapped an electron.

(A)
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F Centers

21

Compound Egas(eV) Eem (eV) Compound Egs(€V) Eem (V)
NaF 3.72 1.67 RbCl 2.05 1.09
NaCl 2.77 0.98 RbBr 1.86 0.87
KF 2.85 1.66 RDI 1.71 0.81
KCI 2.31 1.22 CsF 1.89 1.42
KBr 2.06 0.92 CsCl 2.17 1.26
KI 1.87 0.83 CsBr 1.96 0.91
RbF 2.43 1.33 Csl 1.68 0.74
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Electron Spin Resonance and Electron
Nuclear Double Resonance 22

N
|

| . |
Magnetic field Hg along [110] (kG)

dxo
dH

Figure 7: Electron spin resonance in RbCl F centers at a temperature of 90 K. [Source:

(1972)]

B=8Bo+ > B, (L55)
I
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Electron Spin Resonance and Electron
Nuclear Double Resonance 23
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Figure 8: Electron density versus distance from vacancy center [ ( )]
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Franck—Condon Effect 26

HelFo) = &olFo) =0 (L564a)
HelFy) = EilF). (L56b)

A P2 I\/Icui2 2
Hion= o7+ X" (L57)
Fine = GRHF, (L58)
{He(1+ 09 + Fon } 1) = Euatl®). (L59)
d1(X) = (X, E[9). (L60)

o2 2

{8|(1+9X) + ZMV + M; ' XZ} ¢ (X) = ol (X). (L61)

21st September 2003
(© 2003, Michael Marder



Franck—Condon Effect 27

D= 2 L62
—PV2  Mw?

&+ o (D)2 = DE| b 1(X) = Erah (9. (L63)
2M 2

& n=E& +hwi(n+3)— iDIMw?. (L64)
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Franck—Condon Effect

28

Energy
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Franck—Condon Effect 29

25(8t0t,fi nal— Etot,0 — Nw) | (Yo|Uine| i ra) |, (L65)
fi nal
hw = &1 + nhw; — 1DEMwW?, (L66)
|/dx¢o(x)q5n(x+ 2)1)|2. (L67)
h

Xo=1\/7— > Dq (L68)

Mwi

&
1 0> 9 (L69)
\/thi3
D1 > Xo, (L70)
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Franck—Condon Effect

30
/dxaﬁo(x)qﬁn(er D1) (L71)
/ dy Wz{] . exm/xO—(Dl/wa/z(_l)n%e—xz (L72)
/ dy M D" 101 /0= (D1/%0)2/ 26~ (L73)
m < xO) —(D1/%0)%/4 (L74)
n=1(D1/%)". (L75)
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Urbach Talils
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Figure 12: Urbach tails [ ( )]
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Optical Properties of Semiconductors 1
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Definitions

2
[1 Cyclotron Resonance
[1 Direct and Indirect Optical Transitions
[1 Excitons
[1 Optoelectronics
[1 Lasers
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ron Resonance

Cyclot 3
Static magnetic field H
A
Resonant electrong or holes
<Oscillating electric fi >
Setting centripetal force equal to Lorenz force gives
m*v?
=7 ? L1
= (L1)
v eB m| B
TR mc - [kG] (L2)
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Cyclotron Resonance 4

.7 eE e _
T+ vo_ = v x B. (L3)
T nm mrC
1 eE
_ 2V = == oe(Roy—Y) L4
lw + 7_)’0 T WC(X'Uy Yux) (L4)
1 eE 19
T m*
0O 0 O
T: —net = oE, (L6)
Oxx Oxy 0
0 0 Oz
oo(1l—iwT)
_ L 8a
O (1—iwT)?+wir? (L82)
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Cyclotron Resonance

5
O-OTCUC
- L8b
Xy (1—iwT)?+wit? (L8b)
and
0y = —20 (L8c)
1—lwT
with
Ner
oo = el (L8d)
2_2 2.2 41
Re[o] = 0g—— 0 TP TIS (L9)
(WET? —w?T2+1)" + 4dw?T
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Cyclotron Resonance 6

wt =0.2

BN

Power absorption (arbitrary units)

1 2 3
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Figure 1. Cyclotron theory
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Cyclotron Resonance 7
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Electrons

Electrons
Heavy holes
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Magnetic fi eld H (Gauss)

Figure 2. Cyclotron resonance in germanium. The magnetic field is oriented at 10° from
the (110) plane and 30° from the [100] direction. [Source: ( )]
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Electron Energy Surfaces :

= W

2 2 2 2
¢ _h [kl* ki kﬂ (L10)
2lmy  mp o g
1
— 0 0)
ml 1 0 Bg —Bz
waT)—S 0 — 0 (83 0 B, )’l_j (Lll)
S, B, —-By 0
\ 0 0 —
my
3
e B2 m*
- oo (L12)
C\;mlnb%
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Direct Transitions 9

Theory for absorption across energy gap

|m[€a5]

Ae? 12 o A
o 2 (= fi) (Pa 1) (P a(Er — &) — ) (L13)
1/
27TE5 2 1 - A — — P
—— ) 5 2 (kn|Pafkng) (kngl Ps[kna)o (€, ¢ — €,z — Mw)  (L14)
Rnlnz
27re 2 5
o, ) Pas(@)["Dy(hw), (L15)
> gk (K |Po [Kn2) (Rn2|P5|kn1> (Engk = Engic— hw)
(L16)
annzﬁé( 8n Kk hw)
1
5 > 0(€ i — Eni— Pw). (L17)
nanR
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Direct Transitions 10
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Figure 3: Measurement of absorption coefficient « times hw, showing a van Hove singu-
larity at onset of optical absorption in the direct gap semiconductor InSh. Data

of Goebli and Fan and reported by ( ).
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Direct Transitions 11
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Figure 4: Absorption coefficient « in gallium arsenide, showing absorption due to exci-
tons. [Source: ( ), p. 771.]
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Indirect Transitions 12

hw = € — &, & Rwpn(dK). (L18)
N ( &y (ky) — hw+ hwph(S’k)) (L19)
keke
/ de. / dE, De(Ec)Dy () (Ec — Eu — e & hury) (L20)

0
/ d((_:(;/ dgv \/ 80_89 \V —8U5(80—8U —hwj:thh) (L21)
€g

hwFhwph
/ de\/Eo—Eqr/Fo— Eo T oy (L22)
€g
1
(Nw F hwpn — 89)2/ dy/Yv/1-V. (L23)
0
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Indirect Transitions

13
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Figure 5. Onset of optical absorption in germanium.. [Source:
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Excitons 14

Continuum

\/

Bound electron-hole pair xciton bound states
SN
A - B P
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Figure 6: Schematic view of energy levels resulting from exciton formation.
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Mott—\Wannier Excitons 15

_hzvz +_—h2v2 _ @ —&| (P, Fp) =0 (L24)
2ny T 2my T €O, — Ty v
. " T+ M7
R o= o7l (L25)
My + My
to give
_R? ) .
0 = —Eem | Yem(R) (L27)
Z(W—f—m’g) R cm cm
= |—Vi——— Uy (7 L28
with the reduced mass u given by
*m*
no= T (L29)
My + My
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Mott—\Wannier Excitons 16

-
==, =~ g 1368V (L30)
Op? 0 .
ar— L M 55294 (L31)
Eu  p
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Mott—\Wannier Excitons 17

Logarithm of absorption (arbitrary units)

2.12 2.13 2.14 2.15 2.16
Energy (eV)
Figure 7. Absorption in Cu,0O. [Experiments of ( ), p 361.]
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Solar Cells

18
j=—15(Lp+Ln) (L32)
=
L
S
O
0 —
Dark current Y _
urminati ower generated In
I{fumination this quadrant
0
\oltage
Figure 8: The current—voltage characteristic for a solar cell
21st September 2003

(©2003, Michael Marder



L_asers 19

Rep = A1 fo(1 — 1) (L33)

Ri» =Bp fl(l — fz) N812 Dph((c,lz) (L34)

Rot = Boifa(l— f1)Ne,Dpn(E12) +Ao1 fo(1— fq). (L35)

=g ~°12 L36

f1(1— f2) (L39)

R = Ry (L37)

= B12Ne ,Dpn(€12) =  €77%12 [ByNe , Dpn(€12) + At (L38)

= Dpn(€12)Bia—Ap1 = € PE12[Dpy(€12)Boy — Agi] (L39)
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L_asers 20

=By, = Bg and Ay = Dph(812)821. (L40)
Ro1 = Bo1 fa(1— f1)(Ney, +1)Dpn(€12). (L41)
R2—R1 = Boi[(f1— f2)Ney, — f2(1— f1)|Dpn(€12). (L42)
e A .
Refora ()] = £ o (1 f2)Fralw) (1IPa[2) (2IP3[1). (L43)
N 4722 [ & > 5 1(1|Ps[2)[?
o) = § o () Pl ) =2gpg=
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L_asers 21

Ro1 — Ri2

(L45)

0 Ep [ € 1|P5]2)|2
&Ngu:—Nﬁﬁ(—) 4(f1—f2)z|< | B| >| N812° (L46)
B

Rexp[x(g—a)] > 1. (L47)
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L_asers 22

Figure 9: Light in a laser cavity reflects several times back and forth from mirrored ends
of reflection coefficient R so as to stimulate more light emission before exiting.
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L_asers 23
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Figure 10:
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L_asers

24
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Figure 11: (A) Energy levels of Cr3+ in Al,O3 (ruby). (B) Energy levels of Nd in
Y3A|5012 (NdYAG)

21st September 2003
(© 2003, Michael Marder



L_asers 25
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Figure 12: Double heterojunction structure
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Active Areas 26

[1 Porous Silicon
[1 Negative p dielectrics

[1 Materials to manipulate light as semiconductors manipulate electrons.
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Optical Properties: Phenomenological Theory

Wavelength A\ (cm)
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Definitions

1 OO O o @O

3
Maxwell’s Equations
Dielectric Functions
Kramers—Kronig Relations
Sum Rules
Kubo-Greenwood Formula
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Return of the Drude Model A

mo = —eE —m-—, (L1)
T

L .0
—lwmy = —eE—m- (L2)

T
=] = —neg=? ? (L3)
=ow) = 7 ? (L4)
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Maxwell’s Equations 5

V-E = —4ren V-B=0 (L5a)
L 108 . - 4r] 10E
_ _1ob _ o, o= L5b
V xE g V x B - - " (L5b)
— t -
P= [ dt’jin(t). (L6)
5‘n' — -
— 81':”[ = =V Jint (I—7)
—=eny = VP, (L8)
D = E+4xP. (L9)
V-D = —4rene V-B=0 (L10a)
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Maxwell’s Equations 6
L 108 . o Amjeq 10D
VxE = A VxB= . +EE' (L10Db)
j(rt) = / dt’dr'o(r -7t —tE(F',t") (L11a)
= oxE(Tt). (L11b)
i(d,w) = 0(8,w)E(@,w). (L12)
D(T,t) = exE(F,t) = D(0,w) = €(d,w)E(d,w). (L13)
4

() =1+-—0o(Qw). (L14)
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Traveling Waves 7
S S 5 10 - 4 1 9%+E
VXVxE = —coVxB=-5—0 (L15)
2
> PE-d@-E) = e@duw)GE (L16)
- Wl

FE = c(dw)ZE (L17)
=q = wi/c N{w)=+e@uw), (L18)
E ewl™/e=t, (L19)
e = N°—kK? (L20a)
€2 = 4nRelo|/w = 2nk. (L20b)
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Traveling Waves :

— =2 L21
“ Cl{ nc ( )

w2 -
e(Guw)ZE = 0 (L22)
= ¢(d,w) = O (L23)
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Mechanical Oscillators as Dielectric Functione

E(f,t)=Ee ', (L24)
mt —mw?’f —mF/n —eE(T,1) (L25)
E
= P(w) e i} — (L26)
. . —iwn|e2I§
(@)= m (w? —iw/n —w?)’ (L27)
—iwn|e2
o(w) = Py E— (L28)
(W) =113 e/ » (L29)
~ Wi —w* —lw/m
T
ow) = m(ln— lwT) (L30)
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Mechanical Oscillators as Dielectric Functiomno

Plasma frequency wy:

61(&)) —

62(&)) p—

Re[e(w)] =

= 2w

Ime(w)]

cU| F —w?)/m

+(w/n)?

7Tﬂ|€2w/ 7'|m)

_w2

+(w/n)*

(L31)

(L32)

(L33a)

(L33b)
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Mechanical Oscillators as Dielectric Function:

€1

W
Frequency w

Figure 2: Characteristic shapes of the real and imaginary parts of the dielectric function
described in Eq. (L33).
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Kramers—Kronig Relations 12
D(w) = / dt’ e(tE(t —t'). (L34)
D(t) = (t)toEo. (L35)
e(t) =0 fort <O0. (L36)
e(w) = /O b dt€“te(t). (L37)
= f 2
) - = § o T (L39)

215 Septeber 2006

(©2003, Michael Marder



Kramers—Kronig Relations 13

Omitted in Eq. (L40)

Figure 3: Contours for Kramers Kronig integrals

J’/dw aw —— (L40)

Re[e(w) —e®] = P / du 'm[ec(f’_);eoo] (L41a)

Imle(w)—e®] = —P / du Re| ew '_w 1 (L41b)
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Kramers—Kronig Relations 14
o > 2w'dw’ ex(w’)

e1(w) —e* = ’.P/O N (L42a)

ew) = -7 /O 2“’:“’ elifz)__w‘fo. (L42b)
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Application to Optical Experiments s
F = 211 = pe?. (L43)
(o)) = In(p(w)/p(0) +i(6(0) - 6(0) (Las)
_ 1 / p(w’) 1 1

O(w)—0(0) = —;T/dw In[p(O)}[w’—w_J] (L45)
= 0w) = —Zﬁ?/mdw' |r,12p(w’)2. (L46)

T 0 W' —w

L2 [ ew)
e2(0)—1 = /O dut 2 (L47)
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Application to Optical Experiments 1

160 40
(B) [
140 | | 1 35}

120 | ] 1 3|
100 | 3 1 =}
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e(w
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61—>€OON
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Figure 4: Dielectric functions from widely separated sets of modes.
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Application to Optical Experiments 17
Re[e(w)] = 1—% i W) + 2 / " i’ 62(“,’/) (L48)
Tw Jo T Joom W
2
_ eoo—%, (L49)
where 5 o W)
oo _ y €2\W
€ = 1—|—;/wm dw o (L50)
and 2
2 _ Amnet 2 wm S el
G o= = / Ao’ ' e(w') (L51)
wm 27'(' 2ne?
= / dw' w'ex(w Tom (L52)
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The Kubo-Greenwood Formula 18

& = hw (L53)

Born approximation:

Q

L t oty LT (4! N,
() N[e—'“%|l>+/ dt’e"“%ui(;) 9 (L54)

_ —Iw|t| _l_Z/ dt’ || —Iw|/(t t)< |Il;]| > th’—iw|t'} (L55)

- {0 SR e 5o

|1 ]
If, on the other hand, the time dependent potential were to have the form
U * expliw*t], then one would have instead

||~( _ { _|_Z|| ||>el"" t)}e_iwﬂ. (L57)

— Wy — w*
|7 I
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The Kubo—-Greenwood Formula

19
. cE .
A= ety (L58)
lw
A e . e-
=——/P+-A 59
J=—_[P+ A, (LS9)
B F3+(—2A (L60)
(P+ SA)?
¢ (L61)
2m
P2 e . . . o
— A-P+P L62
o T oA P+HP-AlF (L62)
P2 e . .
U(t) = —[E-Ple“ — —_[E. Pl (L64)
Miw Miw*
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The Kubo-Greenwood Formula 20

—

- e ~~ €A -~
= VJ:—E]<I|P—|—?|I> (L65)
_ € 3 eZE —jwt
= ——<I|P\I>—[me +c.c.]
e—iwt eiw*t
B Ihng PIYVIE- P {w(w|—w|/—|—w)_w*(w|—w|/—w*)}
e2 A e—iwt ejw*t
— 5 > IE-PINY |P|'>{w(w*—w*—w)_w*(w*—w*+w*)}' (L66)
|7 £ | K | |/
Tap (W)

W —wp +w w|*—w|"j—w

flaaﬁzhf;n{<"ﬁ’“"’><"'ﬁ’5"> N (II55||/><|/|5Q|I>}]. 67
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The Kubo-Greenwood Formula 21

€ fi— fir (1P ]1"){1’|Ps]l)

7as(@) = v Zf'(s““; M w —wy +wtin | (L68)
_ fi — fir (1[Pal") (1" |Ps]l)
Reloas(w)] = —Im— M w1 —wn fw i (L69)
- WZ(fl—f./><l|ﬁ|l'><l'|ep‘*|> (€ —&—w).  (L70)
It

Re| (w)]_i 3 o (P17 {1|Psl) (L71)

ne _mv | occupied hm [w_(wl’_wl)]z_‘_/ylz’.
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The Kubo-Greenwood Formula 22

Re [005(w)] = hfzn:;\? N (i = fi) (P B3 [ Ry () (L72)

1’
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Susceptibility 23

U (G,w)ed™“' +-c.c. (L73)
Z fi ()7 (Pt (L74)
U(§,w) =—-eVvV(G,w), (L75)
o en(ﬁaw) — XC(qaw)V(qaw) (L76)

1 (fm - fR)
xe(0hw) = ez%j O ra—— (L77)
VAV = Vg +4men = 4rene +4men (L78)
=V = —V.-D+4ren (L79)
—gV(G,w) = —ig-D+4ren(d,w) (L80)
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Susceptibility 24

= —qV(dw) = —id-D—dmxc(dw)V (G w) (L81)
= (4rxc—d)V(@w) = —id-D (L82)
= (q*—4nxc)E = d(®@-D) (L83)
Dynamic Lindhard dielectric function
e(Gw) =1- 47;;“ (L84)
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Many-Body Green Functions 25

Classics....
[J Kadanoff and Baym (1962)
[1 Abrikosov, Gor’kov, and Dzyaloshinskii (1965)
[] Fetter and Walecka (1971)
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Introduction 3

heated cathode

0

N Forward Bias Reverse Bias
& anode |||| ||||
“iee E‘j

g&j—athode anode cathode anode

Figure 1: Operation of a diode.
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Introduct

Tolg

4
heated cathode Forward Bias Reverse Bias
~__grid
1l — .. 4+ outputsignal _ n
= i
anode
“ 4 E
cathode r|d anode Q _ _
/ V(%
X
Figure 2: Operation of a triode.
26th August 2003

(©2003, Michael Marder



Work Functions

5
metal
Image electron
<>
X
Figure 3. An electron attracted to metal surface.
&
F— L1
27" (LD)
e 1
UXX)=——=--3.6-10"%umeV. L2
() =—7 =~ 17 (L2)
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Work Functions 6

Figure 4: Work function.
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Schottky Barrier 7

e
U(X) = —— —elE|X L3
— -2 S U (%) = —eV/eE]| (L4)
0=\ ZE] X0) = ‘
Ground Positive potential
T No electric field
Small electric field
X %
D

Larger electric field

X ——®

Figure 5: Schottky barrier
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Richardson-Dushman Equation :
1

T PETHUM ) (L)

f LA e—B(EE‘FU (X)‘|‘¢). (L6)

| = —eop{~Blg+Ul)]} [ [0 0(kge e ®

— —ATZexp{—B[qb—e e\E\”, (L8)

where

A = 2:2;]3@:120.2Acm_2K_2. (L9)
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Contact Potentials

9
O
ol L.
E
T o
d
Figure 6: Contact potential of two metals
V = Ed =4nod, (L10)
P2 — ¢1 = 4meod. (L11)
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Contact Potentials 10

Figure 7: Periodic unit cell that produces surfaces
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Pure Semiconductors 11

Silicon Germanium Gallium arsenide
6
N /
/; /_\ conduction & / conduction
2 3 / conduction electrons
i< electrons 7& e /—\\ N
c% ] A I & LN/ T gl
0 I L [ | 1 e
N JEN
holes holes
-3

|—
=]
X
—
=
X
—
=]
X

Wave vector K

Figure 8: Essential features of band structures of silicon, germanium, and gallium ar-
senide.

e P€/2 L1079, (L12)
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Pure Semiconductors 12

Com- &g d€g/dT nj € my mh m3 “n ©p
pound (eV) (eV/K) (cm—3) (m) (m) m  @©m?/Vsy)  (cm?/V9
S i 111  —9.0.100°  1.02-1009 119 118 054 015 1350 480
Ge i 074 —3.7-1000% 233.2013 165 055 03 0.04 3900 1800
GaAs d 143  —3.9.10~4 2. 100 125 0067 050  0.07 7900 450
sic i 22 —5.8.10~4 97 082 1 900 50
AlAs i 214 —4.10"4 2.10 100 05 05 0.26 204
AlSb i 163 —4.10—% 120 03 1 05 200 400
GaN d 34  —6.7-107% 2.10 120 03 1 440
GaSh d o7 —3.7-10—4 1014 157 005 0.3 0.04 7700 1600
InP d 13  —29.1074 1.2.108 152 0073 06 0.12 5400 150
InAs d 036 —35.107% 1.3.101® 152 0027 04 0.03 30000 450
InSb d 018 —2.8-10—4 2.0-1016 168 0013 04 0.02 77000 850
hz xna—11,
& = &t kMK (L13a)
h2 Lxna =11
& = Eo—KMK (L13b)
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Pure Semiconductors 13

(A) (B)

Figure 9: Semiconductor conduction band energy surfaces
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Semiconductor in Equilibrium 14
o0 1
n:/gc d8D(8)68(8_u)+1, (L14)
Ev 1
0 = /_oodeD(e){JL—eB(g_mH} (L15a)
Ew 1
_ /_oodeD(E)e_B(g_HHl. (L15b)
Ec—u>kgT and pu—E, > kgT. (L16)
n= N A1) p:Nve—B(u—Ev) (L17)
Ne = / Ood&D(S)e_B(e_SC) (L18a)
Ec
Ev
N, = deD(&)e PlEv—8), (L18b)

o —OXQ

26th August 2003
(© 2003, Michael Marder



Semiconductor in Equilibrium 15

m =

D(&) = / [dR]a(e—ec—%hZR*M—lﬁ) (L19)
S 1
= [[dK§(E—Ec—=n*D Kk2/my). (L20)
[1dks(e e 35 m)
[mumeme]™®and - = (ko/y/My, ka/ /Mg, Ks//MG) (L21)

2
i
al

*3/2 dq 8 80——h2 2
2

h?
2mikg T ) 3/2
wh? .

3/2
2mnkBT) M,

Mass action: np =7

*3/2

) V2 =& r':“wz M., (L22)

(L23)

(L24)

?. (L25)
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Intrinsic Semiconductor

16
eh? e m* 1
a, = and &p= = —— -13.6eV. (L26)
m*e2 2ea, Me
Group V donors, E¢c — €4 (MeV)
Host Eqg. (L26) N P As Sh Bi
Si 113 140 45 53.7 427 70.6
Ge 28 12.9 14.2 10.3 12.8
Group Il acceptors, Eg — &  (MeV)
Host Eq. (L26) B In Ga Al Tl
Si 48 45 155 74 67 25
Ge 15 9.73 12.0 11.3 10.8 135
Donors, E¢c — €4 (meV)
Host Eqg. (L26) Pb Se Si S Ge C
GaAs 5.8 5.8 5.8 5.8 59 59 5.9
Acceptors, £ — £ 4 (meV)
Host Eq. (L26) Be Mg Zn Cd C Si Ge Sn Mn
GaAs 23 28 29 31 35 27 35 40 167 113
InP 21 31 31 46 57 41 210 270
n; VNN ? (L27a)
e, 3/4 T 3/2
2.510-10%m—3 Pl o2 —— ) 7 7. (L27h)
m? 300K
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Intrinsic Semiconductor 17

kBT|nW+8C £, 42943 kBTIn( /*)—%kBTInMC. (L28)

2
np=n¢ (L29)
n— nie_B(“i_“), D= nie_ﬁ(“_“i). (L30)
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Extrinsic Semiconductor

18
Acceptor Donor
states states
Valence states Conduction
Gap |/ states
Energy &€ —
Figure 10: Densities of states with doping
Ox1+1x2xe BEd—n)
f o= ol haxex (L31)
1+2x e B(Eq—w)
1
= I %eﬂ(cﬁd—u) < 1. (L32)
fam <1 (L33)
a— %eg(u_ga)_l_l .
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Extrinsic Semiconductor 19

1 Sv 1
nt+Nd = 8Cd8 D((c;)l—i—eg(g_'u) + dé D(8)1+63(8_“) +Nd fd. (L34)
Ng = [ dep(e)—— " deDe . 35
d = £, ( >1+eﬁ(€—u) B ( )1+e—5(8—u) (L35)
= Nd — NnN-— p — nie_ﬁ(/v‘i_/v") —n e_B(:u_/J/i). (L36)
N—p=Ng—Na. (L37)
1, 1 5 271/2
n = E _Nd - Na_ + E _(Nd - Na) + 4ni | (L38a)
1. o1, _
p = S[Na=Ne+ 5 [(Ng—Na)*+4n7 Yz (L38b)
n—p=2nsinh B(p — i) = i = pi + kT sinh ™ ([Ng — Na /2n). (L39)
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Extrinsic Semiconductor 20

n ~ 7 7 (L40a)
p = 7 T (L40b)
p ~ 7 7 (L41a)
n ~ 7 7. (L41b)
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Diodes and Transistors 21

Vacuum level
TQSm ? Ps e
R AT e i
Ev
Metal n-doped semicon-
(A) ductor
Vacuum level
T¢m 4 bs "
J ___________ C
______________________ 1+ eV (X)
Ev
Metal n-doped semicon-
(B) ductor
Ec— eV (X
_________________ Y T——
Ev —eV(X)
Metal n-doped semicon-
(C) ductor

Figure 11: Schottky diode
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Diodes and Transistors 22

Positive voltage Vp < €lectrons Ec—eV(X)

Pol p=CFf
p (Metal) pmomee 3 €y — EV(X)
Metal n-doped  semi-
(A) conductor

Negative voltage Vp dp— (Ec— EF) — EVp
o (metal) 3 S S -F-V70%

-------------------- uw=CEF
Metal ¥ Ev —eV(X)

Figure 12: Biased Schottky diode

h*k2
2Imy

> by — (Ec— 1) — V. (L42)

21,2
js—>m — /[dl?]e(h kx B [(bb_ (80_’“) —eVA]) - e—B(thZ/Zmn+8c—u) (|_43)

2my
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Diodes and Transistors 23

* oo 2
2 erln’iTkBT E/ d h k)2( e—B(hzk)%/Zmﬁ—I—Ec—u) (L44)
dp—Ect+u—eVp

(2r)2  h> h 21
Th AT2exp (-~ len — eVal} (L45)
j = "0 AT [exp { (65— &VAl} — exp {~ B0} (L46)
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Diodes and Transistors 24

Vacuum level

-1

(A)

(B)

.« surface states

.

Metal n-doped semicon-
ductor

Metal n-doped semicon-
ductor

Figure 13: Effect of surface states on metal-semiconductor junction.
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Semiconductor Junctions 25

p—doped region n—doped region

Ec—eV(X)
7
pi — eV (x)

(©)

Eyv —eV(X)

Figure 14: Band bending across semiconductor junction
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Semiconductor Junctions 26

p-doped, p-doped, n-doped, n-doped, mo-
mobile holes depleted depleted bile electrons

— A
- o o =
T : - =+ +
otal charge density e + all =
Ng+nN—Nz— -+ bi
d a— P 1 ¥ - . L 1 — g +
Electrostatic
—p M__________X_n __________________ y

potential V (x)

Figure 15: Ilustration of the redistribution of mobile charges near a p—n junction.

nx) = nelrtyV®-u) (L47a)
p(x) = neli—¥®-n) (L47b)
N(co)p(—o0) = NgNa = n?e’(@/(o0)-&V(=c0)) (L48)
= &Vh = e[V(OO) —V(—OO)] (L49)
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Semiconductor Junctions 27
— kgTIn NdNa +keT |n[§d§\\ffa] (L50)
ENions = e[Nd (X) _ Na(x)]' (L51)
oV 0
pv) = —47e[Ng(X) — N(X) — Na(X) + p(x)] /€", (L52)
Na(X) = Nb(—x) (L53a)
Ny (X) = NdQ(X) (L53b)
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Semiconductor Junctions

28
( V(—00) for x < Xy
V(—oo)+27re£cf‘(x—xp)2 for 0 > x> X
V(X) = ¢ ¢ (L54)
V (c0) —27re¥(x—xn)2 for 0 < x < X,
| V(o0) for x > x,.
N
GONaVb|
= L56a
X \/Zﬁej\fd[j\fa—l-j\fd] ( )
CONdVbi
= _ L56b
Xp \/ZWeNa[Na+Nd] ’ ( )
Jox e®a_1. (L57)
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Boltzmann Equation for Semiconductors 29

Ln

Q

(L58)

(L59)

(L60)

(L61)
(L62)
(L63)

(L64)

(L65)
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Boltzmann Equation for Semiconductors so

- 2\ kBT,LLn
Dy = mR> -2 (L66)
in eunnE + eD,Vn (L673)
o euppE —eD,Vp, (L67h)
on 1= - n©®—n
— -V L68a
ot eV Int o ( )
op 1o - p@9—p
— ——V- L68b
ot eV Jp To ( )
o.g o dmelP— nT Mions) (L69)
€
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Detailed Theory of Rectification 31

Xp X
p-doped quasi- | n-doped quasi-
neutral region  DEPIEUON o iral region I
region
<+ Electrons control current Holes control current —
Ec—eV(X)
Ha i B
Ev —EV(X)
Figure 16: p-njunction in forward bias
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Detailed Theory of Rectification 32

. X
) = NIVl [1+ n /dx e—Be[V(X')—V(Xn)]] (L71a)
eNan X
: X
oX) = NaePeVeI-Voo) [q__Jp / dx PV OOVeRl | (L71p)
eéNaDp Jy,
n? Xp — %n Beva _10_8eV,
~ 1071067, L72
NaNd Ln ( )
nx) = NgePelve-Vixn) (L73a)
p(x) = N, e~ Pely () =V (xp)] (L73b)
2
=n(xp) = NdeBeWA‘Vbi]:jr\}—'eﬁevA (L73c)
a
2
p(xn) = NaeﬁeWA‘Vbi]z;\}—'eﬁeVA. (L73d)
d
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Detailed Theory of Rectification 33
d’p  p—p?
0 = Doge— (L74a)
d’°n n—n©
0 = Dngs———— (L74b)
p—p? = [p(x) — pVJe" /e (L758)
n—n® = [n(x,) —n©@]ex%p)/n (L75b)
Lh=+vDnmm and Lp=+/Dp7p (L76)
= eptin(g) ) (L772)
_ e%jr\‘f_iz[eaevA_l] (L77b)
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Detailed Theory of Rectification 34

Jjp = eL—[p(Xn) - p"9], (L77c)
P
Dp nI2 eBeVA
= e P_1 —1 L77d
e I—p Nd [ ]7 ( )
D D
= en’[e’™VA - i L78
J er]I [eB 1] !I—nNa Lde] ( )
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Transistor 35

Emitter Base Collector
Xal IXb XC| |Xd
jEp — jcp —
J — p _ n _ P Jo —
JEn — Jcnh —
Js |

8c — eV (X)

Ev —eV(X)

Figure 17: The binary junction transistor, made from two back-to-back p-n junctions.
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Transistor 36

2
Ne(Xa) = ~ePes (L792)
NE
N2
pe(Xo) = ~—e’oe (L79b)
Ng
2
Pe(X) = ~€°%e (L79¢)
Ng
n2
nc(xg) = ——e’os, (L79d)
Nc
jen = €Deng(Xa) (L80a)
jep = —€Dapg(Xo) (L80b)
jcp = —€Dgpa(X) (L80c)
jocn = €Dcne(Xq). (L80d)
J = Jeo(eP%F8 1) — apeo(efce — 1) (L81a)
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Transistor

with

37
Je apJro(e79VE8 — 1) — Jro(e7%Vce — 1) (L81b)
J eA(iDE 7 + D 1 coth(xc_xb)> (L81c)
FO LE NE LB NB I—B
Dc N Dg n? Xe — Xb )
J eA : L coth L81d
RO (LCNC+LBNB o (L81d)
N2 _
apJro = arJro = eA—E —'cosech(xC Xb). (L81e)
|_|3 NB |_|3
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Heterostructures 38

Al 3Ga-As GaAs Al 3Ga7As

GaAs
3 0.263eV -1
w4+ ev €c Ec—eV(X)
1.82eV 1.42eV i K |
Ey — V(X
| # 0.132eV f ()
A
(A) (B)
Al 3Ga 7As GaAs

_ I
p _/II///_ Ec—eV(X) /IQ\
o

$ -

/I/‘ Eyv —eV(X)

©) (D)

Figure 18: Junction between two semiconductors with different band gaps
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Metal I p-doped semiconductor

Figure 19: Metal—oxide—silicon junction
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Heterostructures 40

=10
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//Gate at Vg E
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\4 11 ) : _
I
40 nm| |AIGaAs” / 5
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Figure 20: Quantum point contact. Data of ( )
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Quantum Point Contact 41

Electrons in equilib-
rium at electrochemical

potential py = p+du

4
X
<+ L

H

\

Channel to be measured

—

Electrons in equilib-
rium at electrochemical
potential py = i

]

Figure 21: Setting for Landauer argument
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Quantum Point Contact 42
21,2
Eie = & + hzrl:;‘. (L82)
= Y e[ fa(Ei) — €] (L83)
| Ky

— —eZ/dk Dkxg?lfx O(p+dp— Eng) —O(1e— Eiky)] (L84)
_ _eﬁz /8 e (6(u+ou— &) —B(u—£) (L85)
_ ey (L87)
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Quantum Point Contact 43

2Ne?
1
V = J(Ry— L89)
(Rg;) (
J
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Quantum Dot 44

Source

Figure 22: Quantum dot.

h°k2 eV
—— =15.10"° . L91
2m > 10 d?/[um]? (L91)
e eV
~=14.10"3 . (L92)
d d/[pm]
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Quantum Dot 45

Qi = CaVa—CgypVp, (L93)
Qp = —deVd —I—Cpr. (L94)
1

Uelectrostatic — E [ded + vap] + [Qreservoir — Qp]vp- (I—96)
= g‘%+VQd+.... (L97)

2Cq4 "
Nz 4 S (L98)

—e e
= 0. .99
N'=0.625 100aF 10—-3V’ (L99)
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Figure 23: Conductance of quantum dot;

Quantum Dot 46
e
Vo= [N+1/2]—. (L100)
Cy
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Microscopic Theories of Conduction 1

10 . . . | | |
' Localized states ]

Extended states E

Energy £/t

0 | 5 | 10 15 20
Disorder width W /t
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Definitions
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Weak Scattering Theory

Noise

Metal-Insulator Transitions

Green’s Functions

Effects of Impurities

Anderson Localization

Mobility Edge and Localization Length
Scaling Theory
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Weak Scattering Theory of Conductivity s

Problem: A perfect crystal is a perfect electrical conductor
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General Formula for Relaxation Time 4

Pk — K1) =g [1— 0] 0o Wy, (L1)
d Vv o
Gl =5 1R 6 1 - Mg~ 11— 0 W (L2)
dt lcon. 2
2 -
We = T0(&— &) [KUalK)P, (L3)
where
Uat(?) = ) U(r—R). (L4)
R
V\/Rr(, = VVF(’R" (LS)
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General Formula for Relaxation Time s

dg 5 1 S
— - — dk'] (k — K" )Wz, , | 7
dt lcoll. ¢ ZV/[ I ) Kk (L7)
and so
%9 9= (L8)
dt Icol. Te
with
i 7. (L9)
Te
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Ziman’s Expression for Resistivity 6
g=k—K (L10)
PV AN q 2
(1—k-k)_2(%) (L11)
W, = 2%‘/%éq'?ZU(r—ﬁ)‘za(ep—S(R')). (L12)
R
We,, = %%‘Zéq'ﬁ / dré@"f’U(r’)‘za(eF—E(R')) (L13)
R
= TSI @F (e —£(k-a), (L14)
/1 d(cosf)d(Ek —8(\/ké + o — 2kgqcosé)) = 02k — ) (L15)
—1

G0 /Oke
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Ziman’s Expression for Resistivity 7

1o L N P (L16)
Te 47rh2k,2:v|: V Jo

e d U . L1/
I ) P AL S CINC] (L17)
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Evidence that Liquid Metal Scatter Weakly s

Meta: Li Na Cu Ag Au Zn Hg Al Ga Sn Pb Sb Bi Fe
It (A): 45 157 34 51 27 15 5 20 17 5 6 4 4 3
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Phonon Resistivity 9

N @R N iR (1 1 igd 4 (L18)
| |
1 - T 7 o
oy Zéq.R I[lflR . q»e|k-R + Gft _q»e—lk-R ] (ng)
VN Ik
1 v | P
— _Zi[gr(.qe!(kﬂ)ﬂ +0 .gel@RR] (L20)
VN Ik
= VN il U6 g+ 0% g 4 il (L21)
KKk
%<| Zéa-<ﬁ'+0')|2> (L22)
|
(log-d*) (L23)
h - A Ak * A
2Mwy \e-ﬁ\z <aRaT< +a7<aR> (L24)
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Phonon Resistivity 10

= p

2
2:/|qw (2ng+1) (L25)

qd
37 <NS> 1 /2de ; hqz 2t DU )|2 29
ezhfué v 4ké 0 qqZqu q a1,
B (M) 3D (kT (O ¢ L et

U L27

ot (W aamic(ne) | #Ze (o) wen
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Phonon Resistivity

11

Resistivity p (£2cm)

10—4

10-19

10—12

1 10

102

103

Temperature T (K)
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Matthiessen’s Rule 12

When resistivity is small, add contributions from different sources.
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Fluctuations

13
Thermal noise
(6V?) = 4ksTRdw. (L28)
Shot noise
(6J%) = 2eJdw. (L29)
1/f noise.
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Metal-Insulator Transitions

14
Non—compensated impurities
eh? e m* 1
. = d &= = ——-13.6eV. L.30
a M e2 an b 2¢ca, m e? (L30)
o= ga*3 (L31)
2
e—1 A
—nN L32
— 3 P (L32)
3+ 8mnpcx
L33
€ 3—4mnpa ’ ( )
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Metal-Insulator Transitions 15
6 6
O
O
& &
4 } o 14
— o =
| c% _ <
= & =
S - RS
- 2} C%Q 129
3 3
Insulator 600 o Metal
bl o
0 %OOQ() 0
_50-103 0 10-10°
(nP — ncrit)/ncrit
Figure 2. Metal—insulator transition in silicon doped with phosphorus.
(1985)
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Metal-Insulator Transitions 16

3 0.053
Nt =7~ ==~ = n/3a, = 0.38, (L34)
1000
100 =
<
S 10 .

14 16 18 203' 22 24
1096 [Nerit /CM ™ 7]

Figure 3: A host of different systems displays metal-insulator transitions when a,nt/® =

0.26, ( )
26th August 2003
(©2003, Michael Marder




Impurity Scattering and Green’s Functions 17

Compensated impurities

J‘CTB—ZUR|R R|+Zt‘ R/|—|—’£|R,

(RRY)

F1 = Ug|0)(0.

ElY) = (ff{o+5{1> [9).

(L35)

(L36)

(L37)
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Green’s Functions

18
(RIG(1)0) = (Rle™7%/"|0), (L38)
GE) = % oodteigt/hé(t) (L39)
0

=G&) = (e-H) (L40)
(&) = IH /_ OOO dtee/MG(t), (L41)
G=(E-H)t=) (E=F) " |en) “"Z|e e . (L42)
A+ N 1€n)(Enl(Er — &n) in|En)(En 43
e (& —Caf 42 (& —En) 47 ()

1 .
_ |en><en|{8r_8n¢|7r5(er—en>}. (L44)
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Green’s Functions 19

1

(RIGE (& )|2 L45
F— Im[(R 25 ) (L45)
2 (RIk) (kIR')
= 46
(RGolR) Ekj E ol (L46)
mil (R—R') /N 27 k(R—R)
_ Z 1 € / dk ¢ (L4T)
N & —2tcos (27l /N) 2w & —2tcos(k
e ik
z=€e"= dk= ——dz (L48)
dz R
L4
%Zwi 2(E—t(z+z71)) (L49)
dz &R
B 7{27Ti Ez—t2—t (150)
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Green’s Functions 20

JE€2 _a¢2

Z= - (th M =Z 0orzg., (L51)

_ — IR—F/|

A & 1 & & &

= ——=\/l5] - 2

_ 1 IR—R/|

. _ (=) =i & 1/ (é)

(RIGo(&r £in)|R) = Jae—e |\ 2 + i 1 ¢ : (L53)
0G(©)0) = =3 = (Ls4)

N &2 €—2t[cos 21Ky /v/N +c0s 27Ky /+/N]

1 2T 2T 1
= L55
(27)? /0 da /0 dk; € — 2t|cosk; + cosk;] (L55)

1 1
B (27r)2/dk1dk2 0& — 4t — 2t[cosk; + cosk;]

(L56)
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Green’s Functions

21
1 1
@/kdkég s (L57)
'”(;f:/ H. (L58)
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Green’s Functions 22

One dimension Two dimensions Three dimensions
4 ! ! x T ‘ x ‘ x ‘ x
2 | K | ""x“ .
o | 1 1
-2 2tRe(0|Gy|0) \ﬁ4tRe<O|éo 0y T ——_ 6tRe(0|Gp|0) |
2im(0|Gol0) | | ZE ([0} — 6tim(0|Gp|0) |
_4 | | | | | | | | | | | | | | |
0 2 -4 0 4 -6 0 6
E/t E/t E/t

Figure 4. Green’s functions for perfect square tight-binding lattice in one, two and three
dimensions.
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Adding Impurities 23

H = Ho+ Hiy, (L59)

Go = (€ —Ho)™* (L60)

(E—F) = (E=FHo—Hy) " (L61)

(& —FHo) (1 — (€= FHo) " FH1)) ™t = (1— GoFH1) ' Gy (L62)

Z H1)' Gy = Gg + GoFH1Go + GoFH1GoH1Go + . .. (L63)
j=

é-o + Gof}ch = éo + éfj:cléo. (L64)

G= éo + éo-réo. (L65)
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Single Impurity 24
G Go + Go|0)Up (0] Go + Go|0)Up(0]Go|0)Ug (0| Go + - - (L66)
Go+Gol0JUo(0]Go > (Un(0/Go[0) ) (L67)
p=0

~ Go|0)Uy(0|Gy
é 0 L68
1 U0Go) (5%

[€n0) (Enol
. (L69)

2 [€n0) (€no|  [Er0) (Er0]0) (O[Ero) (Enol

=G E—Co  (E—Em) (0[€n0) (Er0]0) (L70)
1—Uq(0|Gy(€)|0) = 0. (L71)
1 — Up(0|Go(€)|0) ~ —Up(0|Gp(En)[0) (€ — En) (L72)
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Single Impurity 25

with A6
2 0
0 = H& L73
0 BY ( )
— |8n><8n| -~ GO(gn)|9><O|GO(8n) 1 (L74)
€—¢En —(0|Gp(€n)[0) €~ €n
Go(&n)|0
=1&n) = O(A”” - (L75)
\/—(01Gh(€n)[0)
€= +/42 +UZ. (L76)
& = —4t— te~ /1%l (L77)
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Coherent Potential Approximation 26
H=3Ho+ ) (Un—3)|m(m+3, (L78)
Hy =Ho+3, FHF = (Un—X)mym (L79)
GF (&) =Gy(E—-X). (L80)
G=Gy+G TEGY, (L81)
T~ ) T4, (L82)

" 1= (Un— ) (MGFm)

G=G+G'T*G}. (L84)
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Coherent Potential Approximation 27

G=G5(€) =Go(€—X)
T,=0
:>/dUU> U ->)
— (U — E)<O|GZ|0>

(L85)

(L86)

(L87)

26th August 2003
(©2003, Michael Marder



|_ocalization 28

10 - . . , . ,
' Localized states ]

Extended states .

Energy £/t

0 | 5 | 0 15 20
Disorder width W/t

Figure 5: Calculation of the mobility edge.
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Exact Results in One Dimension

29
1 /W W
?(U):v_ve(?_u>9(?+u)' (L88)
A 5Im

(11Golm) = 27 (L89)
A‘lzrrlli_)moo—%lln|<0|é|m>|2, (L90)

o &) (Enl0
mGe —in)o) = 3 el (Lo)
(MG(& —in)|0) =V / de’'D(&") <g‘|_8 g@ ]? (L92)
~ %D(&)iw(mm (L93)
~ YADp(e)indte ™A, (L94)

N
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Exact Results in One Dimension

30
£y (), (L95)
(1'm')

(1GIm) = (1Go|m) +(11Go Y [l1)t{my|Go|m) + (L96)

(lamg)
I:I1—>m1:I2—>mz...—>m (L97)
(1|Go [N t(] +1|Go|l 4+ 1)t... {m]|Go|m). (L98)
A1GIm) = (|Gl + 1|G'm). (L99)
(1G|m) = (|G|H¢(l +1]|G (I +2|G T +2)...¢(mG™m). (L100)

Diagram corresponding

| + 1)t
Q}DDPD Figure 6: '
> to Eq. (L100).
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Exact Results iIn One Dimension 31

A= —In[|(l + G + 1) ]; (L101)

<|+1éo“+1>
J+1G 1 +1) =1 +1Goll + 1)+ | xt (I+2|G+L|I+2) (L102)
- xt (1+1G+1)

1

= (+1G)+1) = - . 1103
< C > E—Up1—t2(1 +2|GH+l +2) ( )
D — e & Figure 7. Diagram corresponding
to Eq. (L103).
50.8) = [ T[laun?Unlo(o- (LS (©)L) (L104)

m
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Exact Results iIn One Dimension 32

| TTidunruns

! (L105)

(g_e—ur4%aéwn)

| & Tz unp (e~ —e@cte) (1106

m=#£1

t / t / / <1
” / In[[dum?(um)] / dg' P (€ - g )a(g — 2GH2)) (L107)

g—i/dg’?(& — é —tg’)&"(g’,&).
\-

A=

1 —-0.1142

VE

2

105.045¢
=7

(L108)

(L109)

(L110)
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Scaling Theory of Localization 33
Ry = h/&f = 25813Q. (L111)
Ri(1) = Ry(L/Lo). (L112)
Ry(1) = Ry(L/Ly), (L113)
Ry ~ L7 ¢ (L114)
R~ eil/Lo, (L115)
Ba(R) ~2—d, (L117)
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Scaling Theory of Localization 34

Ba(R) ~ % ~InR (L118)
0
dinR
In(L/Lg) = L119
(L/Lo) Ba(INR) (L119)
6
4 I
=
5‘5 , | | o
[ d =
o [2d 5|
= 3-d
2
5 0 5 i
(A) R (B)

Figure 8: Scaling functions

26th August 2003
(© 2003, Michael Marder



Scaling Theory of Localization 35

A
///W:%g
———————
—
< xﬂ
~
DC: \ 10
6
_2 \ 4
2
0
4 . . . . .
0.5 1.0 1.5 2.0 -4.0 -2.0 0.0 2.0
(A) InL (B) In[L/Lo(W)]

Figure 9: Three-dimensional scaling function for square lattice with diagonal disorder.
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Comparison with Experiment 36

'l) | (L120)

—) iy (L121)

10°
10° |

10" |

N

Resistivity p (€2 cm)

1 10 100 107°107%107%107%10" 1 1
(A) Temperature T (K) (B) It oc T703%

Figure 10: (A) Measurement of resistivity versus temperature in PPV,
( ), p. 6779.
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Transport and Fermi Liquids 1
g(x) g(x+dx)
° [ E&e’ap\ 0. o
v(X) —— e __; v(X+ dx)
X X+ dx
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Definitions

- O oo oo oo O 0O 0O 0O oo @O

Boltzmann Equation

Relaxation Time Approximation
Onsager Relations

Holes

Wiedemann-Franz Law

Seebeck, Peltier, and Thomson Effects
Classical Hall Effect
Magnetoresistance

Fermi Liquid Theory

Quasi-Particles

Zero Sound
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Boltzmann Equation 3

Suppose have Hamiltonian structure:

. OH - OH
r=— = —— L1
85 Y ﬁ 8? Y ( )
In particular case of electrons in semi-classical approximation (discard anomalous
velocity)
H(T,P) = E(P+Ae/c) —eV(T), (L2)
: €
oh (L52)
hk = —ef— % < B, (L3b)
where hk is defined by
hk = p+eA/c (L3c)
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Continuity Equation 4
09 g(x+dx)

® { P\ o o
co
L E\‘ ¢ ]
o ° o0 .
v(X) — * 1 v(X+dx)
{ o [ o °
L °o lo . o
¢ [
([
X X+ dx
Figure 1:

Let g(x) be the number of particles per volume. Then the number entering volume Adx
minus the number leaving it is

? ? (L4)
a9
— =" 7 L5
5t (L5)
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Continuity Equation 5

For a system with flows in more than one dimension,

o9 0
5t =~ 2 g M (09D, (L6)
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Occupation Number g 6

dkdr
gf'k( ) t)dr D—)dk 2—— (27_‘_)3 g?k(t) (L7)
G= / [dK] dF g, G (L8)
O = f + corrections, (L9)
of_, -
O~ f —Te— I vy - E. (L10)
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Boltzmann Equation 7
g 0 - 0
Y T vg- = L11
09 . 0 =0
P _ _rZg-k=g L12
5 = oY kakg (L12)
0g . 0 50 dg
P 7 Cg_kLgt =2 113
ot r 8?’9 k@Rg+ dt lcoll.” (L13)
dg
—= L14
dt Icoll. (L14)
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Relaxation Time Approximation :

dg 1
E coll. - —; [gﬁ(_ f?d ’ (L15)
Expand about Fermi function appropriate for local conditions:
fz= L L16
ko &Br(Eg—nmr) 4 q (L16)
dg 09 - 0g = 09
— = — 47— +k-—, L17
a ~at T ar T Gk (L17)
dg g—f
& - (L18)
t e~ (t=t")/7¢
= go(t) = / ' f (t) ———— (L19)
— 00 &
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Relaxation Time Approximation 9

t

*\X .
-‘%‘i‘. Figure 2: Electrons thatat timet end up at 7

and k.
t ) d
O (t) = o — / dt’e= (- VTewf(t’). (L20)
t /
O = fi— / dt'e—(t-t)/7e [ﬁ,— kt, ] f(t). (L21)
of of - VT
7 88[ Vu— (E—M)?]a (L22)

and
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Relaxation Time Approximation 10
of of o0& of __
= = 3 8R:aghv, (L23)
t Sy /
g= f—/_oodt’e_(t_t')/TeTJR-{eﬁ+@u+ EkT MVT} 8:;(;). (L24)
g=f —77; {el?+?u+8r‘_“§T}g (L25)
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Relation to Rate of Production of Entropy u

_9S_9e _ oN
o o Pt

so the rate S at which entropy is generated is

S =

ot T

aS - j_ j IE'\T —
_|_V.[8 MN} N (

(L26)

(L27)
(L28)

(L29)

(L30)

) Je (L31)
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Relation to Rate of Production of Entropy 1

t
Ok = er+/ dt’e”

(t=t)/7e c'g(t')2 Inf(t').

O

(L32)

(L33)

(L34)
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Transport Symmetries 13

Forces and fluxes:

dQ
X, = K (L35)
Flux associated with electric field is
N -
—e— = ]. .36
ex = | (L36)
Flux associated with temperature gradient is
1 AN
-~ (E—p)5 (L37)
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Onsager Relations 14

Xa = LapXs. (L38)
B

Log (B) =Lgo (—B). (L39)
The flux of 3 in response to force « is the same as the flux of « in response to force S,
(provided that one also reverses the sign of the magnetic induction B.)

Heat flux produced by electric field equals electric current produced by temperature
gradient.

Derivation:

t ~ N4/
Log = / [dk] dF; /_ g’ 99U - -ty /e [%mf(t')} ddQ)E;). (L40)

Cp = ER, = f(t) = f(t"). (L41)
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Onsager Relations 15

t —-tht' >t

_ S (L42a)
B ——-B
K r = —K_
k v (L42b)
r)tl — ?—t’
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Electrical Current 16

- j 1 —
== e / dK| 7, 0. (L43)
0]a
= L44
aEB Oap ( )
= 7 ? (L45)
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Electrical Current 17

S of;
Oag = €°T / [dK] v (— ahkﬁ) (L46)
OV,
= 0ag = €T / [dK] f; ks (L47)
= ezT/[dk] f.(M ™) 0p. (L48)
ne’r
o= (L49)
In cubic crystals
1 1
— = 3 [dk] fTr(M 1. (L50)
Conductivity related to effective mass
=€ / 43 TeVavs; (L51)
Alternative form as Fermi surface average.
Conductivity of filled bands is zero.
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Effective Mass and Holes

18
S éfﬁmmﬁﬁmw4hﬂ (L52)
levels
- —ér /nocc o [dR] (M_l)aﬁ. (LS3)
- Ievleﬂ
h?k?
&~ Ec+ e (L54)
;€T (L55)
n;
hk?2
- €, — . L56
&~ &, o (LS6)
o PET (L57)
ms
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Mixed Thermal and Electrical Gradients 19

_ Lné+Lu<—VT>
T
_ L21(—3’+L22(—_VT>
- )
Ll L21 _1};(1) L22 iL(Z)
e e

(L58)

(L59)

(L60)

(L61)

(L62)

(L63)
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Mixed Thermal and Electrical Gradients 2o

ag(E) = Te € / [dK] vavs 6(E — &), (L64)
L) = / d8—8 1) Tas (E). (L65)
O < s(e—ee) (L66)
O
Lop = 0ap(EF) (L67)
e = T(aT) ols(Er (L68)
71.2
Loy = 7 (keT)?00ap(Ee). (L69)
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Wiedemann-Franz Law

21
o = /a:(— %T) (L70)
S —VT
g e L7
VT
=G = (Lll)_llev?, (L72)
- VA
i [L21 L11 1L12—L22}(?) (L73)
ke T .
L74
= K T O(—— e )? (L74)
2 kB
o — = L75
= Kag 3 ez ( )
2 1,2
Lo = %% —2.72-10"Bergem=1K"2=243.10"8W-Q-K~2  (L76)
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Thermopower—Seebeck Effect 22
Metal 1
To
To
Metal 2
Figure 3. Geometry for Thermopower
G = aVT (L77)
=>a = (Lll)_ll_—12 = —12@0_10’. (L78)
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Elemet Z L/Lg L/Lg o (uK— 1 o (uvk=1)  Rne Rnec
300K 20K 300K 100K 300K 100K
Li 1 0.90 0.22 10.6 43 —1.02 —0.16
Na 1 0.91 0.30 —58 —26 —054 —0.50
K 1 0.92 —137 —52 —0.89 —095
Rb 1 —10.2 —36 —0.86 —091
Cs 1 —09 —0.99
Cu 1 091 0.31 1.9 1.2 —0.72 —0.78
Ag 1 0.96 0.70 15 0.7 —084 —0.84
Au 1 0.96 0.76 1.9 0.8 —0.69 —0.68
Be 2 0.97 0.23 17 —25  —3049  —30.49
Mg 2 0.97 0.78 —15 —21 —1.15
Ca 2 10.3 11
S 2 11 —30
Ba 2 12.1 —40
Zn 2 0.92 0.67 2.4 0.7 3.03 3.89
cd 2 0.97 0.65 2.6 —01 2.06 1.48
Hg 2 1.49 0.65 —1.97
Al 3 0.89 0.72 —17 —22 —0.96 —084
Ga 3 18 05 —0.96
In 3 17 0.6 —1.00 —0.50
Sn 4 —09 —00 —0.05
Pb 4 —13 —06 021
S 5 1.58
Bi 5 1.07
Mn 4 —10.0 —25 441  —2351
Fe 2 1.36 0.98 16.2 116
Co 2 —308 —84
Ni 2 0.83 —19.2 —85
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Peltier Effect

24
jo=11j. (L79)
N=L4LMt=Ta. (L80)
2
(8
7 = 81
R (L81)
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Thomson Effect 25

da - - — =
72T = VT 182
TdTV j uVT-j, (L82)
do
— .83
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Hall Effect 26

hk = —e%xfs—eé (L84)
S R T - e
~ xB)=—"79,B? L85
C><) C’UJ_ ( )
. hcBxk BxE
- (L59)
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Hall Effect 27

¢ A
g—f /_oodt e [e 52 8u (L87)
t
_ ~a-ty/re g T2 gl 9
_ /_Oodt K- [ExB} 5 (L88)
ch /- - of
_ e L
= (k <k>) [ExB} o (L89)
where t
kK = Ti / dt’ e~ ¢t/ Te Ry, (L90)
& J—o0
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Hall Effect 28

Electron Hole Open
like like orbits
Occupied
states

cupiec
states

Figure 5. Electron-like, hole-like, and open orbits for the Hall effect.

- -, 0fhce - -
. 0f hco - 4
— e/ [dkl— —k-(E xB L92
/[ i (5X D .
ec o 0 (v =2 3 nec - =
_ {gf[dk]a—k,(fk-(ExB))}—E(ExB) (L93)
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Hall Effect

29
- nec - o
J=— 5 (ExB) (L94)
=05 (ExB), (L95)
p= [ 61§ (L96)
Ex
R=——2 (L97)
Bly
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Magnetoresistance 30

E=pj (L98)
e IR R
Te B B
o X (L99)
R TR
B Te B
15 ! | ! | ! | ! |
. 10 -
<
<
5 .
0 ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100
Angle ¢ (degrees)
Figure 6: [Source: ( ), p. 673.]

Giant Magnetoresistance (GMR) and Collossal Magnetoresistance (CMR)...new read
heads.
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Basic Ideas 31

ol 1 K Eg &
.4 3
/F/_\ m
(A) (B)

Figure 7: Fermi sea

Lifetime of quasiparticles large near Fermi surface

|nt - Zukl T(CR CR q',UCR,UCR,,UI. (LlOO)
k’ﬁk

O'O'I

Pk —K) / (Hda el) 0(1+ & — E3— E4)|(T'[Uin|TH % (L101)

. . EE E1+E2—EF
Pk — K') / dez/ dé€sox (E1—Ep)2 ox 771, (L102)
2 E

EF—¢&1 F
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Statistical Mechanics of Quasi-Particles 32

1

E[6f]=Eot ) EI0f+ 5> Ofiug oty ... (L103)
Ko KK/
SR = 8%0) —+ Z URR'5 fR" (L104)
K o

_é‘” =0(&r — &). (L105)

N 1

1
Zy= > exp{—B[Z(Séo)—u)anJrzZénRum,énR,]}. (L107)

5n|—(»1 --6nR»N Ko Rl’%’,

o, =0f,+ (o, —4df) (L108)
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Statistical Mechanics of Quasi-Particles 33

(0) 1
B g & THFD ot ST ABT D g STy Ui O

Zgr — Z e oo’ (L109)
5”‘12 =0,1...
1
NICEAEADY I Ci (L110)
RR’, 6n—R1... ko
= 11 e289 i Ot TT (1 + e Plex—wifk), (L111)
R_R’I Ko
5t = H 0358 f U 6Ty Z 5y H e Plew Ko y7.. (L112)
I_<T<”I 6n—R1:O,1... K o'
h 1
5t = K — £9, (L113)

- @B (&) +1 - PE—1) 41 k
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Effective Mass 34

oE; hke

= = L114
o = | Ehe| = 1 (L114)
. P,
N = E:(‘I’|ﬁ|‘1’> (L115)
kh kh
= :ﬁfr(:E 8 fy (L116)
ko ko
1, .
1+ — =141 - h. L117
E IfiaH El p-R/ (L117)

[1inﬁR/h}{Zi+;zoint<ﬁ,%)}[HinﬁR/h} (L118)
B |
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Effective Mass 35

0 (0)
Zgéo)[fﬁ i~ f 1+ fa— fi TUe[fo g — f| (L120)
ko KK
= dk- ZF +ZE(O)51‘R+ Z(kaur(k,dfk, (L121)
[%
h = ) uf (L122)
with e
- K
K pre (L123)
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Effective Mass 36

ae“”
el Z fi o Ui d i (L124)
88(0) a
it 5f~+f(°) Uz 0 L125
oE; ol
Y Esf— ) —Kug sty (L126)
— ohk a Ok
D TS U TS (EY) — Er)of. (L127)
Ko K
hk = > (0)
- = Tt D U U (&) — E). (L128)
k'o!
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Effective Mass

37

Zuﬁkf 8(0) EF)

kll

1+Z”Rk' k2 8(0) EF)
k//

1+4{/dewd25(“> EF) Uy k- K

1+V/dE?F)um,cose

1
1+ VD(&F)% / d(cosé) uy, cosé.
—1

(L129)

(L130)

(L131)

(L132)

(L133)
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Specific Heat 38
aa 1
Cr = Zly= m[Za(%f £ 0 fugd | (L134)
Ko R”l&'/
ao f,
= Zek T (L135)
a5 f; M (Ex—w) h; h; 96ty hy Ou
oT (WM 1 kBTZ(ER_“)_k.TZ”V T Tigrar (- 9
B L1 , eB(€x—n)
Cy = V / Kz G W i g (L137)
B 1 5 @B(&—n)
_ / AED(E); 3 (€ ~ 1) ity 1 g (L138)
2
=cp = %kéTD(SF) (L139)
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Specific Heat 39

- k25(8|:—8) ké m*k.:
D(&) = [ [dK|6(Er — &) = [ dé )~ =TT (L140
(k) / (A o(Er — &) / hoe ok w2 e )
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Fermi Liquid Parameters 40
Uiy = Uiy = U t U (L141)
Uik, = Ukgier = Y — Yoo (L142)
U, = Y UfR(cosh) (L143)
1=0
W, = > u'R(cosd) (L144)
1=0
/ +w /
T 2I+1/ d(cos#)R (cosh) kaTZ kil (L145)
uw = 2|+1/ d(cosd)R (cosh) ka/TZ kﬂ”. (L146)
FA=VD(Er)W?, FS=VD(Er)UP. (L147)
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Fermi Liquid Parameters 41

1
VD(SF)% / 1d(cos@) oS 0 Uy, (L148)
— (= L149
<3> (2) /_1d(c030) P1(cosf)VD(Ek) > ( )
1
§Ff‘. (L150)
m_ 1+ }FS (L151)
m ~ 37V
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Traveling Waves 42
oP
2 — 152
C 8,0 ‘S ( )
V OP V & OF —Viu
_ _ L 153
moN v = " mONOY  m oV N ( )
N ou N 9°F
— =z . L154
5f, = 0(u—E&) —0(Er — Exlumey) (L155)
96 f; 0,
— L) (1— L156
85 fr(/
= 5(&—p) [1—1; Y g, | (L157)
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Traveling Waves 43

A= U, —K. (L158)
R*,ZJ, Kk a'u
/ K] U, (&5, — 1) (1 — A) (L159)
B(1—A), whereB=> g d(&y—p)=F; (L160)
K o'
S
B _ R (L161)
1+B  1+F$
ON a5 f;
— = L162
ou ; ou ( )
= ) §(&—p(1-A) (L163)
ko
= VD(&F) L (L164)
B 1+ Fs
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Traveling Waves 44
n S
_ L165
= C \/mD(gF)(lJrFO) (L165)
I~ s
_ L166
UF\/Sm(1+F ). ( )
(0)
8ot %, oty dg
. == L167
o+ gri ot B¢, o f = Gt hon (L167)
(w—0-T)d f— (& — ER)T- Ty () g, 0) =0. (L168)
kl /
dd(EF — &) = O f. (L169)
w—d- Tl — 8- T Y U = 0. (L170)
K o’
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Traveling Waves 45
s
=05~ 0T [ 4 e =0 (L171)
>dp = ?;T‘T)R Fs / j—f . (L172)
$(cos6) ) R(cos)e (L173)
|=0
— $(cosh) ~ [1 - — qu}F — 9} FSbo (L174)
1 1

= o —Fsdo3 /_ d(cosf) [1 - — q:jp — 9} (L175)
—FS¢o [1+ %quF In (::LSZE )} (L176)
e
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Traveling Waves 46
FS(L+ 2 F) + (—)%F [HELl ()] FleIo0. (L7B)
° 2 tque” Y 2que  ‘w+Qqur 3
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Comparison with Experiment in >*He 4
P(bar) F$ Fs  F@ F2 m*/m  ve (ms™1)
0 9.15 527 -0.700 -—-055 2.76 59.7
3 1583 6.40 -0.7256 -0.73 3.13 54.3
196 R —
| Predicted zerosound speedco |
194 | %:b’ ST . 455MHz ]
° % . o 154 MHz
T: 192 | OO - .
£ o™
8 100 | OO.- :
= .
188 S (')(')'068'.(;3'.0';:-'_"q'”""""';
| Predicted sound speed ¢
186 -
1 10 100
T (mK)
Figure 8: [Source: ( ), p. 76.]
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Dynamics of Bloch Electrons 1
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Drude model
Semiclassical dynamics
Bloch oscillations

K - P method

Effective mass

Houston states

Zener tunneling

Wave packets
Anomalous velocity
Wannier-Stark ladders

de Haas—van Alphen effect
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Drude Model

3
M= —eE —e- x B—m-, (L1)
C T
In the absence of an electric field,
— o /7 (L2)
In the presence of one
e —
B(t) =7 7+ o+ %E]e‘t/ g (L3)
=7 ? (L4)
- nezT —
—nev = —— L5
J p- (L)
ne?
=0 =1 (L6)
m
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Drude Model A

m 3.55.10" 135
_.m _ (L7)
nep n/[1022cm—3] p/[uQ2cm]
Colder Hotter
< /
X—uT X X+uT
. n 0¢& o0& OT
Je 5 Ux [E(X—vyT) = E(X40xT)] & _nng& = _nfUETa—T& (L8)
2nl  , OT ™ 33T OT
_2 Z L9
m2 XN oy m 2 OX (L9)
K 3 (ks ? —13 12
= =2] =1.24. K™=, L10
T 2(e> 1.24-10"~ergcm (L10)
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Semiclassical Electron Dynamics 5

. 10&;
F=_-__K, L11
h o (L11)
hk = —ef — g? « B (L12)
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Bloch Oscillations

6
)
—m/a w/a 2 /a 3r/a
Kk
= —2tcosak, (L13)
hk —eE (L14)
=k —eEt/h (L15)
2ta . saekt
i — T gin( == L16
= h o ( h ) (L16)
21 aekt
— — ). L17
=T = cos( - ) (L17)
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Bloch Oscillations 7

1.0
05 | - -I. ]
o ‘*‘. -l. -
2 . . -
> ] | -I h
b OO - - o - -
E fvf '- I-
L 05 | " -
_1-0 | | | |
0 1 2 3 4 5
Time t/|vr/a]
Figure 1. [Source: ( ), p. 4510.]
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k- P Method

°
°
° °
a4
%)
¢ °
°
¢ °
K1 Ko

Figure 2: Which eigenvalues belong to the same band?

P s 2.2 o oa
ik = o [~ V7 20(K40K) - V 4 K+ 0K"Ju(P) +U (Mu(F) = Eu(r).  (L18)
M e ome s e
¢ :_Fn[_(”( —25k.k+2|5k-v] (L19)
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k- P Method

9
(1) (2)
8n,R—|—5k = Enr(—l—(gnr( +8nR +.... (L20)
1 h2 = g e 4
e = (Ul =)0k (K=iV) ugg) (L21)
K—iV)e k7 = _jg k7§ (L22)
e® = Dy isk Pl (L23)
nk  m' "k nk
OE - h .
= 8£k = E(%@IPI%Q (L24)
OE -
= % — )=7_. (L25)
ohk \0) = Ui
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Effective Mass 10

d . 0(04,) OKg
— = L26
it (0o oks ot (L26)
d T
= —(0) = hM™ 7k (L27)
dt
where ,
1 0€
-1 = Nk 128
(M )aﬁ h2 8ka8k3 ( )
Proceeding to second order....
) ﬁa L L ﬁ ) L.
(M —1)a5 — E(Saﬁ _I_ i <¢n ‘ ‘wn k> <¢n k| 5|¢nk> + C.C (L29)
m rr‘z 8n_’ - gnlr(
n’#n
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Electrons in Electric Field 11

Potential of form —E - T conflicts with periodic boundary conditions.

E=—-——-VV. (L30)

A Magnetic flux tube

J%:i(m A)2+U(“), (L31)
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Electrons in Electric Field

12
A= —cEt. (L32)
[%n (I5+ (—SA)Z +U] d(X,t) = Ep(X,1). (L33)
d(X+L) = ¢(x). (L34)
P(xt) = e Mg (x,1). (L35)
P2 .
Onk(t) (X) = gk® XUnk(t) (X). (L37)
g IALFL /Megk by o (x+L) = 7 ? (L38)
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Electrons in Electric Field 13

—eA 27l
ekt 27l
i - L4
= 5t k) r (L40)
(L41)
hk = —eE. (L42)
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Zener Tunneling 14

exp / dx’ \/Zm (L43)

(L44)

~ exp | —

- &g /2mE
~ exp _—eé\/ hzg] (L45)
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Zener Tunneling 15

Figure 4: Energy diagram of Zener tunneling.

(1)) = ch’ (t)|q~5n’k(t)>- (L46)
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Zener Tunneling 16

L OlY) o
= =y) (L47)
jtc‘¢> — ch’(t)gn’k(t)‘qgn’k(t)ﬂ (L483)

. dCy - o - .
— 'hZ ot |¢n’k(t)>"‘Cn’(t)a_k|¢n’k(t)>k (I—49)
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= in D (s ¢ 0 ) o (L51)
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Zener Tunneling 17

i t
az(t) = Cy(t) exp [ﬁ/ dt’82k(t,)} , (L54)
0
, - O, €E i/
G2 = (P2x()| q;lli(t)> n oXP [H/o dt’ (€ ey _81k(t’)>] : (L35)
L [7 . eE i [
0 0
L 27N/L _j k ,
()ZZ(T)% N/O dkeXp E/O dk (82k’_81k’) . (L57)
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thIZ
Eaw —Ep = Egt o (L59)
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Zener Tunneling 18
242
gt o1 =0 (L60)
—i 9 h°k’2
az(T) exp | £ i dk &, 2m*] (L61)
exp :%qeg} (L62)
 5e3/2 —

exp | —3.41-107 [£4/eV]¥2[m* /m¥/2/[E - cm v—l]} . (L64)
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Formal Dynamics of Wave Packets 19

VVerC Z ’UJ"" —|eA(F’C) r/hc— iK- f’cw ( ) (L65)

Calculations from here on out too complex to present at board...

K —K)-Fc
1= (W, W, ) Z / dre® = Towg wi o (F)yy(F) Zwkkcw Oxe
kK (L66)
> g |* (L67)
K
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Formal Dynamics of Wave Packets 20

Reciprocal space Real space

e

—m/a ke w/a
Figure 5: A wave packet viewed in real and reciprocal space
wg, = |wlg "0, (L68)
where 9
Re = i/df’uik 7)—U (T). (L69)
‘e () = (1)
Wi T = TeWe ) = Wi PV ) — Te (L70)
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Formal Dynamics of Wave Packets 21

dr o
= [ 2 Wi vk e R=Te) e (), (F) [F— o) (L71)
KK/
(L72)
dr 0 (KK (P—te
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%k 3k 8
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Formal Dynamics of Wave Packets 22
= W [ g) =T (L78)
) .
L= Wk lihze W) — Wk [3 — &V (M)W ) (L79)
S I
= ooP+——=F+U[) (L80)
|52
[fn + U(M)]vg = iy (L81)
<VV?CRC|IH§; ‘VV?CR) = eZc dA;j(:C) + hRC e + hke RRC (L82a)
(W, ¢ | — eV ()W, ;) = & + Zi BT —ev(To) (L82b)
with ) . 8%* ) 5 .
L_Rc = —Ldr[ 8I_k,c — _RCUEC] X [ﬁ—l—kc] Ug. +C.C (L82c)
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Formal Dynamics of Wave Packets

23
0L = d 8@ and 8TL = E(‘)_L (L83)
orc  dt o, Oke At g
—). —> e ° —>
k. = —eE-— EF’C x B (L84a)
. 1 88& e . 8ERC A —
— T — : — - ’ 4
P, h[akc+2ch &J ke x ) (L84b)
Recover expected semiclassical dynamics, but with corrections due to anomalous
velocity €.
BF) = 9 A(T) (L85a)
- or
- — 8 - —
Qk) = — xR(k). L.85b
(k) P (k) (L85b)

7th September 2003
(© 2003, Michael Marder



Conditions 1or validity ot semiclassical
Dynamics 24

ek E
< < eg,/g—g. (L86)

&g
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(L87)
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Hamiltonian Dynamics 25

H= QR-L: B=-"2. (L88)
zl: | 0Q
oL - eA S
P pe - p+eA/ (L89a)
T a—f:hﬁ, (L89b)
ok

H =& —eV(P)+ (e/2mc)B- L, = £(P+eA/c) —eV(T) + (e/2mc)B-L;.  (L90)

7th September 2003
(© 2003, Michael Marder



Hamiltonian Dynamics 26

b 4

Figure 6: Energy contours on the Fermi surface of copper, showing open and closed or-
bits.
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Quantizing Semiclassical Dynamics 2

ih§|w> — H|W). (L91)

ot

L0
ih— W) = H|W), (L92)

ot
g Ht/n, (L93)
HT = 27hj, (L94)

. OH

thjz/dtZHﬁ:}[Z:dQﬂ, (L95)
jqf dk Ry +dr-[k— %—eﬁ] = 27| (L96)
;»jc[ dk -(izﬁ—r)—dr-%—eﬁzzwj. (L97)
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Wannier-Stark Ladders

28
[ = 7{ dk- R, (L98)
— — K —
orj = ]{dk-(ﬂlﬁ—?):l“— dk-7 =T — K (F) (L99)
0
S~ = - —sz . (L100)
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Wannier-Stark Ladders 29

27 /K

Figure 7: The Wannier-Stark ladder is a collection of electrons trapped in Bloch oscilla-
tions by an intense electric field, and spaced at intervals of 27 /K, where Kisa
reciprocal lattice vector.
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de Haas—van Alphen Effect 30

A= %é X T, (L101)
k= & B = K{t)—K0)= —r(t)—F(0)] x B (L102)
hc hc
= Bx (k(t) —K(0)) = E—f 7(t) — F(0)]B? + h—ifs P()—F(0)]B.  (L103)
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de Haas—van Alphen Effect 31

74 kG 69 kG

Figure 8: Sketch of de Haas—van Alphen oscillations of magnetization M in gold similar
to those measured by Shoenberg and Vanderkooy (1970).

2rj = r—/:dt [% %—E(fyé).r’} (L104)
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de Haas—van Alphen Effect 32

(L105)

(L106)

(L107)

(L108)
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B 27e [B/T]
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de Haas—van Alphen Effect 33

A = 952.107°

(A)

A%/, (L109b)

A(1/B)

(B) (C) (D)

Figure 9:
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Experimental IVlieasurements ot Fermi
Surfaces 34

Figure 10: Fermi surface
of copper,
Shoenberg
(1984).

Girvan et al. (1968).
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Fluid Mechanics 1
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Euler’s Equation 2
U(F+odt,t+dt) = 3(F,t)+ f(F,t)dt/p (L1)
O _ f
7 = L2
= o (U-V)o p (L2)
&Y .. VP
—+@-V)T+— =0 L3
o T (0 V)T + p (L3)
op -
L= _V.pv L4
0pvq op 0 0
— — Vg — vp+—FP L5
ot ”“at“’%:”ﬂarﬁv T, (L5)
0pv, 0 0
_ o+ 2P L6
> vazﬁjaﬁpvﬁﬂzﬁ:vﬂaﬁvwrara (L6)
0pvq 0
— Sy 3P L7
81: 8r5 {p?]a?]5+5 B } ( )
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Euler’s Equation 3
OaqB — —PUQU3 — 5Q3P, (L8)
Opva = i(7 L9
ot ; 8[‘5 b ( )
V-3=0, (L10)
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Navier-Stokes Equation 4

Figure 1. When liquid is sheared between two plates, the force is proportional to the
shearing speed and is inversely proportional to the separation d.

F Ovy

— L11
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Navier-Stokes Equation 5

Gas n Liquid n
(g/[cm-sec]) (g/[cm-sec])
He 1.99-10—4 NH; 14.10—4
Ne 3.17-1074 H,O 82-10—4
Ar 2.27-10~% CO, 6.0-10~4
Kr 255.107% Hg 160-10—4
Xe  2.33.1074 Glycerine  85000-10~*%

H, 0.89.-10~*
N, 1.79.-10~%
O, 2.07-1074
F, 2.36-10~*
Cl, 1.37-1074
CO 1.78-1074
CO, 1.50-10—*
Air 185.-10° 1st May 2003
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Navier-Stokes Equation 6
,  [Ova  Ovg 2 ov
Tus n[% a—%h[c—gn}aaﬁ;a—g, (L12)
ov, O
Ta = —PUats —dagP+n| E;;B o) (L13)
p% +p(B-V)8 = —VP+1nV20. (L14)
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Polymeric Solutions 7

—» —» —

Figure 2:
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Polymeric Solutions :

ZT# o

\j

Figure 3:
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Polymeric Solutions 9
o(R R+ = So(R - R) (L15)
03 = % / dR dR*+? %g(ﬁ'“ —R)O(R™)(-R)F; (L16)
_ % / dSdtg(9) 6(s,/2+1,)0(s,/2 — t,)F5 ! (L17)
- 2 / d8g(8) S0(s)F) (L18)
- % <[R'Z+1 ~-RJI(RH-R) F/;+1"> (L19)
5 (IR RIOR,—~RFL). (L20)
ot = % (R RIS (L21)
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Polymeric Solutions 10
_ % <[R'Z+1F£3+1"> + %7 <R' F '+1> (L22)
— % (RS + % (RTF. (L23)
Oap = Z<R" Sy '>. (L24)
|1/
=3 % STE" bR —7) +£. (L25)
|l
(€a0)s(0) = Porte T, (L26)
> L X o e 51
R'_v+b—m[R'+1—2R'+R 1]+E. (L27)
=70+ WasRs. (L28)
B
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Polymeric Solutions 11

R =70+ WR +£[ﬁ'+1—2ﬁ' +§|—1]+§ (L29)
bm b
N
Pe= > emINIR 5. (L30)
VN
P = {W—w P+ + (L31)
with -
wk = m—b(l — cos[2wk/N]). (L32)
If W is independent of time, one can write
t Kk
) w9
t Kk
pOK / dt’ et~ s g') (L34)
1st May 2003
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Polymeric Solutions 12

x - kg T
0)k 0)k / It— t|wk
= (MO = e TR s, (L35)
t
S DU (L36)

A kBT
= <¢ wﬁk )> Mbwy 5

F [T (KO (0020

t
+[ d Z@“’)k*o o (OBOK)) (L37)
_ mbwk{a5+ / dit’ e~ =iy (t')+vvaﬁ(t')]}. (L38)
_ %Z<Fg"'Rg> %ZXR‘ (R —2R; + Ry 1)> (L39)

1K
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Polymeric Solutions 13
= %i(Z—Zcoszfnk/N)wgwg* (L40)
k=1
N
— Zwk (L41)
k=1
_ ENZIIC; Wors +WB@] (L42)
BV — op Wk
keT | N2 W+ Wi
= 2 INf,5+2 (L43)
Vv _ B kzzzl Wk _
kBT ozB +WBa
~ o (NS +2 L44
v & ZZJCl 27k (L44)
I mb 2 <W) |
i 2
= % Ndop + (Was +W5a)nl1t2)?|<] (L45)
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Polymeric Solutions

14
kg T N2 Ou,

= —— : L46
Ty b 12K dy (L46)

C N2
hd A L47
on N ks Tmb 1% (L47)

c . N2a?

Zmh— L48
NP (L48)
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Polymeric Solutions 15

log {G/[cksT /N]}

2 |

log[wnsN /kgT]
Figure 4. [Source: ( ), p.197.]
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Polymeric Solutions 16
Oxy = Nz_l Woks T [wk CoSwt 4w Sinwt] (L49)
— V(wi + w?)
_ keT N_lw(w—l—iwk)
Glw) = v 2 2T o (L50)
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with

Plasticity 17
det|o — M| XN A+ 13=0 (L51a)
Il Zaaa (L51b)
1
P EZ{OO‘BUO‘ﬁ UaaU,B,B} (L51C)
af
I3 det|o| (L51d)
— }Za (L52)
0 = 3 - (678%
SaB = Oap 0'5045 (L53)
1
J > ) SapSas (L54a)
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Plasticity 18

J; = det|g]. (L54b)
VI = k. (L55)
&P :{w[\/z—m]sag if vVJo—k>0 (L56)
xp 0 otherwise.
W = /dt’ > & oas. (L57)
af

de) ; = Cds,gs. (L58)
dW = C) o04p0sag (L59)

af
= C) Suplsyg (L60)

af
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Plasticity 19

— Cdd, (L61)
dk = K'CdJ,. (L62)
C = L (L63)
28V
ds
de? . = b L64
= af 2%'\/\T2 ( )
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Superfluid “He 2

i

Figure 5:

| XK
W= P (L65)
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Superfluid “He

21
T2
P,
LK
Py
Figure 6:
o — 96 _ 9Gi(N1)+Go(N—Ny) (L66)
ON, ON; TP
861 862
ool T2 T1,P1) = po(To, Py). L67
oNy ~ oN, TP = kel R o
081(SL V1) _ 0€(S,V2) | 1 _ ¢ (L68)

05 0
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Superfluid “He

22
Oz oJ7.
— AT+ —AP=0 69
PST>) (L69)
1 AP
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Two-Fluid Hydrodynamics 23

= (Ts- V)Ts = S (L71)
V S
— dP- =dT L72
Ty S VP -
—%T;SJr(TJs-V)@S: ——Vp +sVT. (L73)

O0v - o0v I, - .
Ps { ﬁ + (?75 V)Bs} _|_ ,On { ﬂ ‘I’ (Un : V)'Un} — —Vp_l_ 77V2’Un. (L74)
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Second Sound 24
op = . S
ﬁ + V- (,On'Un + psvs) =0 (L75)
0pS >
a—‘; — V- pSt; (L76)
s _ VP 0T (L77)
ot 0
863 a'l_]’n . =
Psﬁ —|—,0nﬁ = —VP. (L78)
0°p 2
L vA = L79
72 (L79)
0s 10sp sOp
- - = _ZZF L
ot p ot pot (L80)
—15 So . .
= —V-pSon+—-V- (Pn’Un + PSUS) (L81)
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Second Sound 25

_ %@ - (Ts — Tn). (L82)

Solving Egs. (L77) and (78) for 0(9ds— v) /Ot gives
%(63— ) = sﬁ VT (L83)
:¢g§::§%v%. (L84)

op . 0°PY  9p  9°TW

Z . = vp® L85
op T o Tar P 5 (£55)
os . 0°P®  9gs  9TW P

_ 2Py 186
OP T oz ' aT e ot? P (L86)
op | a1, Op _
“F o1 - 2p(1) L87a
A - (57
0s 0s _2 2Ps
1 PO 2 T = 228570 L87b
gp 1T Tar P Pn (L570)
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Second Sound 26

Cc—2<? —2 |T |
Ps/ Pn C 3p
1— 9s 1— 8,0 (L88)
9T p 9P I+ |T 5T |
— CP(;CV (L89)
P
~ 0. (L90)
oP
Ci = 8—,0 o (L91)
and
TS ps
= — .92
©2 Cp pn ( )
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Origin of Superfluidity 27
Maxon peak _
N
T
E |
3 -~ Roton minimum _
\ Slope, 56 m s~ _
| | | | |
1 2 3 4
Wave number k (A1)
Figure 7: [Source: ( ), p. 46.]
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Origin of Superfluidity 28

(1) = / dNres (T .. . TN N (Te. . . TN, T) (L93)
N A
=3 (L94)
=1
Y —1i A
L / AP { YT — I (L95)

N — * _hzv%
= [ d ?Fw,\, om +UN+1(?1---?Nar)_UN(rl---?N) ¢N+1-

(L96)

—hov —h?*V?2

— o = T, (L97)
¥(F) = /ne?®. (L98)
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Origin of Superfluidity 29

on -~ h
oa__g. L99
0] hw (L100)
Vs = —
> m
0¢ ) h* vZyn
hﬁ ——(u+mvs/2)+2m T (L101)
m%jum”’—g = -V (L102)
ot 2 = a
s . = \Y
ja_;+(vs.v)vs _ _Fﬂ (L103)
ds$-%s = 2nlh/m (L104)
C
;»/dzrzvxas L (L105)
A M
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Origin of Superfluidity 30
YT - )
3 WPNIE 0000000000 Ney 900 0 Wg |
E 2} y 4 N -
E 1 B o o i
o i / c o |
0o | o ° .
-
o - ® _
§ -2 B - ; y -
© 3} “GBeetes *P Qe ese QB --------=-eeeeeeeeeseeeseeeseesessesesessaaeseesaeseeseeeeeeeeeee m
e B ~
_5 _‘ . | —|> | | | | |
-4 -3 -2 -1 0 1 2 3 4
Angular velocity  (s—1)
Figure 8: [Source, ( ), p. 1799.]
e= [ dryp?(n) = 3oxR—3), 1=n(eR/a) (L106)
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Origin of Superfluidity 31

P, = ‘ / dr’pa(r’)| — kR (L107)

08 _ K(n—3)
_ 9 _ | 1108
VTR, T 4R (L108)
Ctot = Cv — Ryus (L109)

dgtot 88\, aPV 8PV

_ _ _0 — . L110
dR 7 3R, R OR™ Vs = (L110)
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Lagrangian Theory of Wave Function 3

L0 vz .
m§¢:[Zj—2m-H1¢.
¢Vip* —¢*V ¢ = 0.

/ & §* V2 U

(L111)

(L112)

(L113)

(L114)

(L115)

(L116)
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Lagrangian Theory of Wave Function s

- / i g [QSVZ &V 1 2(v, 20 (V)0) +e2‘1’|~v2¢}

_ /eE\IJI*’ [|¢|2V|262\Il|//

_ / E\Ill,|¢|2v2 20, _ 162V, o

/ SV [$7726 — |1V T [2].

[ = /dNr|¢|ZeZ|/\III*,+\I’|/ Z

J

S+

TAd

it (%|€E\II|”) +

| ot

[L—M / dNr |2 Vit

h -
- 2m|v'\Ij||2

=0.

(L117)

VieHh)- (VifgP) + €7 VR (L118)

(L120)

(L121)

(L122)
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Lagrangian Theory of Wave Function s

N (F) = / dNr’|¢|2eEI"I’P+‘I’I'Za(r—r.) (L123)
I
S(F,F) = v/deqs\z EI"I’V+‘I’I'ZM PSP —F). (L124)
[/
. . 8\1! h?
—5-V mVE(P) = %:/d“'rwza r —T) 8t| 2m|v\1;.|2—4 (L125)
_ /dr' in? t' ——|V\I!(F”)| _u|sEr). (L126)
h?k?
S Y(Gw) = [w¥(qw)—pui(@)(w)Sd) (L127)
2  6.02ks[q- A]2

Nw = = =

R T R R (H129)
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Lagrangian Theory of Wave Function 3

30
H
> I 0B oy g )
< 2 | 0" B ° i
i O |
ﬁ 15 | :
g 10 } o From §(q) -
S i —— Neutron scattering |
0 1 2 3 4
Wave number g (A1)
Figure 9: The neutron scattering data are from ( ) p. 46, and data for §(q)
are from ( ).
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Superfluid 3He 36

Need something....
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Superconductivity 1

¥ ' 0
o . .y -

0-. 0 . .
.. .« & -
0.0.0
oy ey
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Definitions

0 oo oo oo oo oo 0O 0O O O @O

Perfect Diamagnetism

Landau—Ginzburg Equations

Type | and Type Il Superconductors

Flux Quantization

Josephson Effect

Superconducting Quantum Interference Devices (SQUIDS)
Isotope Effect and Frohlich Hamiltonian

Cooper Problem

Bardeen Cooper Schrieffer (BCS) Theory

Bogoliubov Theory

High-Temperature Superconductors
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Idea of Superconductivity 3

Expulsion of magnetic fields, not infinite conductivity, Is the key.

o
| v \\\ "4 Figure 1: Flux threading a current

R
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Phenomenology of Superconductivity

Wave function is rigid

my = —eE (L1)

o ne? .,
- - = L2
~ ot m (L2)
igﬁx@xg = 47mez%><l§ (L3)

ot L mc

= — g 47Tne2 — —

:>V><V><; = e (B—Bp). (L4)

25th October 2003
(© 2003, Michael Marder



L_ondon Penetration 5
B+ XV xVxB=0 (L5)
I'nC2

AL= \/ Amune? (L6)

B4 A2 (W%-E@) —VZB) —0 (L7)

B, =0 (L8)
= \? 0B, = By x e ¥ (L9)

X L 822 X .
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Phenomenological Free Energy 6

F = / drdr'Z%Aa(r)eag(r—r’)Aﬁ(r’)+5(r’—r’)%§(r)-B’(r'). (L10)
af

[V x V x Ag)]a = — / dr’ %:Gaﬁ(r—r')Aﬁ(r') (L11)
= jaf) = [V xBa = —c/df” 3" Gas(F—F)As(F). (L12)
4 5
L1
;{Gaﬁ(knﬂ(kzaaﬁ—kakﬁ)}% = 0. (L13)
Gag — (1 ~1) 2 505 — Kaks] (L14)
af 10 Ar af B -
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Phenomenological Free Energy 7

T
_ Une-l / dF B(7)2. (L16)
8
1 2
F=_—" [ dFB(P), (L17)
8T
limG L s (L18)
k—0 b 47T)\E op
1 driAz(r)jLWxNz (L19)
8 A2 ’
1 - = o
12A+V XV xA=0. (L20)
L

B+A2 VxVxB=0, (L21)
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Thermodynamics of Superconductors s

1
F = Frorma + %Bg
S 0F 1
— ?—B'E :Sjnormal_ %Bg
BZ
AF =T normal — F superconducting — 871_(:'“-
H2
AF ==,
J 8
0 Hc OHc
AS oT J 4 OT

(L22)

(L23)

(L24)

(L25)

(L26)
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Landau—-Ginzburg Free Energy 9

2

F= [ 5 al¥f+ |\11 |+ o B o [—V+FA(r)}\p(r) (L27)
%x@:%ﬂjﬂ (L28)

- 2eh A€
(1) = ——[¥*VU-UVI* ——A\If U, L29
i) i [TV TV (L299)

Minimizing with respect to U* leads to
1 (hs 2
0 = a+6|\1!|2+2m ( V + eA) U, (L29b)
/h= 2e-

n-(i—V+? )qf_o. (L30)
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Type | and Type Il Superconductors 1o

Compare the following lengths:

h2
&= SreTal (L31)
% oS (L32)
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Type | and Type Il Superconductors 1

Compound Te Hc & AL
(K) (G (A) (A)
1.18 105 13000-16000  160-500
ﬁ:I? =20 GPa) 5.3
8 GPa) 8.55
Ce (P SGPa) 1.7
Ga 1.09 58.9
Hg 3.95 340 380-450
Ir 0.10 20.1
Lu 0.1
Mo 0.92 98
P (P =17 GPa) 5.8
Pb 7.20 803 510-960  390-630
Si (P =12 GPa) 7.1
Sn 3.7 308 1000-3000  340-750
Te (P = 8 GPa) 4.3
Th 1.37 162
Ti 042 56
Tl 2.4 180 4200
U 1.8
W 0.02 1.07
Zn 0.85 52
Zr 0.53 47
Nb3Sn 185 28 34 1 600
YBa2Cu3 92 500 4-8 900-8 000
HgB,Ca,CUsOy 135
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Type | and Type Il Superconductors 1

( Vs = —% or
T|? = 4 (L33)
0.
F a’
v = —% (L34)
2 _ Aro? L3t
Hg 5 ( )
o
Y= o’ (L36)
— &V —p+ [y =0, (L37)
— &% —p+1p° =0. (L38)
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Type | and Type Il Superconductors 13

— &4 (") —p* + %w“ = Const. (L39)
Y = (1-¢?) (L40)
V2¢
b = tanh —— (L41)
=tanh
. (-

j= EV XxB=— m*C\IIOA. (L42)

S oo o At A€% oo
VxVxB= —%T B = -AB (L43)

_mc /B

== [0 (L44)
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Type | and Type Il Superconductors 14

4eA

= L45

: Cy/2M* || (L49)

=[] = (—IV +8/2)%) =0 (L46)

T D

?vaXaz—Tw*w—ww ) — ¢4 (L47)
1, o 2R,

o (—|hV+ T) U =_—qW. (L48)

o= T2, (L49)
ehHe,

—a=|a|= ol (L50)

He, _ 2x. (L51)
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Type | and Type Il Superconductors s
G HZ -2
A=V, (L52)
C 2
%z—:—"‘/\u (L53)
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Type | and Type Il Superconductors s

- ~®
0.0. ‘e
) o L)

- - L 4
] L *

.- & e
» 0.0.

(A) Zlum..._ .

e & =

(B) 5000 A

Figure 2. A Type Il superconductor is unstable to the formation of flux tubes (A) Magnetic

flux entering a lead film [ ( )] (B) Top view of an Abrikosov
lattice of flux tubes in NbSe, [S. Pan and A. de Lozanne]
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Flux Quantization 17
L VU — VI*] — e’ AT* (L54)
1= _2im*[ m*c '

T (F) = W ¢ (L55)
S W et o
o= - ( —Ate thb) (L56)

> 1/ m - e

= V¢ = H(e*q;gHEA)' (L57)
- / ds- V¢ = 2rl. (L58)

11 m - e
/ ds- [e* 72 J +€A] = 2nl. (L59)
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Flux Quantization 18

e* -

° [dsA = 2n 60

5/ . (L60)
= / o?rB, = = Zﬂ*hc = 1% (L61)

Figure 3: Magnetic flux that pierces a su-
perconducting ring is quantized in
units of ®q/2.
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Flux Quantization 19

3 _________________________________________________________________D__[L______E _______ g____
=) mn|

g 2 I F------ 9--D—--El- ----- i —— —
I:DD
c% 0 O DD

o S .2 =B o' S ——— _

0 a
O '_"T__l__@' _____ [ 1 [ J [ J I | I —
0 0.1 0.2 0.3 0.4 0.5

Magnetic field H (G)

Figure 4. Trapped magnetic flux in a superconducting cylinder as a function of applied

field. [ (1967)]
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The Josephson Effect 20

[ arum @i O%m + w6 W) (L62)
= (VP24 ¥173), (L63)
% = —FI :81\1114—6\112: (L64a)
% — %’ €00, + €Ty (L64b)

= ,/me? (L65)

(%7 +iyhid ) = FI [£1/Me?L + e /Mpd%2] . (L66)
. en . . J

Ny = 2-—sin(¢go—¢1) = -l = == (L67a)

h 2e
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The Josephson Effect 21

br— 1 = %(81—82) =2¢e(Vo—Vy)/h. (L67h)
2
j = Tosin(¢2—q51+§—§ /1 ds- A) (L68a)
—1 5, 2e (% -
F(82—81) — 2eV/h:a <¢2—¢1+ h—gfl d§-A>. (L68b)
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The Josephson Effect 22

&
Nl
&Q)
N
< @0(’ N
x® Q x®
Y o S
S © S 0.7
Q 2 Q
f & F T
> @ < 05
) O g 03
Z g 0.2
y y 0.1
@ 0 273 2 10 1 2 3 4
(A) (B) Magnetic field H (G)

Figure 5: (A) Setting for Fraunhofer diffraction in a Josephson junction. (B) Measure-
ment of J; in an Sn—SnO-Sn junction at T =1.9 K. [R. C Jaklevic, 1969]
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Circuits with Josephson Junction Elements 2

\—é+Josingb+C\'/ =J, (L69)
¢ = 2eV /h, (L70)
j _ Ch --
J = %2+J°S'n¢+2_e¢ (L71)
:>E¢+i¢ _ 0 [—¢J — Jpcos¢]. (L72)

2e” ' 2eR - 9¢
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Circuits with Josephson Junction Elements 24

A
S
3
S Figure 6: The washboard potential
iy in Eq. (L72).
i
>
h
to= eIR’ (L73)
Bqﬂrgb——i d)——cosqs (L74)
0
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B O 3 Py [t L
j[dé’-A = <I>:/ ds-A— — d§-qu+/ d§-A——/ ds-V¢ (L76)
4 47T 1 ) 47'(' 3
P
= ¢ = 4—0(723—714)7 (L77)
70
where
A 4 -
Y14 = ¢4—¢1+(}T/ ds- A. (L78)
0.J1
b1 Pa
3 B
2 @3

Figure 7: DC SQUID.
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Origin of Josephson’s Equations 27

= |\Ijo|287'('eh (Po — —
| = oy | 4r Vo+A|. (L81)
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T
. - 10A L.
oL 0G
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A OA C
oL - 0G 010G
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Microscopic Theory of Superconductivity 2
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Figure 8: Superconducting transition temperature T versus average isotopic mass in four
samples of mercury. [ ( ).]
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Electron-lon Interaction 30

lWwXc
Og = @ (L91)
#E — ) log (3T 4 4
T
XC——mez'(F E—K—g. (L93)
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Figure 9: Charge susceptibility ..
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—e'E
U= - (L95)
M(w? — @F)
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wh=— (L97)
2
Oion — _47Ti 2 _(Dé- (L98)
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Puw?
2 _ -2 Pl
“f =9+ T (L101)
1 q2 w? — (I)é
— : L102
o) Prrd |2 (L102)

[oprdFeT—E1t/N 4 gkeT=E2t/M2 o const. + cos[(Ky — ko) - T — (€1 — E2)t/N].  (L103)
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. 1 4ne?
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(L109)
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+ S hwgala+ = e, Z q.0Ct,oCaag+al g
K d, @l’
eS8 =4 (L110)
e ¢, _ee=¢ . (L111)
T = e~ S7(es (L112)
A oA - - 1rr~ 1 «
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2
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G) =[] ¢lio) (L118)
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U(P,T2) = ) U, e K (f=T2), (L120)
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1
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1 26F +2hw — €
= - Ul : 129
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BCS Theory 1
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: = 1 2 abff S 5 (L157)
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v
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Thermodynamics of Superconductors s
Zgr — Tr‘e_ﬁ[‘rJA_CBCS_,uN]7 (L180)
C—TQCRT = bR+ (C—R¢CT<T — bR) , (L181)
Zgr — 'I're_ﬁ[j_ceff_/‘LN]7 (L182)
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Thermodynamics of Superconductors 4
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9
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Thermodynamics of Superconductors s
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Figure 10: Sketches of the excitation energy, occupation number, and Fermi function for
the BCS theory of superconductivity.
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Ay,
=) buUyg = —Ap= T K (1—2f;,) Uy, (L199)
K’ K/
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A = EF — € 1-2f (L200)
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Thermodynamics of Superconductors s

Element 2A/kgT (Cs—C,)/Cy Element 2A/kgT (Cs—C,)/C,
BCS 3.53 1.43

Al 25-42 13-1.6 Pb 40-44 2.7

Cd 32-34 13-14 Sn 28-40 1.6

Ga 3.5 1.4 Ta 35-37 16

Hg 40-46 24 Tl 36-39 15

In 34-3.7 1.7 V 34-35 15

La 1.7-32 15 Zn 32-34 1.2-13

Nb 3.6-3.8 1.9-2.0
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Superconductor in External Magnetic Fieldss

. U
_ LAt A SO0AT AT A L A,
H=> eutl ¢, 5 O G G G (L206)
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A=Y (CriCir) (L207)
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H—uN = ) leg — moglel Guo = D 18561, G T AaclCh ¢ ] (L208)
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Crey = ; \/N_k Cko s AR’ = N_k ; e Af’, €/ N_k ; € €ry! - (L209)
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Superconductor In External Magnetic Fieldss

=& [+l (L211)
I
¢ L U (P)A1+ + v (P4,
T — = I I
T \/Nk | T I 1] (L212)
= S o (0
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1 \/Nk | \ I Ry
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_ _ e
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Superconductor in External Magnetic Fields

[He, Gl = = lerr — pber)Cry — ArCl,. (L214d)
r‘l
uwme = D ulerr — pdr U (I7) + o (T) Ar (L215)
U U .
Ap = VO Ni (6 Grr) = Vou| (F)ui* (P). (L216)
U (F) = ue ™7, ol (F) = e T, (L217)

=\ 2
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Superconductor in External Magnetic Fieldss

(P = WO +uP(F) = e * 3 e KU (k) (L219a)
kl
@) = W)+ (F) =ve K+ e K[, (L219b)
K
h’ ) 1) W — N R G Y R) O
(sp—%v —,u)vR (F) - A UD(F) = —ﬁ(A-v+v- )UR (F) (L220a)
h* (1) O — N R G R O
<8R+%V Fp)ud () - AP (R = —ﬁ(A VYA U (). (L220b)
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Superconductor In External Magnetic Fieldss

eh dr’ v ot o o = «
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Derivation of Meissner Effect 60

N 4 [P €A
—ZeVRe<c? (m mc) ch> (L225)
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P D s %Nz, (L228)
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= | —— 229
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Derivation of Meissner Effect 61

wav(l)* ( )e'(k' k>f’+fu*fu<1>(k)<k+R’)e—i<R’—R>'f'. (L231)
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N o Fon E-—G\  A*A
N\ 4Jk=K)r TRE s K~ Sk
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h T
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Derivation of Meissner Effect
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M= [ drsis@-masr), (L240)
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< dy 2R
I(R) = %/_OO cos)r/\y’ exp [—W—gcoshy] (L243c)
i = """ Am) (L244)
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Comparison with Experiment 65

=
o

Specific heat C/~T,
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(A) Inverse temperature, T /T (B)  Inverse temperature, T /T

I
Inverse relaxation time 1/T; (sec™?1)
H

Figure 11: (A) Specific heat of aluminum and vanadium, relative to 4T, where ~ Is the

Sommerfeld parameter. | ( )] (B) Inverse nuclear spin relaxation
In aluminum compared with prediction of Bardeen, Cooper, and Schrieffer.
[ (1962), ]
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High-Temperature Superconductors 7

(A) Orthorhombic (B) Tetragonal
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) Qo ° Dt o
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n with equal probability
Figure 12: Structure of YBay,CusOy, [ ( )] (A) Orthorhombic structure.

(B) Tetragonal structure.
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High-Temperature Superconductors s

AF=Antiferromagnetic
PM=Paramagnetic metal
SC=Superconducting
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Figure 13:  (A) Phase diagram for YBCO | ( )
and ( )] (B) Heavy-fermion  compound
CePd,Siy [ (1998).]
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High-Temperature Superconductors o

A— A+Vyas U — Uedex/c (L247)

U (7) — U (P)e '™ 4 (1) — o (N)ES/™, and  Ap — Apem 2/ (L248)
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§ -y . .
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High-Temperature Superconductors 7o

d-wave superconductor 60 | |
qea * B . - Experiment
. < 40| _
3
=1 | Theory
©
2 20 1
O
s-wave superconductor :
o

ey L VN A
(A) ®) 1000 1500 0 500 1000

Magnetic field B (mG)

Figure 14: d-wave pairing. (A) Sketch of the experiment (B) Diffraction pattern.
| (1995)]
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Quantum IVlechanics ot Interacting IViagnetic
Moments
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F=Ferromagnetic

FC=Short-range ferromagnetic correlations
AF=Antiferromagnetic
AFC=Short-range antiferromagnetic correlations

P=Paramagnetic
FI=Ferrimagnetic
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Weakness of Magnetic Dipole Moments 3

L. =17 3F(My-f)—riy
— V=| = L1
B=V|m- V] S, (L1)
Ty r_T’lz—3(f=ﬁ23°f12)(f_f11 r12)7 (L2)
12
3 9 3
m 2
L M (Za") M5 _0.9-107%eV . 1”‘2( ao) . (L3)
4pgps \re /) & ps ps \ M2
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Heitler-London Calculation A

Figure 1. Setting for the calculation of ( ).
=] [ arsimeml (L4)
Singlet:
1
7 (x1(01)xy(02) = x1(01)x1(02)), (L5a)
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Heitler-London Calculation

5
Triplet:
x1(01)x1(02) S=1 :S,=1
25 (oo +xu((e)  S=1 =0 (L6a)
xy(o1)xy(02) S=1 ;5=-1.
bo(FLTy) = \/ﬁ[%(mqﬁz(ﬁ)+¢1(7’2)¢2(f’1)]7 (L7a)
bt — \/Ziw[fbl(?l)dﬁz(rz)—¢1(f’2)¢2(?1)]- (L7b)
P2 &
[2rln — T ﬁl& ¢1(11) = Eopa1(T1). (L8)
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Heitler-London Calculation 6

i P2 @& B e
2m | —Ry|  2m | —Ry
& & & &
i N _— — ——. L9
n—-T |R-R| [M—R| [Hh—R| (L5)
/ P17 6% (71) 3 (F2) Fhs (F1) o (72)
- / APy, 3 (71) 7 (72) Fpa (F1) o (72) (L10)
= 2&+U, (L11)
where
2
U:/d?ldf’z |p1(T1)] [ e N 492# B 92# B 924 |
|2 (T2) |2 - |R-R| [M—-R| [Hh—R|

(L12)

and

12th October 2003
(© 2003, Michael Marder



Heitler-London Calculation 7

/ AF1 APy 63 (1) (7)) FCbn (P ) ba ()

— / dr1d7, @3 (T1) 3 (T2) Hba (T1) b1 (T2) (L13)
= 2&1°+V, (L14)
with
V:/df’ld?g @1 (T1) 95 (T2) [ e N 492# B ezﬁ B 924 |

¢2(r1)¢1(r2) |r1_r2| |R1_R2| |r1_R1| ‘rZ_R2|

(L15)
. 28 +U +21%E+V U+V

Es = (Ps|H|ps) =2 2122 =2C0+ 1412 (L16a)

and
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Heitler-London Calculation 8

. 280+U =228, -V
& = (|H|p) =222 T 0¥ _og,+
21°U — 2V
(e,t—(O,S: E_J

1—14

U-V

— (L16b)

(L17)
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Lieb-Mattis Theorem 9

h? h?
/ drydts o (Vi + o [Vad +U (1L T2) 611, T)
(g} =

2m
fd?ld?z (T, T2) |2 (L18)

ol

Figure 2: The energy of a wave function with a cusp is always lowered by smoothing out
the cusp.
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Spin Hamiltonian 10
= a+bs- S (L19)
— arb(§E+;185 +55]) (120
~ U-V 1 . -
%:280+1_|2+<Z—Sl-82)1 (L21)
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Heisenberg Model 11

=->) JS-S. (L22)
(17
N FS A A
ZZ_ UZJ{kinetic"‘j{inta (L23)
Hin=Y _ (RRv|0|RuRum)¢l & CmqiCn,. (L24)
TR
R R U_)_’ CT AT, ,C/ /Ca
yo (RRURRIG, G G (L25)
1"’ —|_ <R| R|/|U‘R| RI>C|O'C|’ ,C|O-IC|I
_)_’/U _’_)/ CJr CT, 1C1o! G
Z <|3||3||A“3|R|_’> lo ™o ™ | (L26)
T <R|R|I|U‘R| R|>[n|(,5||/ CoCio G G ]
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Heisenberg Model 12

) 1 g 4., 1. .

S = Jleier—eje) =l —ny] (L27a)

St = ¢c; S =¢lc. (L27b)

A4 By -+ Ay Ay (L28)

5 { (A 40 (A 4 Ay ) 4 (B — ) (A — Ay ) § (L29)

1 Al A

E{1+432-§Z,}. (L30)
A At A AT A
n|Tn|/T+C|TC|¢C|,¢C|IT

S ) (L31)
—|— C|¢C|TC|,TC|/¢—|—n|¢n|/¢

- 2RRUIRRA [ F+§§+ 385 +§81) L
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Heisenberg Model 13

_ _z<ﬁ§,|u|a,ﬁ>{%+s.s,}, (L33)
—4) (RR/UIR/R)S-S (L34)
()
Ground State
A N
(M) = =D T (L35

(i)
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Spin Waves 14
1
S* =32 aofha (L36)
|1/
& — 5(““ —ATA) (L37a)
— 2 1Al oA
A 1
SR (ala +ala ) (L37b)
1 b
g = Iz( ; 1 — ]1L 2) (L37c)
A 1. e o
[SX,SV} = i3 [a}azjtagal,a;al—aiaz}
= S (L38)
St=ala; S =ala. (L39)
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Spin Waves 15
L/ta o ata

5 (a}al + azaz) —S (L40)
ala, = 25— 4ala (L41)
a8, = \/ 2S—ala;. (L42)
St al \/ 2S—ala (L43a)
S \/ 2S—ala 4 (L43b)
& (ala; — 9). (L43c)
SF,§7]=25% (L44)
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Spin Waves 16
S-S = %($+$+$Tf§)+$z$ (L45)
1 )
- Eaﬁ\/zs—afa V2s-aaa Lo
+ %a*,\/zs—ata,\/zs,—éfaa+(S—aja4)(s—éf,a,).

a=vS+(a-vS), (L47)
(b +bubt) 2 BP/2 [

vy | zBbiEb . (L48)
2. _ F(1-1bR) (L fbe2)

€0 = —INZS (|b|*(2 — |b|*) + (1 — |b]?)?) = —INzS", (L49)

N~ —NJz§—ZJZS(a1*a,+é1*,a—afa—ata,). (L50)

Ul
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Spin Waves 17

A i s A—iKT
a4 = m%:ake en (L52)
Fo= NIz -25Y Y [cos (R_S) _ 1} 514, (L53)

5
— —NJZSZ—i—ZhwRﬁR, (L54)
X
where
hw = 230) (1—cos(“-T<)), (L55)
5
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Spin Waves in Antiferromagnets 18

ON BON
_BON RO
ON RON
_BON RO

Figure 3: The Neéel state.

Ss—-9 S - -5. (L56)
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Spin Waves in Antiferromagnets 19

2935 |8 +§ S| -§F (L57)
G,

- 14/ \/25-dad\/25- 44 L5
o+ Ly/2s-gaan/2s-aaa —(@a-9@Ea -9.

o~ NI | (1-12)° — b2 (2-12) |, (L59)
b=0. (L60)
For 23y [—sz+s{éja +é1T,é4/+é,Té;‘,+é4a/H. (L61)

(i)

& = \% DDCARE' (L62)
|
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Spin Waves in Antiferromagnets 20

:—|J|NZSZ+\J|SZ[(éPé +&A )cos(ﬁ-3)+29{é-k*] (L63)

&, = cosh oy Ay +sinh O‘R’AYT_;? (L64)
= k-0 6
tanh 2 = —EZcos(k-d). (L65)
. 1 .
J= -NZJIS(S+1) +2NIBY (H%+5 /1 tanh? 2ay. (L66)
k
— NS |J|z 1+, (L67)
ZS

& = 2|J\S\/22 — (X scosk-8)2. (L68)
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Comparison with Experiment 21

Fe CuO
100 80
> >
2 80 | e
E £ 60
3 3
S 60 | 1<
9 (@))
@ = 40
S 40 | 1 &
s s
) )
= 20
= 2 | {1 2
5 | &
0 0
-1 0 1 H
(A) Wave number k (A1) (B) Wave number k
Figure 4: (A) Dispersion relation for ferromagnetic magnons in iron. |
( ), and ( ),.] (B) Dispersion relation for antiferromagnetic

magnons in CuO. [ ( ).]
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Stoner Model

22
EE—A 1 CE+A 1 5
8:/ d8’D(8’)8’+—/ de&’'D(ENE — ZnJ(S°, (L69)
0 2 Eg—A 2
(S = ~ /8F+Ade'1D(8')—iD(e A (L70)
T Jeoa 2 Ton T
OE J
—| =AD — Z D(&R)%’A L71
8A 8F (EF) 4n ( F) ) ( )
OE J
oale. =074 (€F) (L72)
EE—Aq 1 EE+A, 1 5
8:/ d8’D(8’)8’+—/ de&’'D(ENE — ZIn(S)°, (L73)
0 2 Eg—Aq 2
07, D(Er —Ay) (L74)

/AN N D(8|: —I-Az)’
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Stoner Model

23
o0&
0 L75
oA, (L75)
J EFt+AL
= A+A, < — d8’D(8’). (L76)
an Jeo_a,
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Calculations Within Band Theory 24

E = 8T+8¢ (I—77)
where 2
3 3 € Key
_ g _° L78
f%ké A7 1 N
_ 1 — 1 L79
SR om 3 R T Y (L79)
3 1 2/3 3 1/3
Epotarized = N [52m (67°n)" — —& (6nn) " } , (L8O)
3 R 2/3 3 1/3
8unpolarized = N [52[“ (37T2n) / — Eez (37T2n) / } . (L81)

27 1
5m \ 21/3 *

1) < & (6r2n)~1/3 (L82)
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Calculations Within Band Theory 25

rw_ 2m [ 1 o\ /3
— 1) — = 5.45. L83
~ ao>5(21/3+)<2) (59
Element: Sc Tt V Cr Mn Fe Co NI
Calculated m/ug (bcc): 0O 0O O O 070 215 168 0.38
Experimental m/ug (bcc): 0 2.12

Calculated m/ug (fcc): 0O 0 0 0 O 0 1.56 0.60
Experimental m/ug (fcc): 1.61 0.61
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Kondo Effect

26

1.04 L A L L L L B B L B B B B B
«— | MoNbg,pu/ug=0
+
+ _4——1 MoyNbg, —0
12 F K ° ) 1 4aNb g, n/pg
7 PR SO 4| MogNbg,u/ug =3
+ 0 ¢ A
AXQ ﬁhﬁm DD<><> © e At
2 1.00 @%gi‘ii%ﬁooow@o A&/ Mo 7Nb 3, u/pg = .6
N % YISOVt
Q Y
<
098 | Wy &
U, 7% | MosgNbo,p/pug =11
Q%Qwvvvvwvvvvvzﬂ
096 [ <<«<<<<<<ﬁ// Mo gNb 1, u/pug = 1.9
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Figure 5: Resistivity data for MoyNb;_y alloys. [Source:

)]
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Anderson Model 27

3 = eofflog + foy] +Uorfoy + ) _[eg€l &, + 0y Gy + Vi L Coo] (L84)
ko
g A ® ¢+ U
OIC)L __________________________________________________
> ® €
\/

Figure 6: Conduction electrons placed in contact with an impurity site.

Po = (1 — o) (1 —figy), (L85)
Y0} = Po|b), |1) = Pi|wp),and|ypz) = Po|e). (L86)
Hy = BFHP, (L87)
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Anderson Model 28

s0 H|¢) = &|1) can be rewritten as

9:{00 j:{01 AO o) o)
(9{10 91511 9?12) ( ¢1>) = £ ( ¢1>> (L88)
0  Hy Hyp 12) 12)
Foo|tho) + For|th) = E|edo) (L89)
= o) = (8 — ff‘foo) _15{01 Y1) (L90)
and ¢2> = (8 — JA‘sz) _19A'C21 ¢1>; (L91)

{ff{lo (8 — ff{oo) - Hog + (3%11 — 5) +Hyy (5 — 'f'fzz) _15{21} 1) = 0. (L92)

P e (L93)
Ko
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Anderson Model 29

Hio = > el & Po (L94)

ko
= ) 5y G (1 =) (1 Poy) (L95)

ko
= > el G (1—1o o) (L96)

ko
For = Hip = Z(l — Mo, —o )V Alaéoa- (L97)

ko
j‘Cﬂ = |:31 [60 + Z ERCEUCRG], gA'Coo = |50 Z GRCEO' Ak'a (L98)
ko ko
and ) )

Hou = Hp=) wtl,& oo (L99)

Ko
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Anderson Model 30

N N -1 .
Hio (8—9{oo> Hot|11) (L100)
At A 2 -1
Ftio Y (1 —Po, o)l eor (€= [Fu—eotegl) ). (L10D)
ko
et Y v (1—no o) cooltn) (L102)
GO_EF ’UR’ 0,—c kO_COG 1
ko
VRV 4 A A
> € Cror (L =10, o) (1 =0, )€ Co|th1) (L103)
e —Ep ? ko
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e (L104)
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_,-*,Z CF — €0 %00 oG Y1)
oy €l Gy + 1oy € G, (L105)
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Anderson Model 31
= }(ﬁOT —foy) (€] Gy — €1 &)
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+%(ﬁm + ﬁoO(CET Cirq T AL -, (L106)
ZQTKM’U%H%ZQJw (L107)
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Scaling Theory 32

_ e X X 2 At e
H= ) gt ka+Z‘J{S_C* Gy +SYEL Gy +S [ LGy CRLCK,J}. (L110)
o KKk!

—

\ [OW]

Before After

Figure 7: A small band of states, of width |§W]| is eliminated from the upper and lower
band edges.
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Scaling Theory 33

Fl, = JZ&T& oy +S"€] ey + 5 el ey — € eqr (L111a)

T = JZS‘CT, G, + 57 €l G + S| Sy G — €l 6y | (L111D)
qu’l

92612(8 — 32622)_192(21‘¢1> (L112)

~ HpFHo1 (& — Hop — [W—Eg]) o) (L113)

~ HHoa(—W) ). (L114)

~ ~ 3 R C[(’/
F1zFor = FDW)[-6W Y 7> €l 6, — A (L115)
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Scaling Theory 34
J+0d = J—Z%D(W)dw, (L116)
;JZD(W)(SWW ZQUCR,J. (L117)
kk! o
dJ J?
W= —ZWD(W) (L118)
Wexp [— 2DOJ} = constant = kg Tk, (L119)
T
p=5 (ﬂ) : (L120)
1 2
F(X) = [W] (L121)
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Scaling Theory 35
T 2DoJ :

jg(ﬁ) - P [1+2DoJln(kBT/W) (L122)
~ 4DEJ? (1—4DyJIn(kgT/W)). (L123)
p~ AT — Bnyiln(ke T /W), (L124)
d 1 _ (B”mi)l/s (L125)

dr e\ 54 ‘
g(l) _ [ 1 r (L126)

Tk cosh™H(T/Tk)] ’

T ke T 1

Cy x nﬂ = nW exp [2D0J] : (L127)
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Scaling Theory 36
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Low-temperature specific heat of the heavy fermion compound UBey3. [Source

(1983, 1984).]

Figure 8:
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Hubbard Model

37
f=>3" t[clT Gro € qa} +U ZCWCIT%%, (L128)
(")
Mean-Field Solution
H= 3" —t]€, 60+ 6,60 +U D iyny. (L129)
(' |
No = na"‘(ﬁla_na)' (LlBO)
Hm > —t[€, 60+, 60| U Y figng +niny —neny, (L131)
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Hubbard Model

38
= 7y = aKe+. (L134)
N . :
Eo = — [—24 [sinmny +sinmn; ]+ NUnyny . (L135)
v
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An Unsolved Problem... 39
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F=Ferromagnetic

FC=Short-range ferromagnetic correlations

AF=Antiferromagnetic

AFC=Short-range antiferromagnetic correlations

P=Paramagnetic

FI=Ferrimagnetic
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Figure 9: Six representative phase diagrams of the two-dimensional Hubbard model
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