
Condensed Matter Physics 1

☞ Largest subfield of physics

☞ Link between atoms and everyday world.

☞ Unity obscured by tremendous variety of topics.

16th May 2003
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Dividing the field 2

Historical Roots Concepts

☞ Atomic Structure

☞ Electronic Structure

☞ Mechanical Properties

☞ Electron Transport

☞ Optical Properties

☞ Magnetism

☞ Self–organization

☞ Form and Function

☞ Scaling and Symmetry

☞ Precision Measurement

☞ Fabrication

☞ Computation
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Atomic Structure 3

Questions:

☞ What is the basic structure of matter?

☞ How do atoms spontaneously organize?

Basic Answer:

☞ Scaling theory relates atom–scale units to macroscopic solids.

☞ Atoms form crystalline arrays.

☞ Idea comes from special class of solids: minerals.

See vast numbers of minerals at http://webmineral.com/
16th May 2003

c� 2003, Michael Marder
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Two–Dimensional Lattices 4

Definitions:

☞ Bravais lattice

☞ primitive vector

☞ basis vector

☞ unit cell (primitive or not)

☞ Wigner–Seitz cell (Voronoi polyhedron)

☞ translation, space, and point groups
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Bravais Lattices 5

Square Hexagonal

a1

a2a2

a1
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Bravais Lattices 6
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Question 7

Q: Are primitive vectors unique?

A: No..for hexagonal lattice

�a1 � a � 1 0 � (L1a)
�a2 � a

1
2

� 3
2

� (L1b)

However, one could equally well choose

�a� 1 � a � 1
2

� 3
2

(L2a)

�a� 2 � a
1
2

� 3
2

� (L2b)
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Lattice with Basis 8

(A) (B) (C)

Note presence of glide plane, showing that space group is not the same as the product of

translation group and point group.
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Selective Destruction of Symmetry by Basis 9

Some, but not all symmetries of triangular lattice destroyed.

16th May 2003
c� 2003, Michael Marder



Unit cells 10

Unit cells are not unique.

(A) (B)

Puzzler: how does one construct bizarre–shaped cells that tile the plane?
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Questions 11

Q: What makes lattices the same or different?

A: Two lattices are the same if one can be tranformed continuously into the other without

changing any symmetry operations along the way.

Rectangular Centered Rectangular

Mirror plane... ...and restored...broken...

x

y
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The Space Group 12

Operations

G � �a � � �
� n ��� � � (L3)

that leave lattice invariant.

Two important subgroups: translation and point groups. The full space group cannot be

formed from these because of glide lines and Screw axes.

�a

�

S � S

� 1 � S

� 1 �a � � � � �a� � (L4)

St � � 1 � t � � St � (L5)
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Questions 13

Q: How many distinct Bravais lattices are there?

A: Five

Q: How many distinct two-dimensional lattices are there?

A: Seventeen. They are enumerated at

http://www2.spsu.edu/math/tile/index.htm or

http://www.clarku.edu/˜djoyce/wallpaper/

16th May 2003
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http://www2.spsu.edu/math/tile/index.htm
http://www.clarku.edu/~djoyce/wallpaper/


Three–Dimensional Crystals 1
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Topics 2

☞ Distribution of structures among elements

☞ A small number of popular crystal structures

☞ Crystal symmetries:

☞ 7 crystal systems

☞ 14 Bravais lattices

☞ 32 point groups

☞ 230 space groups
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The Elements 3

LITHIUM

SODIUM

POTASSIUM

RUBIDIUM

CESIUM

BERYLLIUM

MAGNESIUM

CALCIUM

STRONTIUM

BARIUM

SCANDIUM TITANIUM VANADIUM CHROMIUM MANGANESE

YTTRIUM ZIRCONIUM NIOBIUM MOLYBDENUM TECHNETIUM

LANTHANUM

HAFNIUM TANTALUM TUNGSTEN RHENIUM

IRON COBALT NICKEL

RUTHENIUM

OSMIUM

RHODIUM

IRIDIUM

PALLADIUM

PLATINUM

CERIUM

THORIUM

PRASEODYMIUM

PROTACTINIUM

NEODYMIUM

URANIUM

PROMETHIUM SAMARIUM

NEPTUNIUM PLUTONIUM

EUROPIUM

AMERICIUM

LUTETIUM

LAWRENCIUMFRANCIUM RADIUM

ACTINIUM

3 Li 4 Be

11 Na 12 Mg

19 K 20 Ca 21 Sc

37 Rb

55 Cs

38 Sr

56 Ba

39 Y

22 Ti

40 Zr

57 La

72 Hf

23 V

41 Nb

73 Ta

24 Cr 25 Mn 26 Fe 27 Co 28 Ni

42 Mo 43 Tc 44 Ru 45 Rh 46 Pd

74 W 75 Re 76 Os 77 Ir 78 Pt

87 Fr 88 Ra

89 Ac

58 Ce 59 Pr 60 Nd

90 Th 91 Pa 92 U

61 Pm

93 Np

62 Sm

94 Pu

63 Eu

95 Am

71 Lu

103 Lr

1s22s1 1s22s2

[Ne]3s1 [Ne]3s2

[Ar]4s1 [Ar]4s2 [Ar]3d14s2

[Kr]5s1 [Kr]5s2 [Kr]4d15s2 [Kr]4d25s2

[Xe]6s1 [Xe]6s2

[Xe]5d16s2

[Xe]4 f 145d26s2 [Xe]4 f 145d36s2

[Rn]7s1 [Rn]7s2

[Rn]6d17s2

[Ar]3d24s2 [Ar]3d34s2 [Ar]3d54s1 [Ar]3d54s2

[Kr]4d45s1 [Kr]4d55s1 [Kr]4d55s2

[Xe]4 f 145d46s2 [Xe]4 f 145d56s2

[Ar]3d64s2 [Ar]3d74s2 [Ar]3d84s2

[Kr]4d75s1 [Kr]4d85s1 [Kr]4d105s0

[Xe]4 f 145d66s2 [Xe]4 f 145d76s2 [Xe]4 f 145d106s0

[WOLFRAM]

[Xe]4 f 25d06s2 [Xe]4 f 35d06s2 [Xe]4 f 45d06s2 [Xe]4 f 55d06s2 [Xe]4 f 65d06s2 [Xe]4 f 75d06s2

[Rn]5 f 06d27s2 [Rn]5 f 26d17s2 [Rn]5 f 36d17s2 [Rn]5 f 46d17s2 [Rn]5 f 66d07s2 [Rn]5 f 76d07s2

[Xe]4 f 145d16s2

[Rn]5 f 146d17s2

a� 4 � 38

u� 6 � 94
n� 4 � 63

T� 454 �� 8 � 55
a� 2 � 29
c� 3 � 58

u� 9 � 01
n� 12 � 36

T� 1551 � � 4 � 0

a� 3 � 77
c� 6 � 15

u� 22 � 99
n� 2 � 54

T� 371 �� 4 � 2
a� 3 � 21
c� 5 � 21

u� 24 � 31
n� 4 � 31

T� 922 �� 4 � 45

a� 5 � 33

u� 39 � 10
n� 1 � 33

T� 337 �� 6 � 15
a� 5 � 59

u� 40 � 08
n� 2 � 33

T� 1112 � � 3 � 43
a� 3 � 31
c� 5 � 27

u� 44 � 96
n� 4 � 00

T� 1814 � � 61 � 0

a� 5 � 62

u� 85 � 47
n� 1 � 08

T� 312 �� 12 � 5
a� 6 � 08

u� 87 � 62
n� 1 � 75

T� 1042 � � 23 � 0
a� 3 � 65
c� 5 � 73

u� 88 � 91
n� 3 � 03

T� 1795 � � 57 � 0
a� 3 � 23
c� 5 � 15

u� 91 � 22
n� 4 � 30

T� 2125 � � 42 � 1

a� 2 � 95
c� 4 � 68

u� 47 � 88
n� 5 � 70

T� 1933 � � 42 � 0

a� 6 � 14

u� 132 � 91
n� 0 � 85

T� 302 �� 20 � 0
a� 5 � 03

u� 137 � 33
n� 1 � 57

T� 1002 � � 50

a� 3 � 77
c� 1 � 22

u� 138 � 91
n� 2 � 67

T� 1194 � � 57

a� 3 � 19
c� 5 � 05

u� 178 � 49
n� 4 � 49

T� 2503 � � 35 � 1

u � 223
n� �

T� 300 �� �

a� 5 � 15

u� 226 � 03
n � 1 � 33

T� 973 �� 100

a� 5 � 31

u� 227 � 03
n� 2 � 67

T� 1320 � � �

a� 3 � 02

u� 50 � 94
n� 7 � 22

T� 2160 � � 24 � 8

a� 3 � 30

u� 92 � 91
n� 5 � 55

T� 2741 � � 12 � 5

a� 3 � 30

u� 180 � 95
n� 5 � 54

T� 3269 � � 12 � 45
a� 3 � 17

u� 183 � 85
n� 6 � 32

T� 3680 � � 5 � 65

a� 3 � 15

u� 95 � 94
n� 6 � 41

T� 2890 � � 5 � 2

a� 2 � 88

u� 52 � 00
n� 8 � 32

T� 2130 � � 12 � 7
a� 8 � 91

u� 54 � 94
n� 8 � 15

T� 1517 � � 185 � 0

a� 2 � 74
c� 4 � 40

u� 98 � 91
n� 7 � 00

T� 2445 � � 22 � 6

a� 2 � 76
c� 4 � 46

u� 186 � 20
n� 6 � 80

T� 3453 � � 19 � 3

a� 2 � 87

u� 55 � 85
n� 8 � 48

T� 1808 � � 9 � 71

a� 2 � 71
c� 4 � 28

u� 101 � 07
n� 7 � 37

T� 2583 � � 7 � 6

a� 2 � 73
c� 4 � 32

u� 190 � 2
n� 7 � 15

T� 3327 � � 8 � 12

a� 3 � 54

u� 58 � 93
n� 9 � 09

T� 1768 �� 6 � 24
a� 3 � 52

u� 58 � 69
n� 9 � 13

T� 1726 �� 6 � 84

a� 3 � 89

u� 106 � 42
n� 6 � 80

T� 1825 �� 10 � 8
a� 3 � 80

u� 102 � 91
n� 7 � 26

T� 2239 �� 4 � 51

a� 3 � 84

u� 192 � 22
n� 7 � 07

T� 2683 �� 5 � 3
a� 3 � 92

u� 195 � 08
n� 6 � 62

T� 2045 �� 10 � 6

a� 4 � 85

u� 140 � 12
n� 3 � 54

T� 1072 � � 73
a� 3 � 67
c� 11 � 83

u� 140 � 91
n� 2 � 89

T� 1204 � � 68
a� 3 � 66
c� 11 � 80

u� 144 � 24
n� 2 � 93

T� 1294 � � 64 � 0
a� �

u � 145
n� 3 � 00

T� 1441 � � 50
a� 9 � 00

� � 23 	 13 


u� 150 � 36
n� 3 � 01

T� 1350 �� 94 � 0

a� 6 � 18
b� 4 � 82
c� 10 � 96

� � 101 � 48

u � 244
n� 4 � 89

T� 914 � � 146

a� 4 � 72
b� 4 � 89
c� 6 � 66

u� 237 � 05
n� 5 � 14

T� 913 � � 122
a� 2 � 85
b� 5 � 86
c� 4 � 95

u� 238 � 03
n� 4 � 79

T� 1406 � � 30 � 8
a� 3 � 93
c� 3 � 24

u� 231 � 04
n� 4 � 34

T� 2113 � � 17 � 7
a� 5 � 08

u� 232 � 04
n� 3 � 04

T� 2023 � � 13 � 0

a� 4 � 58

u� 151 � 97
n� 2 � 08

T� 1095 �� 90 � 0

a� 3 � 47
c� 11 � 24

u � 243
n � 3 � 39

T� 1267 �� 68

a� 3 � 50
c� 5 � 55

u� 174 � 97
n� k3 � 39

T� 1936 � � 79 � 0

u � 260
n� �

T� � � � �

? ?

RUTHERFORDIUM

104 Rf
DUBNIUM

105 Db
SEABORGIUM

106 Sg
BOHRIUM

107 Bh
HASSIUM

108 Hs
MEITNERIUM

109 Mt
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Transition Metals

Actinides

Lanthanides
[Rare Earths]

IIIb IVb Vb VIb VIIb VIIIb

Ia IIa Metal Insulator Semiconductor Semi-metal

Atomic name

Ground state electron configuration

Melting temperature in K
Crystal structure, either at 293 K, or at
melting if liquid at 293 K

Atomic weight (12C=12)

Density in 1022 atomscm � 3, at 293K or at melting

Electrical resistivity in �� -cm at 298 K

Lattice parameters

Atomic number and symbol
SILICON

14 Si

[Ne]3s23p2

a� 5 � 43

u� 28 � 09
n� 4 � 99

T� 1683 �� 1� 105

16th May 2003
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The Elements 4

COPPER ZINC

SILVER

GOLD

CADMIUM

MERCURY

BORON CARBON NITROGEN OXYGEN FLUORINE

HELIUM

NEON

ALUMINUM SILICON PHOSPHORUS SULFUR CHLORINE ARGON

GALLIUM

INDIUM

THALLIUM

TIN

LEAD

ARSENIC

ANTIMONY

BISMUTH

SELENIUM

TELLURIUM

POLONIUM

BROMINE KRYPTON

IODINE

ASTATINE

XENON

RADON

GADOLINIUM

CURIUM

TERBIUM

BERKLIUM

DYSPROSIUM

CALIFORNIUM EINSTEINIUM

HOLMIUM ERBIUM THULIUM

FERMIUM MENDELEVIUM

YTTERBIUM

NOBELIUM

86 Rn

[Xe]4 f 145d106s26p6

29 Cu

47 Ag

79 Au

30 Zn

48 Cd

80 Hg

31 Ga

49 In

81 Tl

50 Sn 51 Sb

82 Pb 83 Bi

33 As

13 Al

5 B 6 C 7 N 8 O 9 F

14 Si 15 P 16 S 17 Cl

2 He

10 Ne

34 Se 35 Br

18 Ar

36 Kr

52 Te 53 I 54 Xe

84 Po 85 At

64 Gd

96 Cm

65 Tb

97 Bk

66 Dy 67 Ho 68 Er 69 Tm

98 Cf 99 Es 100 Fm 101 Md

70 Yb

102 No

[Ar]3d104s1 [Ar]3d104s2

[Kr]4d105s1 [Kr]4d105s2

[Xe]4 f 145d106s1 [Xe]4 f 145d106s2

[Kr]4d105s25p1

1s22s22p1 1s22s22p2 1s22s22p3 1s22s22p4 1s22s22p5

[Ne]3s23p1 [Ne]3s23p2 [Ne]3s23p3 [Ne]3s23p4 [Ne]3s23p5 [Ne]3s23p6

[Ar]3d104s24p1 [Ar]3d104s24p3 [Ar]3d104s24p4 [Ar]3d104s24p5

[Kr]4d105s25p2 [Kr]4d105s25p3 [Kr]4d105s25p4 [Kr]4d105s25p5

[Ar]3d104s24p6

[Kr]4d105s25p6

1s22s22p6

1s2

[Xe]4 f 145d106s26p5[Xe]4 f 145d106s26p4[Xe]4 f 145d106s26p3[Xe]4 f 145d106s26p2[Xe]4 f 145d106s26p1

[Xe]4 f 75d16s2 [Xe]4 f 95d06s2 [Xe]4 f 105d06s2

[Rn]5 f 76d17s2 [Rn]5 f 96d07s2 [Rn]5 f 106d07s2

[Xe]4 f 115d06s2 [Xe]4 f 125d06s2 [Xe]4 f 135d06s2 [Xe]4 f 145d06s2

[Rn]5 f 116d07s2 [Rn]5 f 126d07s2 [Rn]5 f 136d07s2 [Rn]5 f 146d07s2

a� 3� 61

u� 63� 55
n� 8� 49

T� 1357 � � 1� 67
a� 2� 66
c� 4� 95

u� 65� 39
n� 6� 56

T� 693 � � 5� 92
a� 4 � 52
b� 7 � 66
c� 4 � 53

u� 69� 72
n� 5� 10

T� 303 �� 27

a� 3� 23
c� 4� 94

u� 114� 82
n� 3� 83

T� 429 �� 8� 37
a� 2� 98
c� 5� 62

u� 112� 41
n� 4� 63

T� 594 � � 6� 83
a� 4� 09

u� 107� 87
n� 5� 86

T� 1235 � � 1� 59

a� 4� 08

u� 196� 97
n� 5� 90

T� 1338 � � 2� 35
a� 2� 99

� � 70 � 45 �

u� 100� 59
n� 4� 07

T� 234 � � 94� 1
a� 3� 46
c� 5� 53

u� 204� 38
n� 3� 49

T� 577 �� 18� 0

a� 4� 05

u� 26� 98
n� 6� 02

T� 934 �� 2� 65

a� 8� 74
c� 5� 06

u� 10� 81
n� 13� 03

T� 2573 � � 1 � 8	 1012

a� 3� 57

u� 12� 01
n� 17� 59

T� 3820 �� 1019

a� 5� 64

u� 14� 01
n� 4� 43

T� 63� 29 �� 


a� 6� 83

u� 16� 00
n� 7� 53

T� 54� 8 � � 


a� 6� 67

u� 19� 00
n� 


T� 53� 5 � � 


a� 5� 43

u� 28� 09
n� 4� 99

T� 1683 � � 1� 105

a� 18� 51

u� 30� 97
n� 3� 54

T� 317 � � 1� 1017

a� 10 � 46
b� 12 � 87
c� 24 � 49

u� 32� 07
n� 3� 89

T� 386 �� 2� 1023

a� 6 � 24
b� 4 � 48
c� 8 � 26

u� 35� 45
n� 3� 45

T� 172 � � 


a� 4� 13

� � 54 � 10 �

u� 74� 92
n� 4� 64

T� 1090 �� 26
a� 4� 37
c� 4� 96

u� 78� 96
n� 3� 65

T� 490 � � 1� 106

a� 6 � 74
b� 4 � 55
c� 8 � 76

u� 79� 90
n� 3� 05

T� 266 � � 


a� 5� 83
c� 3� 18

u� 118� 71
n� 3� 71

T� 505 �� 11� 0
a� 4� 51

� � 57 � 7 �

u� 121� 75
n� 3� 31

T� 904 �� 39� 0
a� 4� 46
c� 5� 93

u� 127� 60
n� 2� 94

T� 723 � � 4 � 36	 105

a� 7 � 26
b� 4 � 79
c� 9 � 79

u� 126� 91
n� 2� 34

T� 387 � � 1 � 3	 1015

a� 4� 95

u� 207� 2
n� 3� 30

T� 601 �� 20� 65
a� 4� 75

� � 57 � 14 �

u� 208� 98
n� 2� 81

T� 545 �� 106� 8
a� 3� 35

u � 209
n� 2� 68

T� 527 � � 140

u � 210
n� 


T � 575 � � 


a� 

u � 222
n� 


T� 202 �� 


a� 6� 19

u� 131� 29
n� 1� 62

T� 161 �� 


a� 5� 72

u� 83� 80
n� 2� 03

T� 117 �� 


a� 5� 31

u� 39� 95
n� 2� 50

T� 83� 8 � � 


a� 4� 45

u� 20� 18
n� 4� 30

T� 24� 5 � � 


a� 3� 53
c� 4� 24

u� 4� 003
n� 3� 11

At 2 K, 26 atm

HYDROGEN

1 H

1s1

a� 3� 77
c� 6� 16

u� 1� 008
n� 4� 54

T� 14� 01 �� 


a� 3� 64

u� 157� 25
n� 3� 02

T� 1586 � � 134
a� 3 � 59
b� 6 � 26
c� 5 � 72

u� 158� 93
n� 3� 12

T� 1629 � � 114
a� 3� 59
c� 5� 65

u� 162� 50
n� 3� 17

T� 1685 � � 57� 0
a� 3� 58
c� 5� 62

u� 164� 93
n� 3� 21

T� 1747 �� 87� 0
a� 3� 56
c� 5� 59

u� 167� 27
n� 3� 26

T� 1802 �� 87

u � 254
n� 


T� 
 � � 


a� 


u � 251
n� 


T� 
 � � 


u � 247
n� 3� 60

T� 
 � �

u � 247
n� 3� 24

T� 1610 � � 


a� 3� 54
c� 5� 55

u� 168� 93
n� 3� 32

T� 1818 �� 79� 0
a� 5� 49

u� 173� 04
n� 2� 42

T� 1097 � � 29� 0

u � 259
n� 


T� 
 �� 


u � 258
n� 


T� 
 �� 


u � 257
n� 


T� 
 �� 


GERMANIUM

32 Ge

[Ar]3d104s24p2

a� 5� 66

u� 72� 61
n� 4� 41

T� 1211 �� 4� 6� 107

?

? ? ? ? ? ?
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VIIIaVIIaVIaVaIVaIIIa

Ib IIb

fcc:

hcp:

bcc:

cubic: orthorhombic: monoclinic:

hexagonal:

diamond:

rhombohedral: tetragonal:

Web Elements

16th May 2003
c� 2003, Michael Marder

http://www.webelements.com/webelements/index.html


Allotropy 5

Many elements adopt multiple crystal structures between 0 K and their melting

temperature. Plutonium has a particularly elaborate phase diagram:

Transformation

Temp, C

Phase Structure (atoms per unit

cell)

Density (g/cc)

112 � monoclinic (16) 19.8

185 � fc monoclinic (34) 17.8

310 � fc orthorhombic (8) 17.1

450 � fcc (4) 15.9

475 ��� fc tetragonal (2) 16.0

640 � bcc (2) 16.5

Table 1: Source, Atomic Weapons Establishment, Discovery Article

16th May 2003
c� 2003, Michael Marder

http://www.awe.co.uk/main_site/scientific_and_technical/publications/discovery/pdf/discovery_march_2001/the_94th_element.pdf


Popular Lattices 6

Simple Cubic

a a

x

y

z

To view these crystals in 3–d, install rasmol. Using xpdf version 2, one can click on the name

above each figure and invoke rasmol automatically. Configure rasmol with a .rasmolrc file

containing

spacefill 100

wireframe 20
16th May 2003

c� 2003, Michael Marder

http://openrasmol.org/


Popular Lattices 7

Face Centered Cubic (fcc)

a1

a2

a3

a a

16th May 2003
c� 2003, Michael Marder



Popular Lattices 8

Body Centered Cubic (bcc)

a

a1

a2

a3

a

16th May 2003
c� 2003, Michael Marder



Popular Lattices 9

Diamond

a a

16th May 2003
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Popular Lattices 10

Hexagonal

c

a
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Popular Lattices 11

Hexagonal Close Packed (hcp)

c

a

60� 60�

c

a
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Popular Lattices 12

Sodium Chloride (NaCl)

a a

16th May 2003
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Popular Lattices 13

Cesium Chloride (CeCl)

a a

16th May 2003
c� 2003, Michael Marder



Popular Lattices 14

Zincblende

a a

16th May 2003
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Popular Lattices 15

Wurtzite

a

c

uc

a

c

uc
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Popular Lattices 16

Perovskite

a a

16th May 2003
c� 2003, Michael Marder



Fourteen Bravais Lattices and Seven Crystal
Systems 17

Please welcome The Bravais Lattice Song

http://www.haverford.edu/physics-astro/songs/bravais.htm

16th May 2003
c� 2003, Michael Marder
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Fourteen Bravais Lattices and Seven Crystal
Systems 18

Cubic
a � b � c

� � � � � � 90�
Tetragonal
a � b �� c

� � � � � � 90�

Orthorhombic
a �� b �� c

� � � � � � 90�

Monoclinic
a �� b �� c

� � � � 90�

� �� 90�

Triclinic
a �� b �� c

� � � � � �� 90�

a a

Hexagonal
a � b �� c

� � � � 90�

� � 120�

Rhombohedral
a � b � c

� � � � � �� 90�

a
b

c
a

b

c a
c

b �

c

b

�

�
�

b

cc

�

c
ab

a

b
c �

�

�Simple

Base-
Centered

Body-
Centered

Face-
Centered
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Fourteen Bravais Lattices and Seven Crystal
Systems 19
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Symmetry Axes 20

Axis type

Twofold

Threefold

Fourfold

Sixfold

Inversion

Twofold

Rotoinversion

or Mirror

Threefold

Rotoinversion

Fourfold

Rotoinversion

Sixfold

Rotoinversion

Schönflies

Notation

International

Notation

C2

C3

C4

C6

i � S2

S

� 1
6

S

� 1
4

S

� 1
3

�

1

2

3

4

6

�
2 � m

�
3

�

4

�

6

Symbol Operation

or

or

� h ,� to axis

� � , plane contains axis

� d , bisects twofold axes

or

�r � � �r

16th May 2003
c� 2003, Michael Marder



Schönflies and international notation 21

Schönflies

C = Cyclic; allows successive rotation about main axis.

D = Dihedral; contains two-fold axes perpendicular to main axis.

S = Spiegel; unchanged after combination of reflection and rotation.

T = Tetragonal.

O = Octahedral.

A subscript n � 1 � � � 6 denotes the order of a rotation axis, and subscripts h, � , and d

denote the three types of mirror plane on previous slide.

International

Associates each group with a list of its symmetry axes Notation such as 6m refers to a

mirror plane containing a sixfold axis, while 6
m refers to a mirror plane perpendicular to a

sixfold axis.

16th May 2003
c� 2003, Michael Marder



32 Crystallographic Point Groups 22

Oh

4
m

�
3 2

m m

�

3m

O

432

Td

�

43

Th

2
m

�

3 m

�

3

T

231 2 3 4 6

C1 C2 C3 C4 C6

C1h Cs

�

2 m

C3h

�

6
C2h

2
m 2 � m

C4h

4
m 4 � m

C6h

6
m 6 � m

S2 Ci

�

1

C2 �
2mm

C3 �

3m

C4 �

4mm

C6 �

6mm
S6 S4

�
3

�

4
D2 V

D2h Vh

mm2

D3 D4 D6

C3i

D2d VhD3d

�

3 2
m

�

3m

2
m

2
m

2
mmmm

�

42m
D3h

�

6m2
D4h

4
m

2
m

2
m4 � mmm

6
m

2
m

2
m6 � mmm

D6h

222 32 422 622

Triclinic Monoclinic Ortho-

rhombic

Trigonal Tetragonal Hexagonal Cubic

16th May 2003
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230 Space Groups 23

Learn as much as you want at

http://cst-www.nrl.navy.mil/lattice/spcgrp/

http://www.uwgb.edu/dutchs/SYMMETRY/3dSpaceGrps/3DSPGRP.HTM

http://www-structure.llnl.gov/Xray/tutorial/spcgrps.htm

http://www.ccas.ru/galiulin/feddos1.html

16th May 2003
c� 2003, Michael Marder
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http://www.ccas.ru/galiulin/feddos1.html


Some consequences of symmetry 24

Sometimes it is possible to decide that some particular effect must vanish in a particular

crystal simply by considering its symmetries. Magic when it works.

Example: Piezoelectricity

e � � �

1
2

� u �
� r �

� � u �
� r �

� (L1)

P� �

� �
� � � � e � �� (L2)

� is the most general possible tensor describing a general linear relationship between

dipole moment and the strain, and is computed by considering all atoms in equilibrium.

Consider r � �
	 r.

Crystal cannot be centrosymmetric, ruling out possibility of (large) effect in huge

numbers of compounds.

16th May 2003
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Experimental Determination of Crystal
Structures 1

28th January 2003
c� 2003, Michael Marder



History 2

Experiments and theory in 1912 finally revealed locations of atoms in crystalline solids.

Essential ingredients:

� Theory of diffraction grating.

� Skiing, and physics table at Café Lutz.

� Willingness to disobey supervisor, and belief that “experiment was safer than theory.”

� X-ray tubes, photographic plates, and experience with their use.

� Persistence.

� Coherent experiments dragging incoherent theory along behind.

28th January 2003
c� 2003, Michael Marder



Terms 3
� Bragg scattering, elastic and inelastic

� Bragg angle

� Bragg peak

� Bragg planes

� Atomic form factor

� Reciprocal lattice

� Miller indices

� Structure factor

� Extinctions

� Ewald construction

� Laue method

� Debye-Scherrer method, powder diffraction

28th January 2003
c� 2003, Michael Marder



Scattering Theory 4

Incoming radiation

�

k0

�

k0

� r

� k

2 �

28th January 2003
c� 2003, Michael Marder



Scattering Theory 5

�
��

k0 � 2 �

a � 5

2

� 0� 0 �

� k
	

2

a

�3 2
�2 �

0

d� 2� � K
� �

�

K

�

2�

a

� 1��� 2� 0�

Plane wave travels toward solid, scatters off atoms. Coherent scattering pattern reveals

crystalline pattern.

28th January 2003
c� 2003, Michael Marder



Scattering from a particle at the origin 6

Schiff page 115 or Jackson Eq. 9.8

� � Ae

� i � t

� e
i

�

k0� �r � f �
� r 	

eik0r

r 
 (L1)

Iatom �
d �
d  atom

� � f �
� r 	 �

2 (L2)

f is atomic form factor.

28th January 2003
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Scattering from particle at

�

R 7

��� Ae

� i � tei

�

k0�
�

R

� e
i

�

k0� � �r � �

R � � f �
� r 	

eik0 � �r � �

R �

�
� r� �

R �

�� (L3)

For sufficiently large r,

k0 �
� r� �

R � � k0r� k0

� r
r

� �

R� (L4)

Using Eq. (L4) and defining

�
k � k0

� r
r	 (L5)

and �q �
�

k0�
�

k (L6)

gives

��� Ae

� i � t

� e
i

�

k0� �r � f �
� r 	

eik0r 
 i �q� �

R

r 
�� (L7)

Note that

q � 2k0 sin � � (L8)

28th January 2003
c� 2003, Michael Marder



Many scattering particles 8

Assume multiple scattering and inelastic scattering can be ignored

��� Ae

� i � t

�

ei

�

k0� �r �

l

fl �
� r 	

eik0r 
 i �q� �

Rl

r �
� (L9)

Look away from incoming beam
�� Ae

� i � t

�

l

fl �
� r 	

eik0r 
 i �q� �

Rl

r �
� (L10)

Intensity per unit solid angle

I �

l� l�

fl f �

l� ei �q� � �Rl � �

Rl� � � (L11)

Eq. (L11) is true no matter how atoms are arranged.

28th January 2003
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Scattering from crystal 9

I � Iatom �

l

ei �q� �

Rl �

2� (L12)

Laue condition: find �q so that for all atom locations

�

Rl

exp � i
�q� �

Rl 	 � 1 (L13)

28th January 2003
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One-Dimensional Sum 10

� q �

N � 1

l � 0

eilaq� (L14)

� q �

N � 1

l � 0

eilaq (L15)
� eiaq � q �

N � 1

l � 0

ei � l 
 1 � aq (L16)

�
N � 1

l � 0

eilaq� 1 � eiNaq (L17)

� � q� 1 � eiNaq (L18)

� � q �

eiNaq� 1
eiaq� 1

(L19)

�

eiNaq � 2

eiaq � 2

sinNaq � 2
sinaq � 2

(L20)

28th January 2003
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One-Dimensional Sum 11

� � � q �

2 �

sin2 Naq � 2

sin2 aq � 2

� (L21)

� q � eiNaq� 1
eiaq� 1

(L22)

� � q �

2 �

sin2 Naq � 2

sin2 aq � 2

� (L23)

28th January 2003
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One-Dimensional Sum 12

0
0

200

400

600

800

1000
���

q
� 2

2 �

a
4 �

a
6 �
a

8 �

a
Wave number q
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One-Dimensional Sum 13

Peaks when

aq � 2 � l � � q � 2 � l � a� (L24)

View as sum of delta functions:

N � 1

l � 0

eilaq �

�

l� � � �
N

2 �

L

� � q� 2 � l� � a 	 � (L25)

28th January 2003
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Scattering in three dimensions 14

Main result: when �q �
�

k0�
�

k �
�

K satisfies

exp � i

�

K� �

R 
 � 1 or

�

K� �

R � 2 � l (L26)

there is a strong scattering peak.

The scattering sum can be rewritten
�

R

ei

�
R� �q �

�
K

N � 2 � 	

3

�

� �
�q� �

K 		 (L27)

When the vectors

�

R lie in a Bravais lattice, then vectors

�

K satisfying Eq. (L26) also lie in

a lattice— the reciprocal lattice.

28th January 2003
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Scattering in three dimensions 15

First consider �

K� �

R � 0 (L28)

Once the direction of
�

K is chosen, the

�

R satisfying this condition lie in a plane passing

through the origin

�

K �

� 110 �

a1 a2

a3

� 1 � 2� 0

�

K �

� 110 �

a1 a2

a3

� 1 � 2� 0

28th January 2003
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Scattering in three dimensions 16

The magnitude of

�

K is restricted by the need to satisfy Eq. (L28) for all Bragg planes. In

the plane,

l1

�a1 � l2

�a2	 (L29)

For any �a3 in an adjacent plane, suppose

�a3�
�

K � 2 � � (L30)

Then �

K� �

R �
�

K� � l1

�a1 � l2

�a2 � l3

�a3 	 � 2 � l3� (L31)

Explicit construction:

�

b1 � 2 �
�a2 �

�a3�a1� �a2 �

�a3

�

b2 � 2 �
�a3 �

�a1�a2� �a3 �

�a1

�

b3 � 2 �

�a1 �

�a2�a3� �a1 �

�a2
(L32a)

�

K �

3

l � 1

ml

�

bl� (L32b)
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Scattering in three dimensions 17

Reciprocal lattice of a simple cubic lattice of lattice spacing a is another simple cubic

lattice, of spacing 2 � � a.

The reciprocal lattice of an fcc lattice of spacing a is, however, a bcc lattice of spacing

4 � � a

The reciprocal lattice of a bcc lattice of spacing a is an fcc lattice of spacing 4 � � a.

28th January 2003
c� 2003, Michael Marder



Miller Indices 18
� � i jk 
 refers to a direction

i� x � j� y � k� z (L33)

in the lattice specified by the three integers i, j, and k.

� � i jk 	 refers to a lattice plane perpendicular to � i jk 


�

�

i jk

�

refers to the family of lattice planes perpendicular to � i jk 
 and related by

symmetry.

28th January 2003
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Lattice with a Basis 19

�

R � �ul �
�

� l� (L34)

Regrouping of basic sum first carried out by Laue

�

R

ei �q� �

R �

ll�

ei �q� � �ul 
 �
� l� � (L35)

�

l

ei �q� �ul

l�

ei �q� �
� l� (L36)

� I �

j j�

e
� i �q� � �u j � �u j� �

ll�

ei �q� � �� l � �
� l� � � (L37)

Structure factor for the unit cell is

F�q � �

l

ei �q� �
� l �

2� (L38)

When F�q vanishes, have an extinction: Laue overlooked this possibility, leading to years

of confusion interpreting patterns.

28th January 2003
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Lattice with a Basis 20

Example: Diamond

�
� 1 � � 0 0 0 		 �
� 2 �

a
4 � 1 1 1 	 � (L39)

�

K � l1
4 �
2a � 1 1� 1 	 � l2

4 �

2a �� 1 1 1 	 � l3
4 �

2a � 1� 1 1 	 � (L40)

Therefore,
�

� 2�
�
K � �

2 � l1 � l2 � l3 		 (L41)

F �

K is

F �

K

� � 1 � ei � � l1 
 l2 
 l3 � � 2

�

2 (L42)

�

�
�

�
�

�
�

�

4 if l1 � l2 � l3 � 4	 8	 12	 � � �

2 if l1 � l2 � l3 is odd

0 if l1 � l2 � l3 � 2	 6	 10	 � � � �

(L43)
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Experimental Methods 21

Ewald construction

k

q

k0

Shining generic monochromatic X-ray upon crystal gives no scattering peaks

28th January 2003
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Laue Method 22
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Rotating Crystal Method 23

Sample

Cylindrical Film

Incoming Beam

�

k0

Film

28th January 2003
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Rotating Crystal Method 24

�

�

k0

�

k D sin �

D sin ��

D

�

�

28th January 2003
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Powder Method 25

� � sin

� 1
� K � 2k0 	 (L44)

and the radius r on film of the scattering ring due to reciprocal lattice vector

�

K is

r � D tan � 2 � 	 � (L45)

28th January 2003
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More on Scattering Experiments 26

X-rays Neutrons Electrons

Charge 0 0 � e

Mass 0 1.67� 10 � 27 kg 9.11� 10 � 31 kg

Typical energy 10 keV 0.03 eV 100 keV

Typical wavelength 1Å 1 Å 0.05Å

Typical attenuation length 100 � m 5 cm 1 � m

Typical atomic form factor, f 10 � 3 Å 10 � 4 Å 10 Å

Interactions of X–rays with matter

Iatom �
� r 	 �

e4

m2c4

� 1 � cos2 2 � 	

2
�

e4

m2c4
P �

� r 	 (L46)

� f �
� r 	 � e2

mc2
P �

� r 	 � 2� 82� 10

� 15 P �
� r 	 m (L47)
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More on Scattering Experiments 27

Mo K

Cu K

Bremsstrahlung
Al K Cu L

C K

Sun

Bulb

Synchrotron Radiation
Laser

Wavelength � (Å)

Ph
ot
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th
]�

1

He I

1017

X-Ray Tubes

10 � 1 100 101 102 103 104
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109

1010
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Neutrons are almost completely isotropic. Elastic scattering (neutrons lose no energy)
28th January 2003
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More on Scattering Experiments 28

gives very precise information about static structure. Inelastic scattering gives very

precise information about mechanical excitations. Neutrons are sensitive to the spins of

the nuclei from which they scatter.

0 20 40 60 80

80K

293K

(111) (222)

(311)

(400) (331) (511) (440)

(622)
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Scattering angle 2 � (degrees)

In
te

ns
ity

(A
rb

itr
ar

y
un

its
)

Information on a neutron detector

28th January 2003
c� 2003, Michael Marder

http://www.msfc.nasa.gov/NEWSROOM/background/facts/bonner1.html


75 years of further advances... 29

Insertion of heavy atoms allows extremely complex crystals to be deciphered.

Crystallography Online

Structure of Hemoglobin

rasmol viewer for molecules

Computers do most of the work now (for better or worse)

28th January 2003
c� 2003, Michael Marder

http://www.iucr.org/cww-top/crystal.index.html
http://www.biochem.ucl.ac.uk/bsm/pdbsum/1a00/main.html
http://www.rasmol.org


Surfaces and Interfaces 1

18th May 2003
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Surfaces and Interfaces 2

Counting up ways to align two surfaces

(A)

z

x
y

(B)

�
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Commensuarate and Incommensurate
Interfaces 3

n1

�a1 � n2

�a2�

cos � sin �

� sin � cos � � m1

�

b1 � m2

�

b2 ��� (L1)

Lattice constants differ by 	 5 
 2: commensurate but incoherent.
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Stacking Period and Interplanar Spacing 4

P� � � i2 � j2 � k2 �� where � equals 1 or 2. (L2)

d� � a 
 i2 � j2 � k2

� (L3)

fcc (100) surface, P � 2 fcc (111) surface, P � 3

18th May 2003
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Nomenclature 5

☞ Twin boundary

☞ Twist boundary

☞ Tilt boundary

☞ Stacking fault

☞ And here come the acronyms

☞ LEED—Low energy electron diffraction

☞ RHEED—Reflection high energy electron diffraction

☞ MBE—Molecular beam epitaxy

☞ FIM—Field ion microscopy

☞ STM—Scanning tunneling microscopy

☞ AFM—Atomic force microscopy

☞ HREM—High resolution electron microscopy

18th May 2003
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Twin Boundary 6
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Low-Energy Electron Diffraction (LEED) 7

Technique used by Davisson and Germer to find wave nature of electron.

(A)

�
V

�
10

–1
00

0
V

� V
5000 V

electron gun

(B)
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Low-Energy Electron Diffraction (LEED) 8

� � 12� 2 � energy 
 eV �
� 1 � 2 Å (L4)

�q �
�

R� 2 � l �q� � Kx� Ky� qz � � (L5)

18th May 2003
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Molecular Beam Epitaxy (MBE) and
Reflection High-Energy Electron Diffraction

(RHEED) 9

Electrons of energy on the order of 100 keV reflected off a surface at a grazing angle.

The wave vectors associated with such energies are on the order of 200 Å� 1, much larger

than the spacing between reciprocal lattice vectors.
Element #1 Element #2 Element #3

Substrate

shutters

Ultra-High Vacuum

Electron gun

RHEED
screen
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Molecular Beam Epitaxy (MBE) and
Reflection High-Energy Electron Diffraction

(RHEED) 10
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Oscillations in RHEED intensity, (001) GaAs surface monitoring the �
�

210 � reflection as

electrons reflect off the surface at an angle of 0� 91 � . Braun et al. (1998)
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Scanning Tunneling Microscopy (STM) 11

Oppenheimer and tunneling

i � exp

� C
E

(L6)

� � exp �
� x 2mU 


�

h2

�� (L7)
� �

1
2 �� 1 � � 2 ��� (L8)
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Scanning Tunneling Microscopy (STM) 12

� � x �

U � x �

V

s

�

18th May 2003
c� 2003, Michael Marder



Scanning Tunneling Microscopy (STM) 13

� � x � � exp

�
� i 


�

h �

x

dx � 2m � � � U � x � � �
�

� (L9)

Amplitude drops by

exp

�
� s 2m � 


�

h2

�

(L10)

J � ninfV exp �
� 2s 2m � 


�

h2

� (L11)

� exp

�
� 1� 02 � s 
 Å � � � 
 eV �

�
� (L12)
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Scanning Tunneling Microscopy (STM) 14

Weak spring

Strong spring

Sample

Tip
Piezoelectric elements
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Scanning Tunneling Microscopy (STM) 15

Wolkow and Avouris (1988)
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Atomic Force Microscopy (AFM) 16

5Å

M. Tortonese

See Atomic Probe Microscope galleries at

IBM STM Image Gallery

Digital Instruments/Veeco

18th May 2003
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http://www.almaden.ibm.com/vis/stm/gallery.html
http://www.veeco.com/nanotheatre/default.asp


DLA—Diffusion Limited Aggregation 17

Witten and Sander

Java simulator of DLA
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Complex Structures 1
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Alloys 2

Entropy always favors mixing things together:

N
M

� N�

M� � N � M �� � NM

M� � (L1)

c � M � N � (L2)

is

kB ln � NM � M� � � � kBN � c lnc � c �	� (L3)


 � � � T S � N � c  � kBT c lnc � kBT c � � (L4)

c� e

� � � kBT� (L5)
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Alloys 3

2.4

1 � T (K� 1)

lo
g

c�
Fe

3
C

in
Fe

0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2
-6
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-3

Flynn (1972)
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Alloys 4
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Hansen (1958)
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Superlattices 5

(A) (B)

Cu3Au CuAu

a

c

Gold Copper

a

(A) A 3:1 mixture of copper and gold (B) Equal mixtures. Lattice constant c is 7%

smaller than a.
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Phase Separation 6

0 1Concentration c

Fr
ee

E
ne

rg
y

�

ca cb

 ps � f 
 � ca � � � 1 � f � 
 � cb � � (L6)

c � f ca � � 1 � f � cb � f � c � cb

ca � cb
(L7)

� 
 ps � c � cb

ca � cb


 � ca � �

ca � c
ca � cb


 � cb � � (L8)
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Phase Separation 7

���
T 1
�

���
T 3
�

c

���
T 4
�

Solid

���
T 2
�

c

c

Liquid

�
� � L �L

�� � �

T

� � �

� �

L

� � L � � L

� � L�

� � L

c

c

T2

T3

T4

T1

At sufficiently high temper-

atures, the liquid phase is

of lower free energy at all

concentrations c than the

solid.

At this temperature, the liq-

uid L is lower in energy to

the left, but coexists with

solid of type � towards the

right, and � is stable for

sufficiently high concentra-

tions.Now solid of type � is sta-

ble for low values of c, �

is stable for high values,

liquid is stable for a small

range in the middle, and

there are two coexistence

regions.
Only solid phases are sta-

ble. These can be pure � ,

pure � , or mixtures � �

� of the two.
�
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Nonequilibrium Structures in Alloys 8

Grains

1 � m

Due to B. Hockey, attributed to E. Fuller, and published by R. Thomson (1986)
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Nonequilibrium Structures in Alloys 9

�

j � � �

�
� c� (L9)

� c
� t

� � �

2c (L10)
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Molecular Dynamics 10

�

Fl � � � �
�

�

Rl

� (L11)

ml
d2 �

Rl

dt2

� �

Fl� (L12)
�

Rn � 1
l

� 2
�

Rn
l

� �

Rn� 1
l �

�

Fn
l

ml
dt2 (L13)

with

�

Fn
l � �

Fl �
�

Rn
1

�

Rn
2� � � �

Rn
N � (L14)
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Correlation Functions 11

Order parameters

n2 �
�r1 � �r2 � t � �

l ��� l�
� �

�r1 � �

Rl � 0 � � � �
�r2 � �

Rl� � t � � � (L15)

S �
�q � �

I
NIatom

(L16)

� 1
N

l � l�
�
ei	 q
 �

	
Rl� 	

Rl� �


(L17)

� 1
N

ll�

d �r1d �r2 ei	 q
 �	 r1� 	 r2 �
�

� �
�r1 � �

Rl � � �
�r2 � �

Rl� � 

(L18)

� 1 �

1
N

d �r1 d �r2 n2 �
�r1 � �r2 � 0 � ei	 q
 �	 r1� 	 r2 � (L19)

where

n2 �
�q � � 1

�

d �rd �r� n2 �
�r � �r� � �r � 0 � ei	 q
 	 r� � (L20)
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Long- and Short-Range Order 12

Long–range order in crystals...

� 	

K

� �

N2
n2 �

�

K � � (L21)

Short–range order in liquids...

g � r � �

n2 � r �

n2

� (L22)

S �
�q � � 1 � n d �r g � r � ei	 q
 	 r (L23)

� 1 � n d �r � g � r � � 1 � ei	 q
 	 r � n d �r ei	 q
 	 r (L24)

� 1 � n d �r ei	 q
 	 r � g � r � � 1 � � (L25)
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Long- and Short-Range Order 13

Amorphous

Liquid

S
�q �

q, Å� 1

3

2

1

0 4 8 12

0

z � n
first peak

0
dr 4 � r2g � r � � (L26)
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Extended X-Ray Absorption Fine Structure
(EXAFS) 14

Incoming radiation whose energy � lies above the onset of absorption at � a. Receiving

atom emits an electron of energy � � � a and wave vector

�

hk � 2m � � � � a � .

� � � � �

j

� 1 � � e
� R j � lT eikR j f � R j � 2 �

2 (L27)

� dsg � s � e

� 2s � lT cos � 2ks � � (L28)

lT is the mean free path of electrons in the solid.
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Calculating Correlation Functions 15

Dense Random Packing, Bernal model, Hard spheres

g
� r�

r

�

d
0 1 2 3 4 5

0

1

2

3

The radial distribution function g � r � for hard spheres (disks) of radius d in two

dimensions.
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Glasses 16

� � exp �C � � T � T0 � � � (L29)

Composition Composition

Composition

L

� �

� � L � � L

� � � in solid solution

(A)

(B) (C)

� � �

� �

glass

Te
m

pe
ra

tu
re

Te
m

pe
ra

tu
re

Te
m

pe
ra

tu
re

Te

Tg

Properties depend upon time one waits.
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Glasses 17
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0.62 Hz 34 Hz 1100 Hz

Temperature T (K)

Specific heat cP times thermal conductivity � for the glassy liquid glycerol as a function

of temperature. Birge and Nagel (1985)
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Continuous Random Network 18

O

Si
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Continuous Random Network 19

Bond-counting and constraint argument of Phillips

N number of atoms, b number of bonds per atom.

Nb � 2 total bonds. If there is an optimal angle, N � 2b � 3 � extra constraints per atom.

3N � N � 2b � 3 � �

Nb
2 � (L30)

it follows that

b � 2� 4 � (L31)
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Liquid Crystals 20

20 Å

5
Å

CH3 O N

O

O CH3N

Picture of the organic molecule p-azoxyanisole (PAA), which forms a nematic liquid

crystal between 116 � C and 135 � C. It can roughly be regarded as a rigid rod of length 20

Å and width 5 Å.

� Nematics

� Cholesterics

� Smectics
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Liquid Crystals 21

�

�n

Nematic liquid crystal
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Cholesterics 22

nx � 0 (L32a)

ny � cosq0x (L32b)

nz � sinq0x� (L32c)

x �
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Smectics 23

Smectic A �

�n

Smectic B

Smectic C

� � d3r1d � 1n1 �
�r1 � � 1 �

1
2 � 3cos2

� 1 � 1 �	� (L33)

Q � �

�  � �

� 1
3

� � �

�


� � � (L34)
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Polymers 24

Polymer as a random walk.

Ideal Radius of Gyration

� N � 1 �
�

R � � d
�

R� � N �
�

R� � � 1 �
�

R � �

R� � (L35)

� � N � 1 �
�

k � � � N �
�

k � � 1 �
�

k � (L36)

� � N �
�

k � � � � 1 �
�

k � � N� (L37)

d

�

R � 1 �
�

R � � 1 � � 1 �
�

k � 0 � � 1� (L38)
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Polymers 25

� 1 �
�

k � � 1 � c
2

k2 � e

� ck2 � 2 (L39)

� � N �
�

k � � e

� Nck2 � 2 (L40)

� � N �
�

R � � 1

� 2 � Nc
3 e

� R2 � 2Nc� (L41)

Central limit theorem

c � � �
2

� k2 �
	
k � 0 � 1 �

�

k � � d

�

RR2

� 1 �
�

R � � a2 (L42)

� I
2 � d

�

RR2
� N �

�
R � � 3cN � 3a2N (L43)

� � I � a � 3N� (L44)

S � S0 � 3
2

kB
R2

� I
2 (L45)
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Polymers 26


 � 
 0 �

3
2

kBT
R2

� I
2

� 
 0 �

1
2

kBT
R2

a2N � (L46)

�

F � 3kBT

�

R

� I
2

� kBT
a2N

�

R �
�

N

�

R� (L47)

Polymer behaves like an ideal spring

Spring constant that rises in proportion to temperature, falls in proportion to the
molecular weight � I

2

� N

M� � 2

a2
(L48)


 � 
 0 � kBT �

N
M �

1
2

� 2

a2M

� 
 0 � kBT
N
2

a2

� 2

� 
 0 � kBT

� 2
I

6 � 2

� (L49)

P � � �
� � 3

kBTN
a2

� 2 �

kBT � N � M �

� 3 � (L50)

Pressure of an ideal gas of N � M particles in volume � 3.
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Polymers 27

n � N

� 3

� � 2
I

a2 � 3

� (L51)


 � kBT �

3 � An � Bn2 � Cn3 � � � � �� (L52)


 � 
 0 � kBT

�

� 2

� I
2 �

� 2
I

� 2 � �
3

�

A

�

� 2
I

a2 � 3

�

� B

�

� 2
I

a2 � 3

�

2

� C

�

� 2
I

a2 � 3

�

3
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�

�
� (L53)

2

�
� 2

I

� 2

� 2
I

� 3

� 3B
� 4

I

a4 � 4

� 6C

� 6
I

a6 � 7

� 0� (L54)

2

�
� 2

I

� 3B

� 4
I

a4 � 4

� 0 (L55)

� �

5

�

B � 6
I
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6 � 5
I � N3 � 5� (L56)
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Polymers 28

� B � � 4
I

a4 � 4

� 2C
� 6

I

a6 � 7 � �

3� C � 2
I

� B � a2

� N � � � N1 � 3� (L57)

� solvent
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Quasicrystals 29

Five–fold symmetry is impossible... and yet

79.2 �

58.29

�

64.43 �

58.29 �

79.2 �

64.43 �

Shechtman et al. (1984) Quasi-crystal site with several applets
16th May 2003

c� 2003, Michael Marder
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One-Dimensional Quasicrystal 30

xn � n � � �

� 1 � int � n � � � � (L58)

Golden Mean

� � 1 �

1

�

� � 5 � 1
2

� 1� 618� � � � (L59)

Deflation rule:

Replace � with sequence � � 1,

Replaces every 1 with a �

� 1 � � 1� � � � (L60)

� 1 � � 1 � 1 � � � � � (L61)

Xn � 1 � XnXn� 1 � (L62)
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One-Dimensional Quasicrystal 31

X� 1 � � � X0 � � 1 � X1 � � 1 � � X2 � � 1 � � 1� � � (L63)

X3 � X2X1 � � 1 � � 1 � 1 � � (L64)

1

1 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15 x16 x17 x18

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X11
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One-Dimensional Quasicrystal 32

xm � m �

n

n � � n � m � � � 1 � � � m � �

� n � � � (L65)

x � � � y � x � �

� 1� (L66)

� m �
n

n � � m � �

� n � � � n � � m � �

� 1 � � �� (L67)

� x � 1 � � �

� 1 � y � x � �

� 1� (L68)

�

m

m � � � m � 1 � � �

� 1 � n � � � n � � m � �

� 1 � � � n �� (L69)

Xn � 1 �

m

m � � � m � 1 � � �

� n � 1 � � � n � m � � � 1 � � n � � � (L70)

Xn hollow circles. , Xm � � 1 � � � � xm�
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Scattering from a One-Dimensional
Quasicrystal 33

Singular continuous spectrum
� q �

n

eiqxn (L71)

�

n � m
eiq � m � n ��� �

� � n � m � � � 1 � � � m � �

� n � (L72)

� dxdyei	 q
 � x � y �
� m � n

� � x � m � � � y � n �
�

� � y � x � � � 1 � � � x � �

� y � (L73)

where �q � � q � q � � �	� (L74)

First piece

A �
�q � � dxdy

m � n

� � x � m � � � y � n � eiqxxeiqyy (L75)

� N � 2 � � 2

�

n� � m�
� � qx � 2 � n� � � � qy � 2 � m� � � (L76)
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Scattering from a One-Dimensional
Quasicrystal 34

Second piece

B �
�q � � dx

x � �

x ��� � 1
dyeiqxx � iqyy � dxeiqxx

�

eiqy � x ��� � � eiqy � x ��� � 1 �

iqy �
� (L77)

� q �

dxdq� xdq� y

n� � m�

� � q � q� x

� 2 � n� �

� � � q � �

� q� y

� 2 � m� � �

eiq� y � x ��� � � eiq� y � x ��� � 1 �

iq� y �

eiq� xx (L78)

� dx
n� � m� �

ei � q ��� � 2 � m� � � x ��� � � ei � q ��� � 2 � m� � � x � � � 1 �

iq � �

� 2 � im�

�

ei � q� 2 � n� � x (L79)

� 2 �

n� � m�

1 � e� i � q ��� � 2 � m� �

iq � �

� 2 � im�

� � � 2 � m� � q
�

� � � � 2 � n� � q �	� (L80)

The peaks of (80) are at
2 � � m� � � � n� �

�
� 2 � 1

� q (L81)
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Scattering from a One-Dimensional
Quasicrystal 35

Square amplitude is proportional to

sin2 �
�

m� �

� n�

� � �
� 1

�

� � q � �

� 2 � m� �

2� (L82)

0 20 40
Wave number q

A
m

pl
itu

de

16th May 2003
c� 2003, Michael Marder



Two-Dimensional Quasicrystals—Penrose
Tiles 36

Penrose, Gardner
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Two-Dimensional Quasicrystals—Penrose
Tiles 37

Amman lines

(A) (B)

�r �

�e �

� xn � � �r �

�e
�

� xn

�

� (L83)
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Physical reasons for quasicrystals 38

Al6Li3Cu is real equilibrium quasicrystal
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Physical reasons for quasicrystals 39

(A) (B)

28 Å

Kortan (1996)
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Fullerenes and Nanotubes 40

David Tomanek’s Nanotube Site

16th May 2003
c� 2003, Michael Marder
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The Single-Electron Model 1

�
� �

l

�

P2
l

2Ml

�

1
2

l ��� l�
qlql�

�
�

Rl	
�

Rl� �

 (L1)
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Approximations 2

�� � �

l

�

P2
l

2Ml

� 1
2 �

l �� l�

qlql�
�

�

Rl	 �

Rl� �

Ionic potential eliminated. Free
Fermi gas, surprisingly effective
with alkali metals.

Ions treated as static potential.
Born-Oppenheimer approxima-
tion.

Nuclei treated as classical poten-
tials. Many electrons combined with
nuclei in closed shells to form ions.

All electronic degrees of freedom
eliminated, turned to effective po-
tential for ions. Phonon dynamics.

Coulomb interaction incorporated
self-consistently into lattice poten-
tial. Single electron approxima-
tion, partially justified by Fermi liq-
uid theory

Ions treated classically. Studies of
cohesive energy, molecular dynam-
ics.

Ions arranged in a lattice, form-
ing periodic potential for single
electrons. Starting point for first-
principles’ calculations. Weak ionic
potentials justified by pseudopoten-
tials.

Ionic potential eliminated, interact-
ing electrons move in uniform pos-
itive potential. Jellium, starting
point for field theoretic work.
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Approximations 3

Main physical idea is the Pauli principle, which has two consequences:

1. It populates solids with electrons whose energies would classically signify

temperatures on the order of 10,000 K.

2. It prevents all electrons but those whose energy differs slightly from the highest

occupied state from participating in transport processes

Important terms:

☞ Occupation number

☞ Fermi energy

☞ Fermi surface

☞ Density of states

☞ Sommerfeld expansion

☞ Effective mass

18th May 2003
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The Basic Hamiltonian 4

�
� � �

N

l � 1

�
	 �

h2 � 2
l

2m

� U�� rl � � � �� r1
 
 
� rN � � � � � � rr
 
 
� rN � 
 (L2)

Single electron problem:
	 �

h2 � 2

2m
� U�� r � � l� � r � � � l � l�� r �� (L3)

Free electron gas

	 �

h2

2m

N

l � 1

� 2
l � � � r1
 
 
� rN � � � � �� r1
 
 
� rN �� (L4)
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Periodic Boundary Conditions 5

� � x1� L� y1� z1
 
 
 � zN � � � � x1� y1� z1
 
 
 zN �

� � x1� y1� L� z1
 
 
 � zN � � � � x1� y1� z1
 
 
 zN � 










(L5)
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Densities of States 6

��� k

� 1

��

ei

�

k�� r (L6)

with

�

k of the form �
k � 2 �

L � lx� ly� lz � 
 (L7)

The eigenvalue corresponding to the eigenfunction (6) is

� 0�

k

�

�
h2k2

2m
(L8)

Occupation number f� k of a state indexed by

�

k is 1 if this one-electron state is part of the

ground state, and 0 otherwise.
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Densities of States 7

kF

�

k states described by Eq. (L7) occupy a cubic lattice in
�

k or reciprocal space, with

neighboring points separated by distances of 2 �
�

L,

k space volume per state is� 2 �
�

L � 3.

18th May 2003
c� 2003, Michael Marder



Densities of States 8

�

k

F� k� (L9)

d
�

k F� k

�
�

k

�

2 �

L � 3F� k (L10)
�

�

k

F� k
� �

� 2 � � 3
d

�

k F� k
 (L11)

corresponds to

�� k� q �

� 2 � � 3

� ��
�

k	 � q � 
 (L12)

18th May 2003
c� 2003, Michael Marder



Definition of Density of States D 9

Density of electronic states or density of levels

D� k

� 2
1

� 2 � � 3� (L13)

defined so that
�

k �

F� k
� � d

�

k D� kF� k
 (L14)

To avoid perpetually writing D� k, adopt the notation

� d

�

k � �

2

� �

k

� d

�

k D� k
� 2

� 2 � � 3
d

�

k (L15)

18th May 2003
c� 2003, Michael Marder



Energy Density of States 10

From here onwards, red question marks bracket areas deliberately left blank so that students can fill

them in!
�

k �

F� �� k � � � d � D� � � F� � � 
 (L16)

To find D� � � , note that
�

k �
F� �� k � � �� � d

�

k � F� �� k � (L17)

� � d � � d

�

k � �� � 	 �� k � F� � � (L18)

� � D� � � �

� d

�

k � �� � 	 �� k � 
 (L19)

18th May 2003
c� 2003, Michael Marder



Results for Free Electrons 11

D� � � �

� d

�

k � �� � 	 � 0�

k � (L20)

� � 4 � 2

� 2 � � 3

�

0
dk k2 �� � 	 � 0�

k � (L21)
� 1

� 2
�

0

d � 0

� d � 0

�

dk �

2m � 0

�

h2 �� � 	 � 0 � (L22)

� � m

�

h3 � 2

� 2m � (L23)

� 6
 812 � 1021 �
�

eV eV

� 1 cm

� 3
 (L24)

18th May 2003
c� 2003, Michael Marder



Results for Free Electrons 12

Electrons in sphere of radius kF is

N �
�

k �

f� k (L25)

� �� � d

�

k � f� k� (L26)

� � � d

�

k ��� � kF	 k � (L27)
� �

4 � 3

4 �
3

k3
F � �

� k3
F

3 � 2� (L28)

kF � � 3 � 2n � 1 � 3 � 3
 09 � n � Å
3

�

1 � 3Å

� 1
 (L29)

18th May 2003
c� 2003, Michael Marder



Results for Free Electrons 13

radius parameter rs

4 �

3
r3

s �
�

N

� rs �
�

3
4 �

�

N

�

1 � 3


 (L30)

Fermi energy, � F , or Fermi level

� F �
�

h2k2
F

2m

� 36
 46 � n � Å
3

�

2 � 3eV
 (L31)

Fermi surface, electrons with energy � F .

� F � �

hkF �

m � 3
 58 � n � Å
3

�

1 � 3 � 108 cm s

� 1
 (L32)

D� � F � � 3
2

n

� F

� 4
 11 � 10

� 2

� n � Å
3

� eV
� 1 Å

� 3
 (L33)

18th May 2003
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One- and Two-Dimensional Formulae 14

One dimension:

D� k

� 2�

1
2 � � d
 (L34)

D� � � � �

2m

� 2 �

h2 �

 � (L35)

Two dimensions:

D� � � � �

m

� �
h2� � (L36)

18th May 2003
c� 2003, Michael Marder



Statistical mechanics of noninteracting
electrons 15

Zgr �

states

e� �� N � � � (L37)

�

1

n1 � 0

1

n2 � 0

1

n3 � 0


 
 
 � e� l
nl �� � � l �

� (L38)

Using the mathematical fact that
N

n1 � 0

N

n2 � 0


 
 

N

nM � 0

M

l � 1

Anl

� �

M

l � 1

�
�

�

N

nl � 0

Anl

�
	



� � (L39)

one has that

Zgr � �

l

�
�

�

1

nl � 0

e� nl �� � � l �
�

	



(L40)

�

l



1� e� �� � � l �
�


 � (L41)

18th May 2003
c� 2003, Michael Marder



Statistical mechanics of noninteracting
electrons 16

Therefore the grand potential is given by

� � 	 kBT lnZgr (L42)

� 	 kBT
l

ln



1� e� �� � � l �
�


 (L43)

� 	 kBT� d � � D� � � ln



1� e� �� � � �
�


 � (L44)

18th May 2003
c� 2003, Michael Marder



Fermi Function 17

N � �
	 � �

� �

(L45)

� � d ��� D� ��� �

e� � � � � �

1� e� � � � � � (L46)

� � n � �

N

�
� d ��� D� ��� � f� ��� �� � (L47)

where...

18th May 2003
c� 2003, Michael Marder



Fermi Function 18

0.0

0.2

0.4

0.6

0.8

1.0

�

f����
�

�

f � � � : kBT � � 005�

exp � � � � � � � � � : kBT � � 25�

f � � � : kBT � � 025�

f � � � : kBT � � 25�
f� � � � �

1
e� � � � � �� 1

� (L48)

f� k

� �

1

e� � ��� k
� � �� 1


 � (L49)

� � �
� � ��

� � 	 � N � � d ��� D� ��� �� ��� 	 � � f� ��� � (L50)

�

�
�

� d �� D� �� � �� f� � � � 
 (L51)

18th May 2003
c� 2003, Michael Marder



Classical Limit 19

Boltzmann statistics

f� � � � Ce

� � � 
 (L52)

when

f� � ��� 1 � e� � � � � � � 1
 (L53)

At low temperatures

f� � � � � � � � 	 � � 
 � (L54)

Fermi temperature:

TF � � F �

kB� (L55)

18th May 2003
c� 2003, Michael Marder



Elements as free electron gases 20

Element Z n kF � F TF � F rs �

a0

(1022 cm

� 3) (108 cm

� 1) (eV) (104 K) (108 cms

� 1)

Li 1 4.60 1.11 4.68 5.43 1.28 3.27

Ag 1 5.86 1.20 5.50 6.38 1.39 3.02

Be 2 24.72 1.94 14.36 16.67 2.25 1.87

Al 3 18.07 1.75 11.66 13.53 2.02 2.07

Sn 4 14.83 1.64 10.22 11.86 1.89 2.22

Sb 5 16.54 1.70 10.99 12.75 1.97 2.14

Mn 4 32.61 2.13 17.28 20.05 2.46 1.70

Fe 2 16.90 1.71 11.15 12.94 1.98 2.12

Co 2 18.18 1.75 11.70 13.58 2.03 2.07

Ni 2 18.26 1.76 11.74 13.62 2.03 2.07

18th May 2003
c� 2003, Michael Marder



Sommerfeld Expansion 21

Paradox that density of states too small solved by

c � � TD� � F �� (L56)

0

10

20

30

�

�
f

��
�

kBT � 
 005 �

kBT � 
 025 �

kBT � 
 25 �

�
18th May 2003

c� 2003, Michael Marder



Sommerfeld Expansion 22

�

H

�

�

�
� �

d � H� � � f� � � 
 (L57)
�

H

�

�

�
� �

d � H� � ��
�

n � 1

� �

d2n � 1

d � 2n � 1
H� � � �

�
� �

d � � � 	 � � 2n

� 2n � �

�
� f

� � �

(L58)

�

�
� �

d � H� � ��
�

n � 1

an � kBT �

2n d2n � 1

d � 2n � 1
H� � � (L59)

with

an �

�
� �

dx

�
	 �

� x
1

ex� 1
�

x2n
� 2n � �

(L60)

� 1

� 2n � �

d
db

2n

�

b �

sinb �
�

�
�

� b � 0
(L61)

� �

�

H

�

�

�
� �

d � H� � ��
� 2

6 � kBT �

2 H� � � ��

7 � 4

360 � kBT �

4 H

� � �
� � �� 
 
 
 
 (L62)

18th May 2003
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Specific Heat 23

c � � 1

�
� �

� T � N � 
 (L63)

�
�

� � d ��� f� ��� � ��� D� ��� � (L64)
�

�
0

d �� �� D� �� ��
� 2

6� kBT � 2 d� � D� � � �

d �


 � (L65)

� �
� T � N � � 	

� N

� T �� �

� N

� �
� T �


 (L66)

N � � d ��� � f� � � � D� ��� � � �

�

0
d ��� D� ��� �� � � 2

6� kBT � 2D� � � �� � (L67)

� �
� T � N � � �

	 � 2

3
k2

BT
D� � � �

D� � �

 � (L68)

18th May 2003
c� 2003, Michael Marder



Specialize to Free Fermi Gas 24

� � � � F	
� 2

6� kBT � 2 D� � � F �

D� � F �

 � (L69)

To order T 2
�

�

�

� F

0
d �� �� D� �� ��

� 2

6� kBT � 2D� � F �

� � F � � 	 � F � D� � F ��
� 2

6� kBT � 2D� � � F �

(L70)

�

�
�

�

� F

0
d � � D� � ��
� 2

6� kBT � 2D� � F � (L71)

� c � � � 2

3
k2

BT D� � F � 
 (L72)

As predicted, c � � D� � F � T .

Linear coefficient, Sommerfeld parameter

� � c � �

T

18th May 2003
c� 2003, Michael Marder



Specialize to Free Fermi Gas 25

� �
c �
T

� �

� 2

2
kB

� F
nkB
 � (L73)

Specific heat effective mass of the electron.

18th May 2003
c� 2003, Michael Marder



Specialize to Free Fermi Gas 26

Metal Z � (mJ mole � 1 K � 2) Metal Z � (mJ mole � 1 K � 2)

Expt. Eq. (L73) Expt. Eq. (L73)

Li 1 1.65 0.74 Al 3 1.35 0.91

Na 1 1.38 1.09 Ga 3 0.60 1.02

K 1 2.08 1.67 In 3 1.66 1.23

Rb 1 2.63 1.90 Sn 4 1.78 1.41

Cs 1 3.97 2.22 Pb 4 2.99 1.50

Cu 1 0.69 0.50 Sb 5 0.12 1.61

Ag 1 0.64 0.64 Bi 5 0.008 1.79

Au 1 0.69 0.64 Mn 2 12.8 1.10

Be 2 0.17 0.5 Fe 2 4.90 1.06

Mg 2 1.6 0.99 UPt3 450

Ca 2 2.73 1.51 UBe13 1100
Sr 2 3.64 1.79

Ba 2 2.7 1.92

Zn 2 0.64 0.75

Cd 2 0.69 0.95 Stewart (1983), and Stewart (1984).
18th May 2003

c� 2003, Michael Marder



Specialize to Free Fermi Gas 27

Heavy Fermions

18th May 2003
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Problem of conductivity: Drude model 1

m

��� � � e

�

E � m

��
��� (L1)

� is the relaxation time.

�� � t 	 � �� 0e


 t �� � (L2)

Steady state, times much longer than � :

�� � � � � e
m

�

E � (L3)

Current therefore is

�

j � � � ne �� � ne2 �
m

�

E � (L4)

� � � � ne2 �

m

�� (L5)

� is the electrical conductivity

9th February 2003
c� 2003, Michael Marder



Problem of conductivity: Drude model 2

� � � m
ne2 �

� � 3 � 55 � 10
 13 s
n �� 1022 cm
 3 � � �� ��� cm �

(L6)

Exercise:

1. Estimate typical value of � .

2. How does this compare with rate at which classical thermal electrons scatter off

nuclei?

3. How does this compare with rate at which electrons at Fermi velocity scatter off

nuclei?

4. What happens if one starts over and takes the relaxation time proportional to the

electron velocity?

9th February 2003
c� 2003, Michael Marder



Bloch’s solution 3

Periodic function u � r 	

� � r 	 � exp� ikr � u � r 	

Single particle in periodic potential U :

U � �r �

�

R 	 � U � �r 	 � (L7)

Solve

9th February 2003
c� 2003, Michael Marder



Bloch’s solution 4

�
� �

�

P2

2m

� U �
�

R 	 � (L8)

WRONG:

� � �r �

�

R 	 �
� � �r 	 � (L9)

Can see this is wrong from case U � 0
��� k � �r 	�� ei

�
k�� r � (L10)

9th February 2003
c� 2003, Michael Marder



Translation operators 5

Let
�

T� R translate wave function by

�

R

�

T� R

� e


 i

�

P� � R � �h� (L11)

Theorem: if one has a collection of Hermitian operators that commute with one another,
they can be diagonalized simultaneously

Suppose � 2 has unique eigenvector � a � with eigenvalue a.
� 1 � 2 � a � � a � 1 � a � � � 2 � 1 � a � (L12)

so � 1 � a � is eigenvector of � 2; by uniqueness, must be some constant times � a � .

In case of degenerate eigenvalues, one operator may categorize further states of other;
parity.

Use theorem: �

T ��

R � � � � ei

�

P� � R � �h

� � � � C� R � � � � (L13)

� � �r �

�

R 	 � C� R � � �r 	 � (L14)

9th February 2003
c� 2003, Michael Marder



Translation operators 6

ei
�

k� � R

�
�

k � � � � C� R �
�

k � � � (L15)

� either C� R

� ei

�

k� � R or

�
�

k � � � � 0 � (L16)

☞

�

k: Bloch wave vector

☞

�

h

�

k: Crystal momentum

9th February 2003
c� 2003, Michael Marder



Bloch’s Theorem 7

�
� � � n

�

k � � � n

�

k � � n

�

k � (L17a)

�

T ��

R � � n

�

k � � ei

�

k� � R

� � n

�

k � � (L17b)

Restate as

� n

�
k � �r �

�

R 	 � ei

�

k� � R

� n

�

k � �r 	 � (L18)

or

un

�

k � �r 	 � e

 i
�

k�� r

� n

�
k � �r 	 � (L19)

u � �r �

�

R 	 � � u � �r 	 � and � n

�

k � �r 	 � ei

�
k�� run

�
k � �r 	 � (L20)

9th February 2003
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Energy Bands 8

Plane wave

LL � X W

LMTO

(B)

E
ne

rg
y

(e
V

)

-10

-8

-6

-4

-2

0

2

4

(A)

LL � X W

�
� � ku � �r 	 �

�

h2

2m� � �

2 � 2i

�

k � �
� � k2

� u � �r 	 � U � �r 	 u � �r 	 � � u � �r 	 � (L21)

9th February 2003
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Allowed values of

�

k 9

If crystal is periodic with (macroscopic) dimensions M1

�a1� M2

�a2� M3

�a3

then requiring exp� i
�

k � �r � to be periodic constrains

�

k to

�
k �

3

l� 1

ml

Ml

�

bl� 0 � ml� Ml� (L22)

�

b1 � � � �b3
�

bl � �al� � 2 � � ll� � (L23)

Periodic boundary conditions place a condition on how small k can be.

Demanding that C� R

� exp� i

�

k � �

R � be unique places conditions on how big k can be.

Number of points in crystal equals number of unique Bloch wave vectors.

9th February 2003
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Brillouin Zone 10

�
�

�

Q

Z

S

X

�

K W
X

U

L

9th February 2003
c� 2003, Michael Marder



Density of States 11

�

b1 � �
�

b2�
�

b3 	

M1M2M3
(L24)

� 2 �

�a3 � � �a1�
�a2 	

�

b1 � �
�

b2� � �a1�
�a2 	 	

M1M2M3
(L25)

� � 2 � 	 3

M1M2M3

�a1 � � �a2�
�a3 	

(L26)
� � 2 � 	 3

�
(L27)

�

k �

F� k

� � � d

�

k � F� k� (L28)

Define D� k as before:

Dn � � 	 � � d

�

k � � � �

�
� n

�

k 	 � (L29)

9th February 2003
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Dynamical importance of energy bands 12

�� n

�

k

� 1

�

h

�
� � k � n

�

k � (L30)

� � �� � � k

Wave packet:

W � �r�
�

k� t 	 � � d
�

k� ��� �
�

k� � �

k 	 ei

�

k� �� r
 i ��� k� t � �h

�
�

k� e


 i

�

k� �� r� (L31)

� ei

�

k�� r
 i �� k
t � �h

� d

�

k� � ��� �
�

k� � 	 � ei

�

k� � � 	� r
 � 
 � k �� k
t � �h �

��� ke


 i

�

k�� r� � (L32)

� � ei

�

k�� r
 i �� k
t � �h � � �r � �

� � k �� kt �
�

h 	 � (L33)

9th February 2003
c� 2003, Michael Marder



Van Hove Singularities 13

D � � 	 � dk � 2 � 2 � 	 � � �

�
� k 	 (L34)

� 2

�

d � k

� d � k � dk �
� � �

�
� k 	 (L35)

� 2

�

1

� d � k � dk �
� (L36)

D � � 	��
1

k � � � a

� 1

� � max �
�

(L37)

d � � dk

D � � 	 � d

�

k 2
Ld

� 2 � 	 d � � �

�
�� k 	 � (L38)

D � � 	 � ln � � � � 0 � 1 � or � ��� � 	 (L39)
9th February 2003
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Van Hove Singularities 14

D � � 	 �

���
� ��

�

� � for � � 0� 0 else�

or

� �
� for � � 0� 0 else�

(L40)

� � d �

�

9th February 2003
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Van Hove Singularities 15

4 8 12 16
Frequency� (THz)
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Uniqueness of Bloch vectors 16

ei 	
�

k �
�

K �� � R � ei

�

k� � R� (L41)

it follows that

� n �
�
k �
�

K

�
� n�

�
�

k � (L42)

� nk � eikrei n Kr� (L43)

☞ Reduced zone scheme

☞ Extended zone scheme
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Uniqueness of Bloch vectors 17


 3 � � a 
 � � a � � a 3 � � a
0

10


 � � a 0 � � a
0

10
Reduced Zone

Repeated Zone

k

k

�
k

�
k

0

k

0


 3 � � a 
 � � a � � a 3 � � a
0

10

Extended Zone
�

k
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Explicit construction of Bloch functions 18

ei

�

k� 	� r �
�

R � � ei

�

k�� r � (L44)

d �r e

 i� q�� rU � �r 	 �

�

R
unit
cell

d �r e


 i� q� � RU � �r �

�

R 	 e


 i� q�� r (L45)

� �
�

R

e


 i� q� � RU� q� (L46)

where� is the volume of the unit cell, and

U� q � �

unit
cell

d �r
�

e


 i� q�� rU � �r 	 � � (L47)

� is volume of unit cell

�

R

e


 i� q� � R � N

�

K
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Explicit construction of Bloch functions 19

� d �r e
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Periodic boundary conditions imply
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Explicit construction of Bloch functions 20
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Structure of equations 21
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Kronig–Penney model 22

U0a � � x 	� (L60)

UK � U0� (L61)

0 � � �

0
q

�
� 	 � � q 	 �

K

U0 � � q � K 	 � (L62)

Qq �

K
� � q � K 	 � (L63)

Then Eq. (L62) becomes

� � q 	 �

U0

�

0
q

�
�

Qq � 0 � (L64)

Note from its definition (63) that

Qq � Qq
 K (L65)
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Kronig–Penney model 23
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Kronig–Penney model 24
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Kronig–Penney model 25
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Brillouin zones and rotational symmetry 26

�
�

�

Q

Z

S

X
�

K W
X

U

L

In units of 2 � � a, � � � 0 0 0 	 , X � � 0 1 0 	 , L � � 1 � 2 1 � 2 1 � 2 	 , W � � 1 � 2 1 0 	 ,
K � � 3 � 4 3 � 4 0 	 , and U � � 1 � 4 1 1 � 4 	 .
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Brillouin zones and rotational symmetry 27

�
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H� G

�

D
F�

In units of 2 � � a, � � � 0 0 0 	� H � � 0 1 0 	 , N � � 1 � 2 1 � 2 0 	� and P � � 1 � 2 1 � 2 1 � 2 	 .

9th February 2003
c� 2003, Michael Marder



Brillouin zones and rotational symmetry 28
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R S
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P
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�

b1

b2
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In units of 4 � � a � 3, 4 � � a � 3, and 2 � � c, along the three primitive vectors

�

b1,

�

b2, and

�

b3;

� � � 0 0 0 	 , A � � 0 0 1 � 2 	 , M � � 1 � 2 0 0 	 , K � � 1 � 3 1 � 3 0 	 , H � � 1 � 3 1 � 3 1 � 2 	 , and

L � � 1 � 2 0 1 � 2 	 .
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Summary 1

➳ Energy states indexed by

�

k and n. The first index describes symmetry properties

during translation, while the second distinguishes energy states with same symmetry.

➳ The eigenvalue corresponding to translation symmetry is

ei

�

k� �

R � (L1)

not

�

k. The eigenvalue and eigenstates are periodic functions of

�

k, unchanged when�

k �
�

k �
�

K.

➳ Essential result:

��� 0� q	 � 
� �
�q 
 �

�

K

U�
K� �

�q	 �

K 
� 0 � (L2)
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Condition for scattering 2

k� K

2

�

k � �

K

�
�

k � �

K� 1
2

K2 � (L3)

➳ Energy degeneracy:

1
2

k2 � 1
2

k2	 �

k � �

K �

1
2

K2 (L4)
� � 0�

k
� � 0�

k� �

K
(L5)

➳ Geometry: Plane that bisects line between origin and

�

K is given by

�

k � �

K� K
2

�
�

k � �
K� K2

2
(L6)
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Perturbation Theory: Zeroth Order 3

U�

K

� � � �

K (L7)

Exercise:

Starting with

��� 0� q	 � 
� �
�q 
 �

�

K

U�

K� �
�q	 �

K 
� 0 � (L8)

and

� �
�q 
� � � 0 � �
�q 
 � � � 1 � �
�q 
 � � � � � � � � � � 0 � � � � � 1 � � � � � � (L9)

find the zero’th order solution� � 0 � :

� � 0 � � �
�q 
 ��

0� q	 � � 0 �
� � � 0 � (L10)
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k �
�r 
 � � ei
�

k� � r
� (L11)

� � � 0 � � � � 0�

k

� (L12)
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Perturbation Theory: First Order 4

Exercise:

Next, expand Bloch’s equation out to first order in � and find both the energy and wave

function to this order:
�� 0� q	 � 0�

k �� � 1 ��
k �

�q 
 �
�

K

� �

K� � 0 ��

k �
�q	 �

K � 	 � � 1 �� � 0 ��

k �
�q 
� 0 � (L13)

� � 1 �� � � 0 � � (L14)
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(L15)
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� q� �
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� 0�
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K 
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� � (L16)
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Perturbation theory breaks down 5

The condition for breakdown is

� 0�
k

� � 0�

K 
 � k (L17)
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Degenerate Perturbation Theory 6

�
� eff

i j� �� i � �
�

� 	 � 
 �� j � (L18)

�� 1 �� �
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�
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�q� � � 0� q� �
�q� � �

� q� �

K�
�

�q� � U�
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�q� 	 �

K�
� � (L19)

Exercise: Find off-diagonal components of matrix.
����
� 0�

k

	 � � U� �

K �

� U�

K � � 0�
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 �

K
	 �

����
� (L20)

Exercise: find eigenvalues of matrix

� � �
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 �
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Energy Gap 7
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Geometrical view 8
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Example in two dimensions 9

kF

2 � � a

� k2
F� 4 �
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Example in two dimensions 10

(A) (B)

(C) (D)
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Nearly Free Electron Fermi Surface Gallery11

Brillouin zone Extended zone scheme Reduced zone scheme

First
Empty Empty

Second

Third
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Nearly Free Electron Fermi Surface Gallery12

Brillouin 1 electron/cell 2 electrons/cell 3 electrons/cell

zone

First

Second

Third
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Nearly Free Electron Fermi Surface Gallery13

Brillouin 1 electron/cell 2 electrons/cell 3 electrons/cell

zone

First

Second

Third

Fourth
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Nearly Free Electron Fermi Surface Gallery14

Brillouin 2 electrons/cell 4 electrons/cell 4 electrons/cell

zone with hcp extinction

First

Second

Third

Fourth
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Actual Fermi Surfaces of All the Elements 15

Periodic Table of Fermi Surfaces, University of Florida

27th August 2003
c� 2003, Michael Marder
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Wannier Functions 16
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Tight Binding Hamiltonian 17

�
� �

�

R

�

R�
�

�

R� � �
�

R�
�

�
� �

�

R � �
�

R � � (L31)

� �

R

�

R� � �
�

R� �
�

� �
�

R � � d �r ��� n �
�

R� � �r � �	
�

h2 � 2

2m

� U �
�r 
 � � n �
�

R � �r 
 (L32)
� �

R

�

R� �

�
k

1
N

� n

�

ke

� i

�

k� �
�

R� �

R� � � (L33)

�
� TB� �

R

� �
�

�

R ��� �
�

R �
�

� � � �
R

�
�

R � U �
�

R � � (L34)

27th August 2003
c� 2003, Michael Marder



Tight Binding Hamiltonian 18
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Berry Phases 19
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Berry Phases 20
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Born-Oppenheimer approximation 1

��� � ��� h2

2m
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l� 1
� 2

l� 	

N

l� 1

Uion 
� rl �� 	

l  l�

e2

�� rl � � rl� �
� � �� � (L1)

“the underlying physical laws necessary for the mathematical theory of a large part of

physics and the whole of chemistry are thus completely known, and the difficulty is only

that the exact application of these laws leads to equations much too complicated to be

soluble” Dirac, 1929.
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Hartree Equations 2
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Variational Principle 3
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Slater determinants 4
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Hartree-Fock equations 5
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Hartree-Fock equations 6
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Hartree-Fock equations 7

� e2d� r1d� r2

�� r1 � � r2 � i  j
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� � i 
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 � r2 � � j 
 � r1 � �
� i � j

�

� (L21)
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Using second quantization 8

�� �

l

�c� l
�cl� � l �
�

K 	 �

Uion � l�
� 	

ll� l� � l� � �
�c� l

�c� l�
�cl� � � �cl� � � ll

� �
�

Uint � l� � l� � �
� (L22)

States l label � l 
 i � � � l 
� ri �� l 
� i � which include both spatial and spin information.

Second quantization takes this form, no matter what the functions � happen to be. Goal

of Hartree-Fock approximation is to find best possible functions.
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Using second quantization 9

Find expectation value in ground state
� G �
� � 11111 � � � 10000 � � � � (L23)
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Pairing manipulations 10

Consider

� G � �c� l

�cl� � G � (L24)

☞ Get zero immediately unless l� is one of the states occupied in � G � .

☞ Then get zero unless l creates again the state that l� has just destroyed.

☞ So must have l � N, l � l� , at which point creation and annihilation operators simply

disappear.

� G �

l

�c� l

�cl� � l �
�

K 	 �

Uion � l�
� � G �
�

N

l� 1

� l �
�

K 	 �

Uion � l � (L25)
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Pairing manipulations 11

Consider

� G � �c� l

�c� l�
�cl� � � �cl� � � G � (L26)

☞ Get zero immediately unless l� � and l� � � are among the states occupied in � G � .

☞ Then get zero unless l and l� create again the states that l� � and l� � � have just
destroyed.

☞ If l� recreates state just destroyed by l� � � and then l recreates l� � formalism gives
overall multiplicative factor of 	 1.

☞ However, if l� recreates state destroyed by l� � and then l recreates l� � � formalism gives
overall multiplicative factor of � 1.

� G �

ll� l� � l� � �
�c� l

�c� l�
�cl� � � �cl� � � ll

� �
�

Uint � l� � l� � �
� � G � (L27)

�

ll� l� � l� � �
� � � ll� � � l� l� � � � � l� l� � � ll� � � �� � ll

� �
�

Uint � l� � l� � �
� (L28)

�

ll�
� � ll

� �
�

Uint � ll�
�
�

� ll

� �
�

Uint � l� l �� (L29)
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Final result 12

�� � � �� �
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��� h2� 2
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	 d� r1d� r2
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� 1 � 2

� � � i 
 1 � � 2 � � j 
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�

�
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�
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� (L30)
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Vary with respect to 13
� 1 �

d� r1�
�

i 
 1 � � j 
 1 � � � i j

i � j

� i j

� 1

d� r1�
�

i 
 1 � � j 
 1 � (L31)
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�

�
�

�
�

�
�

�
�

�
�

�
h2� 2

2m � i 
 1 � 	 U 
 � r1 � � i 
 1 �

	 � i 
 1 � d� r2

N

� 2 � j� 1

e2 � � j 
 2 � � 2

�� r1 � � r2 �

�

N

j� 1

� j 
 1 �
� 2

d� r2
e2

�
�

j 
 2 � � i 
 2 �

�� r1 � � r2 �
�

�
�

�
�

�
�

�
�

	
� (L32)

�
� i �

j

Wi j� j � (L33)
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d� r
i �

�
�

�

i 
� r� �
�� h2� 2

2m

�
� i 
� r� � (L34)

� d� r
i � j j�

W �

i j�
�

j 
 � r� �
��� h2� 2

2m
Wi j� � j� 
� r� � (L35)

� d� r
� j j�

� j j� �
�

j 
� r� �
��� h2� 2

2m � j 
 � r� � (L36)

� d� r
j �

�
�

j 
� r� �
�� h2� 2

2m � j 
 � r� � � (L37)

i j ll�
�

�

l W �
li � i jWil� � l� (L38)

�

ll�
� l

�� ll� � l� � (L39)
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where

�� ll� �

i j

W �

li � i jWjl� (L40)

13-2



Final equations 14
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 � r � �
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��� h2� 2
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�� r � � r� �

�

N

j� 1

�
� i � j � j 
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Practical implementation 15

(B)(A)

d� re

� � 1 ��
� r� � r1 � e

� � 2 ��
� r� � r2 � � (L42)

� l �

l�
All� e

� a j 
 � r� �

Rl� � 2

� (L43)
� 1 � � 2 � � � � K � (L44)

� l �

K

k� 1

Blk � k � (L45)
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Practical implementation 16

Molecule CH4 NH3 H2O FH CO

Bond length (Å): Hartree–Fock 2.048 1.890 1.776 1.696

Bond length (Å): experiment 2.050 1.912 1.809 1.733

Ionization potential (eV): Hartree–Fock 0.546 0.428 0.507 0.650

Ionization potential (eV): experiment 0.529 0.400 0.463 0.581

Dipole moment (e Å): Hartree–Fock 0.653 0.785 0.764 � 0.110

Dipole moment (e Å): experiment 0.579 0.728 0.716 0.044
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Jellium 17
� l � l 
 � r � �

Kinetic energy Interaction with ions
��� h2� 2

2m � l 
� r � � � l 
 � r �

N
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d� r2
e2

�� r � � r2 �
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 � r � d� r2
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� l � j � j 
� r � d� r2

e2

�
�

j 
� r2 � � l 
� r2 �

�� r � � r2 �
�

Coulomb interaction Exchange interaction
(L46)

� l 
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kl�
� r

� �
� (L47)
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Kinetic energy 18

�

h2k2
l

2m � l 
 � r � � (L48)

� � j 
 � r2 � � 2 � 1

�
�
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Exchange 19
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k j�
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k j � 2
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� l � � j (L51)
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(L52)

� e2
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 � r �
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� k2
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	 2klkF
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� (L53)
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Energy of jellium, Lindhart dielectric function20

� l �
�

h2k2
l

2m

� 2e2

�

kFF 
 kl �

kF � � (L54)

F 
 x � � 1
4x �

� 1 � x2

� ln
1 	 x
1 � x

	 2x

�
� (L55)

Electron velocity diverges at Fermi surface. Hartree–Fock incorrectly omits effects of

screening.
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Total energy 21

� �
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h2k2
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(L56)
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Density functional theory 22

n 
 � r � �
�� �

N

l� 1

� 
 � r � �

Rl � �� � (L58)

� N d� r1 � � � d� rN� � 
 � r1 � � r2 � � �
� rN � � 
 � r � � r1 �� 
 � r1 � � �
� rN � � (L59)

� 1 �
�� 1 � � 1 �� 1 ��� �� 2 � � 1 �� 2 � (L60)

� � 1 � �� 2 � � 2 �� 2 � 	 �� 2 � 

�� 1 � �� 2 � �� 2 � (L61)

� � 1 � � 2 	 d� rn 
� r � � U1 
 � r � � U2 
� r � � � (L62)

� 2� � 1 	 d� r n 
 � r � � U2 
� r � � U1 
 � r � � � (L63)

� 1 	 � 2� � 1 	 � 2 � (L64)

� � n � � T � n � 	 U � n � 	 Uee � n � � (L65)
23rd February 2003

c� 2003, Michael Marder



Density functional theory 23

d� r n 
 � r � � N � (L66)

�� 2 � � 1 �� 2 �
� � 1 � n2 � � (L67)
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General derivation 24

F � n ��� min
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Thomas–Fermi theory 25

T � � � d
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Thomas–Fermi theory 26

� � n � �
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Atom of charge Z has energy � 1 � 5375Z7

�

3 Ry
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Kohn–Sham equations 27
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Local density approximation
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Kohn–Sham equations 28

Atom LDA Hartree–Fock Experiment

He � 2.83 � 2.86 � 2.9

Li � 7.33 � 7.43 � 7.48

Ne � 128.12 � 128.55 � 128.94

Ar � 525.85 � 526.82 � 527.60
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Stability of matter 29
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Stability of matter 30
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Stability of matter 31
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Band Structure Calculations 1
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Pseudopotentials 2

Question: How could it ever be true that electrons in a metal think they are moving freely
in an empty box?

Pseudopotentials give conceptual answer.

☞ Restrict attention to single unit cell.

☞ Let �
�

k � denote plane waves ei

�

k� � r.
☞ Let �� c � denote core states.
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Pseudopotentials 3
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Empirical Pseudopotentials 4

0 Rc

0

Distance r

U
� r�

� U0

Figure 1: The Ashcroft

empty core pseu-

dopotential is zero

up to a critical

radius Rc, and it

equals a screened

Coulomb potential

� U0 exp �� r � d � � r

thereafter.
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First-Principles Pseudopotentials 5
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Figure 2: Real and pseudo wave functions for the 5s, 5p, and 4d levels of silver. The 5p

level is not much occupied in the ground state of silver, but it can be included in

the pseudopotential nevertheless. 23rd March 2003
c� 2003, Michael Marder



First-Principles Pseudopotentials 6
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Figure 3: Pseudopotentials for the 5s, 5p, and 4d states of silver.
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First-Principles Pseudopotentials 7

Electron density n � �r ��� �� i � �r � � 2 is spherically symmetrical in vicinity of nucleus

Equation for radial functions is

�
�

h2

2m �

1
r

� 2

� r2 r� l � l� 1 �
r2 � � nl�

�

e2n � r� �
� �r� �r� � d

�r� � e2Z
r

� � � xc

� n

� � nl

�
� nl � r ��� 0 (L9)

Ups
l � r ���

�
h2

2m �
1

r �
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nl

� 2r �
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nl

� r2

� l � l� 1 �

r2 �

�

�

e2nps � r� �

� �r� �r� � d �r�� � � xc

� nps

� � nl

�
 (L10)

� � �r ���

lm

Ylm ��� � � � � lm � r �� � lm � r ��� d� d � sin� Y 	

lm �� � � � � � �r �� (L11)
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Screening 8

Ups� 4 � Ze2

q2� � 2

 (L12)

Result from later work....

1

�

Ups � q� 0 � � � 2
3

� F (L13)
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Linear Combination of Atomic Orbitals 9
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Linear Combination of Atomic Orbitals 10
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where

U � � at� d �r aat � �r � � U � �r � � Uat � �r � � aat � �r � (L23)
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Linear Combination of Atomic Orbitals 11
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Plane Waves 12
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Plane Waves 13
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Linear Augmented Plane Waves (LAPW) 14
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Linear Augmented Plane Waves (LAPW) 15
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Linear Augmented Plane Waves (LAPW) 16
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Linearized Muffin Tin Orbitals (LMTO) 17
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Linearized Muffin Tin Orbitals (LMTO) 18
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Definition of Metals, Insulators, and
Semiconductors 19

Wilson’s theory:

☞ Insulator: All bands are either full or empty.

☞ Metal: At least one band is partially occupied.

☞ Semiconductor: Insulator where energy gap is less than around 1 eV.

☞ Semimetal: Metal with very small population of conduction electrons.

23rd March 2003
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Nearly Free Electron Metals 23
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Cohesion of Solids 1

31st March 2003
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Cohesion of Solids 2

Solids divide into 5 rough classes for purposes of studying cohesion

☞ Molecular

☞ Ionic

☞ Covalent

☞ Metallic

☞ Hydrogen bonded

Goal is to obtain conceptual and semi-quantitative estimates of cohesive energies, falling

back upon elaborate calculations only as necessary.

Cohesive energy has nothing to do with the strength of solids. It allows one to decide

what the ground state structure ought to be.

31st March 2003
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Cohesion of Solids 3
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Cohesion of Solids 4
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Radii of Atoms 5

Semi-empirical procedure, assigning atoms a radius and modifying it slightly according

to the number and type of neighbors

31st March 2003
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Radii of Atoms 6

El. Z M I R1

Ac 3+ 1.88

Am 3+ 1.81

Ar 0 1.86

Ag 1+ 1.45 1.26 1.53

Al 3+ 1.43 0.50 1.25

As 3� 1.39 2.22 1.21

Au 1+ 1.44 1.37 1.52

Ba 2+ 2.24 1.35 1.98

Be 2+ 1.13 0.35 0.89

Bi 3� 1.70 1.52

B 3+ 0.98 0.20 0.80

Br 1� 1.95 1.14

C 4+ 0.92 0.15 0.77

4� 2.60

Ca 2+ 1.97 0.99 1.74

Cd 2+ 1.57 0.97 1.49

Ce 3+ 1.83 1.01 1.65

El. Z M I R1

Co 2� 1.25

Cl 1� 1.81 0.99

Cr 3+ 1.36

Cs 1+ 2.73 1.67 2.35

Cu 1+ 1.28 0.96 1.35

Dy 3+ 1.77 1.59

Er 3+ 1.76 1.57

Eu 2+ 2.04 1.85

F 1� 1.36 0.72

Fe 2� 1.27

Ga 3+ 1.41 0.62 1.27

Ge 4+ 1.37 0.53 1.22

Ge 4� 2.72

Gd 3+ 1.80 1.61

H 1� 0.78 2.08

El. Z M I R1

He 0

Hf 4+ 1.58

Hg 2+ 1.57 1.10 1.49

Ho 3+ 1.77 1.58

I 1� 2.16 1.33

In 3+ 1.66 0.81 1.44

Ir 2� 1.36

K 1+ 2.38 1.33 2.03

Kr 0 2.00

La 3+ 1.88 1.15 1.69

Li 1+ 1.56 0.68 1.23

Lu 1.56

Mg 2+ 1.60 0.65 1.36

31st March 2003
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Radii of Atoms 7

El. Z M I R1

Mn 4+ 1.30

Mo 2� 1.40

N 3� 0.88 1.71 0.74

Na 1+ 1.91 0.97 1.57

Nb 3� 1.47

Nd 3+ 1.83 1.64

Ne 0 1.58

Ni 2� 1.25

Np 2� 1.56

O 2� 0.89 1.40 0.74

Os 2� 1.35

P 3� 1.28 2.12 1.10

Pa 3� 1.63

Pb 4+ 1.75 0.84 1.43

Pd 2� 1.38

El. Z M I R1

Po 2� 1.76 1.53

Pr 3+ 1.83 1.65

Pt 2� 1.39

Pu 3� 1.58

Rb 1+ 2.55 1.48 2.16

Re 2� 1.38

Rh 2� 1.35

Ru 2� 1.34

S 2� 1.27 1.84 1.04

Sb 3� 1.59 2.45 1.41

Sc 3+ 1.64 0.81 1.44

Se 2� 1.40 1.98 1.17

Si 4+ 1.32 0.41 1.17

Si 4� 2.71

Sm 3+ 1.80 1.66

Sn 4+ 1.62 0.71 1.40

El. Z M I R1

Sn 4� 2.94

Sr 2+ 2.15 1.13 1.91

Ta 3� 1.47

Tb 3+ 1.78 1.59

Te 2� 1.60 2.21 1.37

Th 4+ 1.80

Ti 4+ 1.46 0.68

Tl 3+ 1.72 0.95 1.46

Tm 3+ 1.75 1.56

U 2� 1.56

V 3� 1.35

W 2� 1.41

Xe 0 2.17

Y 3+ 1.80 0.93 1.62

Yb 2+ 1.94 1.70

Zn 2+ 1.39 0.74 1.31

Zr 4+ 1.60 0.80

31st March 2003
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Radii of Atoms 8

Ion Type He Ne Ar Kr Xe

(inert core) Cu � Ag � Au �

Born exponent n 5 7 9 10 12

I is ionic radius: R � I � z � 6 � 1 �� n� 1 �

R1 is covalent radius: R � R1	 0 
 13ln � Z � z � : for Z � 0, use 8	 � Z � .
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Cristobalite 9

According to Wykoff, quartz in the � -cristobalite form is cubic (a � 7 
 12 Å) and has a

basis with eight silicon atoms and sixteen oxygens, which in units of a � 8 are at

Si: (000) (440) (404) (044) (222) (266) (626) (662)

O: (111) (551) (515) (155) (177) (537) (573) (133)

(717) (357) (313) (753) (771) (331) (375) (735)

The nearest-neighbor distance for this structure is 1.54 Å. The silicon has four

neighboring oxygens, so Z � z � 4, while each oxygen has two neighboring silicons, and

Z � 6, z � 2. According to table, the covalent radius of silicon is 1.17 Å, and that of

oxygen is 0 
 74	 0 
 14 � 0 
 60 Å, which sum to 1.77 Å. The discrepancy is more than

10%; structure is wrong.
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Noble Gases 10

Energy produced by simple sums.

� � 1
2

i j

� � ri j � (L1)

Lennard–Jones potential

� � r � � 	 4 �
���

�

r	

6

	
�

�

r	

12




 (L2)

Origin from dipole moments.

� � r � � �
� p1�
� p2	 3 �
� p1�
r � �
� p2�
r � � � r3 � (L3)

Dipole moments induced by fluctuations

� � 	 � 1 � 2

r6 � (L4)

Repulsive term of form r12 because...because...well, it has to be something!.
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Noble Gases 11

Thermodynamic properties from

P � � kBT � 1	 b2 � � 
 
 
 (L5)

where

b2 � 1
2

d� r � 1	 e

� � � � r � � 
 (L6)

Theory of solids obtained from measurements performed purely on gases.

Noble Gas He Ne Ar Kr Xe

� (eV) 8.6� 10� 4 0.0031 0.0104 0.0104 0.0200

� (Å) 2.56 2.74 3.40 3.65 3.98

� � N � 1
2

4 �
�

R ��� 0

� �
�

R �

12	 �
�

R �
6

� 
 (L7)
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 (L9)

Lattice sums:

Crystal fcc bcc hcp

A6 14.4519 12.2519 14.4548

A12 12.1319 9.1142 12.1353

A2
6 � 2A12 8.6078 8.2349 8.6088

Nearest–neighbor spacing in equilibrium:

d0 � � �

2A12

A6

�

1 � 6 � (L10)

Cohesive energy:
31st March 2003
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Noble Gases 13
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2A12
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Bulk modulus:
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2 �
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 (L12)
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5 � 2


 (L13)
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Noble Gases 14

Noble Gas Ne Ar Kr Xe

Experimental d0 (Å) 3.13 3.75 3.99 4.33

d0 from Eq. (L10) (Å) 2.99 3.71 3.98 4.34

Experimental � � N (eV/atom) 	 0 
 02 	 0 
 08 	 0 
 11 	 0 
 17

� � N from Eq. (L11) 	 0 
 027 	 0 
 089 	 0 
 120 	 0 
 172

Experimental B (dyne/cm2) 1.1� 1010 2.7� 1010 3.5� 1010 3.6 � 1010

B from Eq. (L13) 1.81� 1010 3.18� 1010 3.46� 1010 3.81� 1010

31st March 2003
c� 2003, Michael Marder



Ionic Crystals 15

Atom Electron affinity (eV) Atom First ionization potential (eV)

H 0.75 Li 5.32

F 3.40 Na 5.14

Cl 3.61 K 4.34

Br 3.36 Rb 4.18

I 3.06 Cs 3.90

31st March 2003
c� 2003, Michael Marder



Ewald Sums 16

Computing sums over particles interacting with 1 � r potentials is very tricky because

mathematically the sums candiverge or are ambiguous. Physically, ambiguities in the

sums correspond to putting varying values of surface charge at outer surfaces of crystal,

and the mathematical resolution corresponds to having no net surface charge.
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Ewald Sums 17
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Ewald Sums 18

dS �
�

d �	 dS � 0 � � 1 � � (L22)

�

Nion pairs
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� 	 �

14 
 4eV

� d � Å �
� (L23)

� is the Madelung constant.

Structure Madelung constant �

Cesium chloride 1.76268

Sodium chloride 1.74757

Wurtzite 1.638704

Zincblende 1.63806

Add repulsive term C � d12 because...because...well, it has to be something!.
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Ewald Sums 19
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Compound Experimental Experimental Eq. (L26)

d0 (Å) � � Nion pairs (eV) � � Nion pairs (eV)

LiF 2.01 10.83 11.45

LiCl 2.57 8.85 8.98

LiBr 2.75 8.51 8.39

LiI 3.01 7.92 7.66

NaCl 2.82 8.18 8.18

NaF 2.32 9.62 9.96

NaBr 2.99 7.81 7.72

NaI 3.24 7.32 7.13

KF 2.67 8.55 8.63

KCl 3.15 7.42 7.33

KBr 3.30 7.16 6.99

KI 3.53 6.74 6.53

RbF 2.83 8.18 8.16

RbCl 3.29 7.17 7.01

RbBr 3.44 6.90 6.70

RbI 3.67 6.52 6.28

AgCl 2.77 9.53 8.32

AgBr 2.89 9.40 7.99
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Metals 20
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Madelung constants for metals

bcc fcc hcp sc Diamond

1.791 86 1.791 75 1.791 68 1.760 12 1.670 85
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Metals 21
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Get general (wrong) prediction
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Metals 22

Element Z n kF � F TF � F rs � a0
(1022 cm

� 3) (108 cm

� 1) (eV) (104 K) (108 cm s

� 1)

Li 1 4.60 1.11 4.68 5.43 1.28 3.27

Na 1 2.54 0.91 3.15 3.66 1.05 3.99

K 1 1.32 0.73 2.04 2.37 0.85 4.95

Rb 1 1.08 0.68 1.78 2.06 0.79 5.30

Cs 1 0.85 0.63 1.52 1.76 0.73 5.75

Cu 1 8.49 1.36 7.04 8.17 1.57 2.67

Ag 1 5.86 1.20 5.50 6.38 1.39 3.02

Au 1 5.90 1.20 5.53 6.42 1.39 3.01

Be 2 24.72 1.94 14.36 16.67 2.25 1.87

Mg 2 8.62 1.37 7.11 8.26 1.58 2.65

Ca 2 4.66 1.11 4.72 5.48 1.29 3.26

Sr 2 3.49 1.01 3.89 4.52 1.17 3.59

Ba 2 3.15 0.98 3.64 4.22 1.13 3.71

Zn 2 13.13 1.57 9.42 10.93 1.82 2.31

Cd 2 9.26 1.40 7.47 8.66 1.62 2.59

Hg 2 16.22 1.69 10.84 12.59 1.95 2.15

Al 3 18.07 1.75 11.66 13.53 2.02 2.07

Ga 3 15.31 1.65 10.44 12.11 1.92 2.19

In 3 11.50 1.50 8.62 10.01 1.74 2.41

Sn 4 14.83 1.64 10.22 11.86 1.89 2.22

Pb 4 13.19 1.57 9.45 10.97 1.82 2.30

Sb 5 16.54 1.70 10.99 12.75 1.97 2.14

Bi 5 14.04 1.61 9.85 11.43 1.86 2.26

Mn 4 32.61 2.13 17.28 20.05 2.46 1.70

Fe 2 16.90 1.71 11.15 12.94 1.98 2.12

Co 2 18.18 1.75 11.70 13.58 2.03 2.07

Ni 2 18.26 1.76 11.74 13.62 2.03 2.07
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Use of Pseudopotentials 23
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Use of Pseudopotentials 24

Element Rc (Å) rs � a0, measured rs � a0, Eq. (L38)

Li 0.92 3.27 4.09

Na 0.96 3.99 4.23

K 1.20 4.95 5.04

Rb 1.38 5.30 5.65

Cs 1.55 5.75 6.23

Calculated radii rs are all about 10% too large because electronic structure has not been

computed in accurate way.
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Peierls Distortion 25

Perfectly periodic one–dimensional chain of ions is always unstable against small

displacements of ions caused by interaction with electrons.

Displacement of ion at location n is� n.

1
2 aY� 2

n 
 (L39)

� n � � G cosGna 
 (L40)

2 � � G
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Peierls Distortion 26
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Structural Phase Transitions 27

(A) (B)
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Hydrogen-Bonded Solids 28

H2O

31st March 2003
c� 2003, Michael Marder



Cohesive Energy from Band Calculations 29

(A) (B)Wigner-Seitz radius, rW (Å)
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2 4 6 8 10
-4

-2

0

2

Results of computing cohesive energies with full–fledged band structure codes takes a

universal form. It’s not quite clear why! The energies of almost all solids with respect to

uniform contraction and compression take a universal form described by just a few

constants.
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Cohesive Energy from Band Calculations 30
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Cohesive Energy from Band Calculations 31

El. rW 0 � � 0 El. rW 0 � � 0 El. rW0 � � 0
(Å) (eV) (Å) (eV) (Å) (eV)

Ag 1.60 5.94 2.96 Fe 1.41 5.16 4.29 Pt 1.53 6.47 5.85

Al 1.58 4.71 3.34 Gd 1.99 4.27 4.14 Rb 2.75 4.18 0.86

Au 1.59 6.75 3.78 Ge 1.76 5.05 3.87 Re 1.52 6.15 8.10

Ba 2.46 4.41 1.86 Hf 1.74 4.66 6.35 Ru 1.48 6.04 6.62

Be 1.25 4.01 3.33 In 1.84 5.11 2.60 Si 1.68 4.88 4.64

Ca 2.18 4.52 1.83 Ir 1.50 6.52 6.93 Ta 1.62 4.92 8.09

Cd 1.73 8.08 1.16 K 2.57 3.94 0.94 Th 1.99 4.12 5.93

Ce 2.02 3.11 4.77 Li 1.72 3.10 1.65 Ti 1.62 4.76 4.86

Co 1.39 5.31 4.39 Mg 1.77 5.60 1.53 Tl 1.90 5.74 1.87

Cr 1.42 5.59 4.10 Mo 1.55 5.85 6.81 V 1.49 4.81 5.30

Cs 2.98 4.17 0.83 Na 2.08 3.70 1.13 W 1.56 5.69 8.66

Cu 1.41 5.30 3.50 Nb 1.63 4.84 7.47 Y 1.99 4.23 4.39

Dy 1.96 4.85 3.10 Ni 1.38 5.11 4.44 Yb 1.99 3.94 1.60

Er 1.94 4.94 3.30 Pb 1.93 6.37 2.04 Zn 1.54 7.16 1.35

Eu 2.27 4.75 1.80 Pd 1.52 6.41 3.94 Zr 1.77 4.48 6.32
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Classical Potentials 32
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Elasticity 1

10th April 2003
c� 2003, Michael Marder



General Theory of Linear Elasticity 2

Before deformation After deformation

u �
�r1 �

u �
�r2 �

�r1

�r2

�r �r �
�u �
�r ���

(L1)

Many ways to derive elasticity. Could derive from theory of atoms and their interactions.
However, this approach is not historically accurate, and not fully general.
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General Theory of Linear Elasticity 3

Most general approach modeled by Landau; construct free energy simply by considering
symmetry and using fact that deformations are small:

☞

�u vanishes in equilibrium

☞ Free energy invariant under translation.

☞ Smallest allowed powers or �u

☞ Derivatives of lowest allowed order

☞ Uniform rotation costs no energy.

Unique (?) free energy consistent with these constraints:

� � d �r 1
2

� � ���

E � � ���
� u � �

�r �

� r �

� u � �
�r �

� r�
� (L2)

45 independent E � � � � after considering symmetry under interchange of indices.

u � � �
� 	


 � � 	 r � n 	 � (L3)
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General Theory of Linear Elasticity 4

� � � � 	 	��
d �r 
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� E � � � � � E � � � � � E � � � � � E � � � � � 0� (L5)
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Strain tensor 5

Define strain tensor
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Stress Tensor 6

� �
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d �r 1
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where the stress tensor is

� � � �
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Equation of motion
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Solids of Cubic Symmetry 7

Cxyyy vanishes because it multiplies ?exyeyy � but � exy � flips sign when x � � x.

Also invariant under x � y � z � x

Three parameters survive:

Cxxxx

Cxxyy

Cxyxy
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Solids of Cubic Symmetry 8
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(L15)

Cxxxx Cxxyy Cxxzz Cyzxx Czxxx Cxyxx etc�

� � � � � �
C11 C12 C13 C41 C51 C61 etc�

(L16)
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Solids of Cubic Symmetry 9
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2

6
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Cauchy relation: C44 � C12
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Solids of Cubic Symmetry 10

Element C11 C44 C12 Element C11 C44 C12
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)

Al 108 28.3 62 Li (195K) 13.4 9.6 11.3

Ar (80 K) 2.77 0.98 1.37 Mo 459 111 168

Ag 123 45.3 92 Na 7.59 4.30 6.33

Au 190 42.3 161 Ne (6 K) 1.62 0.93 0.85

Cs (78 K) 2.47 2.06 1.48 Ni 247 122 153

Ca 16 12 8 Nb 245 28.4 132

Cr 346 100 66 O (54.4 K) 2.60 0.275 2.06

Cu 169 75.3 122 Pd 224 71.6 173

C (diamond) 1040 550 170 Pt 347 76.5 251

Fe 230 117 135 Rb 2.96 1.60 2.44

Ge (undoped) 129 67.1 48 Si (undoped) 165 79.2 64

Ge (n-doped,1019Sb) 128.8 65.5 47.7 Si (n-doped, 1019As) 162.2 78.7 65.4

Ge (p-doped,1020Ga) 118.0 65.3 39.0 Sr 14.7 5.74 9.9

He3 (0.4 K, 24 cm3/mole) 0.0235 0.01085 0.0197 Ta 262 82.6 156

He4 (1.6 K, 12 cm3/mole) 0.0311 0.0217 0.0281 Th 76 46 49

Ir 600 270 260 W 517 157 203

K 3.71 1.88 3.15 V 230 43.2 120

Kr (115 K) 2.85 1.35 1.60 Xe (156 K) 2.98 1.48 1.90

Pb 48.8 14.8 41.4
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Solids of Cubic Symmetry 11

B � � � 2 � � � �

2

exx � eyy � ezz � � � � 3 �

� � 1
6 � � C11 � 2C12� � � � � �� 2 � (L18)

B � 1
3� C11 � 2C12� � (L19)

10th April 2003
c� 2003, Michael Marder



Isotropic Solids 12

Distinguish between rotating all mass points and rotating a pattern of distortion in mass
points that otherwise remain fixed.

e � � �
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Kinetic energy:
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Isotropic Solids 13
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Equation of motion:
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Stress figure
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Isotropic Solids 14
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Isotropic Solids 15
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Isotropic Solids 16

Material Young’s Modulus Y (GPa) Poisson Ratio �

Lead (cast) 5 0.5

Tin (cast) 27 0.3

Glass 55 0.16

Aluminum (cast) 68 0.3

Copper (cast) 76 0.4

Zinc (cast) 76 0.3

Copper (soft, wrought) 100 0.4

Iron (cast) 110 0.3

Copper (hard drawn) 120 0.4

Iron (wrought) 200 0.3

Carbon steel 200 0.3

Tungsten 400 0.3
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Waves 17

� �
�r � t � �
�

� � �u �
�r � t � and �� �
�r � t � �
�

� � �u �
�r � t �� (L36)

�
� 2 �

� t2

� � � � 2 � � �

2 � � (L37)

�
� 2 ��

� t2

� � � 2 �� � (L38)

�u is of form �u0ei

�

k� i� r� i � t

cl � � � 2 �
�

� (L39)

ct � �
�

� (L40)
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Liquid Crystals 18

Director �n.

�
�n �
�

� �
�n (L41a)

�
� � �n (L41b)

�n �
�

� � �n� (L41c)

� n �
� r �

� n �
� r�
� (L42)

� � d �r � �
�r � � 1

2 d �r
� � ���

C � � � �
� n �

� r �
� n �

� r�
� (L43)

0 � �
� r �

1 � �
� r �
�

�n � �n � (L44)

� 2nz

�
� r �

nz � 2

�
� r �

nz (L45)
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Liquid Crystals 19

� n �
� r�

�

� n �
� r�

� ��
�

� n �
� r �

R � � � R � �
� n �

� r�
� (L46)

R �

0 � 1 0

1 0 0

0 0 0

� (L47)

0 �

� � �
�

� n �
� y

� n �
� r�

C � x � � � � n �
� x

� n �
� r�

C � y � �
�

�

� ���
�

� nx

� r �
� n �

� r�

Cy � ��� � � ny

� r �
� n �

� r�

Cx � � �
�

� (L48)
� nx

� z

� ny

� y � (L49)

0 � � Cyzyy � Cyxxz � Cxyxz� (L50)
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Liquid Crystals 20

�

� nx

� x

�
� ny

� y

�

2

(L51a)

�

� nx

� z

�

2

�
�

� ny

� z

�

2

(L51b)

�

� ny

� x

� � nx

� y

�

2

(L51c)
�

� ny

� x
� � nx

� y

� �

� ny

� y

�
� nx

� x

�

(L51d)

� ny

� x

� nx

� y

� � ny
� y

� nx

� x

� (L51e)

�
�

� � �n �

2 (L52a)

�
�n � �
�

� � �n � �

2 (L52b)

�
�n � �
�

� � �n � �

2 (L52c)

�n � �
�

� � �n �
�

� � �n (L52d)
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Liquid Crystals 21

1
2

�
� �

�
�

�n �
�

� �
�n � �n �
�

� � �n �
�

� (L52e)

� � K1

2 �
�

� � �n �

2 �
K2

2 �
�n � �
�

� � �n � �

2 �

K3

2 �
�n � �
�

� � �n � �

2�

splay twist bend
(L53)
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Rubber 22

� � � 0 � kBT

�

Np

j� 1

�

2
j

� I
2 � N

�

2
I

� � � 2 � 3

� � � B � n
2 � � Cn3 � � � �

�
� (L54)

� I

�
�

j � �
�

j �

�
�

�

j

� u �
� r �

� (L55)

� � �

� � �

 � � � � � x � �

� u �
� x � � � y � �

� u �
� y � � � z � �

� u �
� z � (L56)

�
�

� u �
� r �

� 1
2 � � �

� u �
� r �

� u �
� r �

� � u �
� r �

� u �
� r � �

� (L57)
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Rubber 23

� � kBT

�
2
I j �

�
�

� �
�

j �

2 � 2

�
�

�

j

� u �
� r �

�
�

j �
� ���

� u �
� r �

� u �
� r � �

�
�

j �
� �

j

�
�

� (L58)

Np

j� 1
�

�
j �

�

j

� Np

�

2
I

3

� � � (L59)

� � � kBTNp

3 � 3 � 2

�
� u �

� r �
�

� �
� u �

� r �
� u �

� r �
� (L60)

� � � kBTNp

3

�
�

� �
� u �

� r �
� u �

� r �
�

� �
�

� u �
� r �

� u �
� r �

� � u �
� r �

� u �
� r � �

�
�

(L61)

� kBTNp

3 � � �

2e2

� �
� �

�

e � � �
2

�
(L62)

� 2kBTNp

3 � �

e2

� � � (L63)
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� � 2kBT Np
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� (L64)

� � 2kBT Np

3

�

2 �

R
R0

�

2 � �

R0

R �

2
2

� 3

�
� (L65)

Fo
rc

e
pe

r
le

ng
th

(N
/c

m
)

Extension R � R0

1 2 3 4 5 6
0

50

10th April 2003
c� 2003, Michael Marder



Composite and Granular Materials 25

Figure 1: Avalanche in mustard seeds: Jaeger, University of Chicago

University of Chicago Granular Group

Duke University Granular Page

10th April 2003
c� 2003, Michael Marder

http://jfi.uchicago.edu/~jaeger/granular2/?ROLES=0EMA0BDA&DOMAIN=.uchicago.edu
http://www.phy.duke.edu/~bob/
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Definitions 2

☞ Phonons

☞ Goldstone modes

☞ Acoustic branch

☞ Optical branch

☞ Density of phonon states

☞ Einstein model

☞ Debye model, Debye frequency, Debye temperature

☞ Grüneisen parameter

☞ Inelastic scattering, scattering length, inelastic structure factor

☞ Debye–Waller factor

☞ Kohn anomalies

☞ Mössbauer effect

14th April 2003
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Vibrations of a Classical Lattice 3

Find energy when atoms move small distances from equilibrium. Must keep changes to
second order.

� �
� u1 �
� u2 � � � � uN

� � (L1)

� � � c�

�
l

	 �
	 ul


ul


 �

1
2 � �

ll�

ul


�

ll�

 � ul�
� � � � � � (L2)

 ll�

 � � 	 2 �

	 ul
 	 ul�
�

(L3)

M

�� u
l � �

l�
 ll� � ul� � (L4)

In a crystal, because of translational invariance,

l�
 ll� � 0 � (L5)
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Normal Modes 4

Polarization�
�

� ul � �
� ei

�

k�
�

Rl � i � t � (L6)

M � 2� � �

l�
 ll� ei

�

k� �
�

Rl � �

Rl� �� � (L7a)

�  �
�

k �
�

� � with �
�

k � �

l�

ei

�

k� �
�

Rl � �

Rl� � ll� � (L7b)

�

k

�
� 1

�
� 2

�
� 3
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Normal Modes 5

� 2�

k�

�  � �
�

k �

M

� (L8)

 �
�

k�
�

K � �  �
�

k � � (L9)

☞ Can restrict

�

k to the first Brillouin zone.

☞ Phonons, like electrons, are waves in a periodic potential.

☞

�

k in Brillouin zone completely exhausts all phonon states.
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Example in One Dimension 6

M

�

ul � � � u
l � 1 � 2ul� ul � 1

� � (L10)

Substituting u � exp � ikl � i � t � gives

M � 2 � � 2 � � 1 � cosk � � 4 � sin2

� k � 2 � � (L11)

� � � � 2

�

M � sin � k � 2 � �� � (L12)
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Example in One Dimension 7

k

- � - � � 2 0 � � 2 �

0.0

0.2

0.4

0.6

0.8

1.0

��
k��

�� 2
M

���
�

Linear dispersion as

�

k � 	 0 is generic, example of Goldstone mode.
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Lattice with a Basis 8

Space

T
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e

Acoustic

Optical

Mn

�� u
ln � �

l� n�
 lnl� n� � ul� n� � (L13)
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Lattice with a Basis 9

� uln � �
� nei

�

k�
�

Rln � i � t � (L14)
� Mn � 2� � n �

n�
 nn�
�

�

k �
�

� n� � (L15)

Mp � 2 � p �
3N

p�
 pp� �

�

k � � p� � (L16)
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One–dimensional example with basis 10

ul
1 ul � 1

2ul
2ul � 1

1

a

M1

�
ul

1 � � � u
l
2

� 2ul
1� ul � 1

2 � (L17a)

M2

�

ul
2 � � � u

l � 1
1

� 2ul
2� ul

1 � (L17b)

� � � 2M1 � 1eikla � � � � 2 � 2 � 1� � 2e

� ika

� e
ikla (L18a)

� � 2M2 � 2eikla � � � � � 1eika � 2 � 2� � 1 � e
ikla � (L18b)

� � � � �

M1� M2� M2
1� 2M1M2 coska� M2

2

M1M2

� (L19)
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One–dimensional example with basis 11

� � k � � �
2 � M1� M2 �

ka � � 1 � 1� � 2 � 1� ika � 2 � (L20a)

� � k � � 2 � � M1� M2 �
M1M2

� � 1 � M2� � 2 � � M1 � 1� ika � 2 � � (L20b)
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One–dimensional example with basis 12
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Diamond Lattice 13

U � 1
2

lnl� n�
� nn� � �

� uln�
�

Rln � � ul� n� � �

Rl� n�
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lnl� n�
�
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� f

lnl� n�
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� � (L22)

flnl� n�
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Rln � �

Rl� n� (L23)

� r 
 r �

r2 � �
� �
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�
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r �
�

nn� � r �
��� � r� �

Rln � �

Rl� n� � (L24)

l� n�
� r

r�
�

nn� � r ��� � r� �

Rln � �
Rl� n� � 0 � (L25)

 lnl� n� �

l� � n� �

flnl� � n� �
� � ll� � nn� � � l� l� � � n� n� � � � (L26)
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Diamond Lattice 14

f1 � f2 � �
� �

� d � � 1
d�

�
� d � (L27)

and
f2 � 1

d�
�

� d � (L28)

� flnl� n�
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Comparison with Experiment 15
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Comparison with Experiment 16
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Quantum–Mechanical Lattice 17

�

h � �

k� � n� 1
2 � � (L31)

�
� �

�

P2

2M

�

1
2

M � 2 �

R2 (L32)

Raising and lowering operators
�a� � M �
2 �
h

�
R � i

1
2 �

hM �
�

P (L33a)

�a � M �

2 �

h

�
R� i

1
2 �
hM �

�

P � (L33b)

�
� � �

h � �
�a� a� 1

2 �
� �

h � �
�n� 1

2 � (L34)

�

R �

�

h
2M � �
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Quantum–Mechanical Lattice 18
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Quantum–Mechanical Lattice 19
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Don’t assume� � � �

k�

� �
� � �

k� , as it leads to problems for longitudinal modes.
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Phonon Specific Heat 21

Testing ground for quantum mechanics

Einstein model
� � 3N

�
h � 0

e

� h � � 0 � 1
(L49)

� C �

� 	 �
	 T � �

� 3N �
�

h � 0 � 2e

� h � � 0 � � kBT 2 �

� e

� h � � 0 � 1 � 2

� (L50)

Residual ray of diamond � 0 � 1 � 71 � 1014s � 1 leads to
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Phonon Specific Heat 22

Temperature T (K)
101 102 103
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Data of Touloukian and Buyco (1970b)

Einstein formula

Einstein data
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Phonon Specific Heat 25
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☞ Characteristic frequency of 16 THz

☞ Cusps are van Hove singularities (Section 7.2.1)
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Phonon Specific Heat 26

Dulong and Petit

C �

� NkB (L61)
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Einstein and Debye Models 27

☞ Einstein Model

D � � � � 3N

�

� � � � � 0 � � (L66)

☞ Debye Model

D � � � � 3 � 2

2 � 2c3� � � D � � � (L67)
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Einstein and Debye Models 28
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Einstein and Debye Models 29

Total number of modes

3N � �

�

0
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D

6 � 2c3

� (L68)

Debye temperature:

kB� D � �

h � D (L69)
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� 9NkB
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dx
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Form of specific heat 30

CP � � T� � T 3 � (L71)
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[Data, Touloukian et al (1975)]

Phonon and electron specific heats comparable when T � � D � D � TF , 10 K
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Debye Temperatures 31

El. � D El. � D El. � D El. � D

Am 121 Eu 118 Na 157 Sm 169

Ar 92 Fe 477 Nb 276 Sn 199

Ag 227 Ga 325 Nd 163 Sr 147

Al 433 Ge 373 Ne 74.6 Ta 245

As 282 Gd 182 Ni 477 Tb 176

Au 162 H 122 Np 259 Te 152

Ba 111 He 34-108 Os 467 Th 160

Be 1481 Hf 252 Pa 185 Ti 420

Bi 120 Hg 72 Pb 105 Tl 78.5

B 1480 Ho 190 Pd 271 Tm 200

C(gr) 412 I 109 Pr 152 U 248

C(dia) 2250 In 112 Pt 237 V 399

Ca 229 Ir 420 Pu 206 W 383

Cd 210 K 91.1 Rb 56.5 Xe 64.0

Ce 179 Kr 71.9 Re 416 Y 248

Co 460 La 150 Rh 512 Yb 118

Cr 606 Li 344 Ru 555 Zn 329

Cs 40.5 Lu 183 Sb 220 Zr 290

Cu 347 Mg 403 Sc 346

Dy 183 Mn 409 Se 153

Er 188 Mo 423 Si 645
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Thermal Expansion 32

u1 u2

� � 1
2

� x2 � (L72)
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� x2� � � � (L73)

�

x � � dxxe � ��� � x �

� dxe � �� � x �
� 	

	 A
ln dxeAx � �� � x � ��� A� 0
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� kBT
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Thermal Expansion 34

Main results

☞ No thermal expansion until anharmonic effects are taken into account.

☞ Grüneisen parameter relates thermal volume expansion to specific heat
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Thermal Expansion 35
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[Data from Touloukian (1970a) and (1975) for aluminum]
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Thermal Expansion 36

Invar, won a Nobel prize!
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Inelastic Neutron Scattering 37

Monochromator crystal

Collimator

Incident neutron beam

Sample crystal

Incoming wave vector

�

k

Collimator
Outgoing wave vector

�

k �

Analyser crystal

Counter

Outgoing neutrons sorted according to energy by direction

of scattering from analyser crystal.

Scattering can be understood from conservation laws
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Inelastic Neutron Scattering 38

Energy

If neutron creates a phonon, then

�

h2k2

2mn

�

�

h2

� k

�
� 2

2mn

�
�

h � � q� � (L87a)

If, on the other hand, passage of the neutron destroys a phonon and steals its energy,

then �

h2k2

2mn

�

�
h2

� k

�
� 2

2mn

� �

h � � q� � (L87b)

Momentum

�

k �� � q �
�

k�
�

K (L88a)

for some reciprocal lattice vector

�

K, and when a phonon is absorbed,

�

k � � � q �
�

k�
�

K � (L88b)

14th April 2003
c� 2003, Michael Marder



Inelastic Neutron Scattering 39

�
h2k2

2mn
� �

h � �
�

k � �

k� �� �

�
�

h2

� k

�
� 2

2mn

� (L89)

14th April 2003
c� 2003, Michael Marder



Graphical criterion 40
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Results 41
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Formal Theory of Neutron Scattering 43

Nuclear scale is 10 � 13 cm

�

U � 2 � �

h2a
mn l

� �
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Rn � �

Rl � �ul

� � (L90)

� � d
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Formal Theory of Neutron Scattering 44
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Averaging Exponentials 47
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Wick’s theorem
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Debye-Waller factor 48

Quantitative account of how thermal fluctuations degrade scattering peaks
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Debye-Waller factor 49
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In Debye approximation
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Evaluation of Structure Factor 50
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Kohn Anomalies 52

q � 2kF
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The Mössbauer Effect 53
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Dislocations and Cracks 1
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Definitions 2

☞ Brittle

☞ Ductile

☞ Dislocation

☞ Burgers Vector

☞ Glide Plane

☞ Frenkel–Kontorova Model

☞ Hexatic Phases

☞ Orientational Order, Mermin–Wagner Theorem

☞ Kosterlitz–Thouless–Berezinkskii Transition

☞ Cracks

☞ Conformal Mapping

☞ Stress Intensity Factor
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Definitions 3

Given surface energy of � � 1 J/m2, height h at which it pays to split object in two is

h �

4 �
� g

� 1 � 4 cm � (L1)
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Failure in Shear 4

F

F

� L

L

(A)

A

A

L

F

F(B)

� L

G

� L
L

�

F
A � (L2)

21st April 2003
c� 2003, Michael Marder



Failure in Shear 5
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(L3)

Material Shear modulus G/5 Yield strength

(1011 ergs cm � 3) (1011 ergs cm � 3)

Iron 1.0–1.6 0.02–1

Copper 1.0 0.005

Titanium 1.0 0.08
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Failure in Tension 6
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Complete Cohesive Energy Curve 7
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Dislocations 8
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Burgers Vector 9
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Experimental Observations of Dislocations 10
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Experimental Observations of Dislocations 11

[Source: Amelinckx (1964)]
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Experimental Observations of Dislocations 12

(A) (B)

(A) Courtesy of J. Humphreys, Manchester University.)

[(B) Cullis et al. (1985)]
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Force to Move a Dislocation 13
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One-Dimensional Dislocations:
Frenkel–Kontorova Model 14
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Find force needed to move dislocation in simple one–dimensional model.
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One-Dimensional Dislocations:
Frenkel–Kontorova Model 15
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One-Dimensional Dislocations:
Frenkel–Kontorova Model 16
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One-Dimensional Dislocations:
Frenkel–Kontorova Model 17
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Impossibility of Crystalline Order in Two
Dimensions 18

Peierls and Landau showed that two–dimensional crystals are destroyed by thermal

fluctuations.
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Dimensions 19
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Impossibility of Crystalline Order in Two
Dimensions 20
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Orientational Order 21
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Orientational Order 22
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Kosterlitz–Thouless–Berezinskii Transition 24
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Kosterlitz–Thouless–Berezinskii Transition 25

[Murray and Grier (1996)]
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Kosterlitz–Thouless–Berezinskii Transition 26
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Kosterlitz–Thouless–Berezinskii Transition 32
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Fracture of a Strip 33
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Fracture of a Strip 36
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Stresses Around an Elliptical Hole 37
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Stress Intensity Factor 40
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Atomic Aspects of Fracture 41
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Magnetism of Ions and Electrons 1
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Definitions 2

☞ Atomic Magnetism

☞ Hund’s Rules

☞ Curie’s Law

☞ Landau Diamagnetism

☞ Aharonov–Bohm Effect

☞ Hofstadter Butterfly

☞ Integer Quantum Hall Effect

☞ Fractional Quantum Hall Effect
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Atomic Magnetism 3
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Hund’s Rules 4

1. Maximize S

2. Maximize L, with electrons in different orbitals

3. Less than half full....

J � � L� S � (L8a)

More than half full....

J � L� S (L8b)
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Hund’s Rules 5
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Figure 1: Hund’s rules for d and f shells predict values for spin angular momentum S and

orbital angular momentum L as indicated.
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� JLSJz �
�

Lz� 2

�

Sz � JLSJ� z � � g � JLS � � JLSJz �
�

Jz � JLSJ� z � (L12)

� g � JLS � Jz� JzJ� z� (L13)

� JLSJz �
�

L� 2

�

S � JLSJ� z � � g � JLS � � JLSJz �
�

J � JLSJ� z � (L14)

� � JLSJz �
�

L� 2

�
S � J� L� S� J� z � � g � JLS � � JLSJz �

�

J � J� L� S� J� z � (L15)

�

L� J� S� J� z

� JLSJz �
�

L� 2

�
S � J� L� S� J� z � � � J� L� S� J� z �

�

J � J� � L� � S� � J� �z �

� g � JLS �

L� J� S� J� z

� JLSJz �
�

J � J� L� S� J� z � � � J� L� S� J� z �
�

J � J� � L� � S� � J� �z �� (L16)

� JLSJz � �
�

L� 2

�

S � �
�

J � JLSJ� z � � g � JLS � � JLSJz �
�

J2 � JLSJ� z �� (L17)

�

S2 � �
�

J� �

L � 2 � �

J2� �

L2� 2

�

L� �
J (L18)
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�

JLS

�

8

�

L2 � �
�

J� �

S � 2 � �

J2� �

S2� 2

�

S� �

J� (L19)

g � JLS � � 1
2

! 3J � J� 1 �� L � L� 1 � � S � S� 1 � #

J � J� 1 � � (L20)

Energy level splittings in magnetic field are

	 BB
2

! 3J � J� 1 �� L � L� 1 � � S � S� 1 � #

J � J� 1 � � (L21)
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Zion �

J

Jz � J

e

 � g � BBJz (L22)

� e � g � BB � J � 1 � 2 �� e � g � BB � J � 1 � 2 �

e � g � BB � 2� e � g � BB � 2

� (L23)

� �� kBT lnZion� 1
8 �

d� r B2� (L24)

H � 4 �
�

� �
� B

� M � B
4 �

� 1

�
� �

� B
(L25)

� M � nkBT

�
� B

lnZion (L26)

� n 	 BgJ 	 J �
 	 BgJB �
 (L27)

where

	 J � x � � �

2J� 1
2J

coth
2J� 1

2J
x� 1

2J
coth �

x
2J � � � (L28)
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cothx �

1
x

� x
3

� � � � (L29)

� 	 J � 1
3

J� 1
J 
 	 BgJB
 (L30)

so that

M � ng2 � 	 B � 2 B
kBT

J � J� 1 �

3

� (L31)

�

� n
1

3kBT 	 2
eff
 (L32)

	 eff � g � JLS � J � J� 1 �� 	 B (L33)

	 exp � 3kBT �

n

� (L34)

28th September 2003
c� 2003, Michael Marder



Curie’s Law 11

Element Term � eff, Eq. (L33) � exp, Eq. (L34)

( � B) ( � B)

La3 � 4 f 0 1S 0 Diamagnetic

Ce3 � 4 f 1 2F5 � 2 2.5 2.3
Pr3 � 4 f 2 3H4 3.6 3.4
Nd3 � 4 f 3 4I9 � 2 3.6 3.5
Pm3 � 4 f 4 5I4 2.7 Radioactive

Sm3 � 4 f 5 6H5 � 2 0.9 1.6
Eu3 � 4 f 6 7F0 0 3.4
Gd3 � 4 f 7 8S7 � 2 7.9 7.9
Tb3 � 4 f 8 7F6 9.7 9.5
Dy3 � 4 f 9 6H15 � 2 10.6 10.4
Ho3 � 4 f 10 5I8 10.6 10.4
Er3 � 4 f 11 4I15 � 2 9.6 9.4
Tm3 � 4 f 12 3H6 7.6 7.1
Yb3 � 4 f 13 2F7 � 2 4.5 4.9
Lu3 � 4 f 14 1S 0 0
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Element Term � eff, Eq. (L33) � eff, J � S � exp, Eq. (L34)

( � B) ( � B) ( � B)

Ti3 � 3d1 2D3 � 2 1.6 1.7 1.8

V3 � 3d2 3F2 1.6 2.8 2.7

Cr3 � 3d3 4F3 � 2 0.8 3.9 3.8

Mn3 � 3d4 5D0 0.0 4.9 4.9

Fe3 � 3d5 6S5 � 2 5.9 5.9 5.9

Fe2 � 3d6 5D4 6.7 4.9 5.3

Co2 � 3d7 4F9 � 2 6.5 3.9 4.0

Ni2 � 3d8 3F4 5.6 2.8 2.9–3.5

Cu2 � 3d9 2D5 � 2 3.6 1.7 1.7–1.9
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� �� n
e2

4mc2
6

2
3

r2� (L35)

� � � e2

8mc2
B2 � 0 �

j

�
�

X2
j�
�

Y 2
j � � 0 ��

l� ��� 0

� � l� � 	 B

�

B� �
�

L� 2

�

S � � 0 � � 2

� l�� � 0

� (L36)

Element: He Ne Ar Kr Xe

�
� , experiment (10 6 cm3 mole 1): 1.88 7.02 19.18 28.49 43.33

�
� , Eq. (L35)� 0� 35 (10 6 cm3 mole 1): 0.99 14.82 20.54 23.74 27.95
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� �

B

Figure 3: Pauli susceptibility

� �

k

� � 0

�

k� 	 BB� (L37)

Nup � � d � 0 D� � 0 �

2
f � � 0� 	 BB �
 (L38)
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Ndown � � d � 0 D� � 0 �

2
f � � 0� 	 BB �� (L39)

Nup �

N
2

� 	 BB
2

� N

� 	 
 (L40)

Ndown �

N
2

� 	 BB
2

� N

� 	 � (L41)

M � 	 B

� � Ndown� Nup � � � � 	 B � 2

�

� N

� 	 B � (L42)

�

� � M

� H

�

� M
� B

� � 	 B � 2 1

�
� N

� 	 
 (L43)

�

� 	 2
BD � � F �� (L44)

�

� 	 2
BkF m

� 2 

h2

� 4� 757� 10

 7 � n " ! 1022� cm
 3 # � 1 � 3� (L45)
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� c � eB
mc
 (L46)

x0 � �


hky

m � c

� (L47)

� � � kz � ky

�


h2k2
z

2m

� ��� � 1
2 � h � c� (L48)

0 � x0 � L � 0 � �
� 

h2 � l2
m � cL

� � L (L49)

� 0 � l2 � �� m � cL2

2 �


h
�� (L50)

� N � BA

� 0

� �
� 0

(L51)

� 0 	

hc
e

� 4� 14� 10

 7 Gcm2

� (L52)
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D � kz
 � � � 2
m � c

2 �


h
1

2 �
� (L53)

D � � 
 � � � 2

� 2 � � 2



h � c

2 �

2m

h2 �

3 � 2

� �� � � � 1
2 � 

h � c �
 1 � 2

(L54)
	


h � cG � �� � � � 1

2 � 

h � c � 
 (L55)

with

G � x � � 1

� 2 � � 2

2m

h2

3 � 2

x
 1 � 2� (L56)

� � � kBT � d �
�

D � � 
 � � ln ! 1� e � � � � � # (L57)

� � kBT



h � c � d �
�

� � 0

G � � � ln ! 1� e � � � � � � � � � 1 � 2 ��
� h � c �� #� (L58)
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�
� � 0

F � � 1
2

�

�

0
F � x � dx� 1

24
F� � 0 �� (L59)

� � � � d � kBT



h � c G � � � d� ln ! 1� e � � � � � � � � h � c � #

� �

24
d � � h � c � 2G � � � 1

e � � � � � 1

(L60)

� � 0� �

24 � h � c � 2 d � G � � � f � � �
 (L61)

with

� 0 � � � d �
�

0
dxkBT G � � � ln � 1� e � � � � x � � � (L62)

� d � G � � � f � � � �� � 2 � 0

� 	 2� (L63)

28th September 2003
c� 2003, Michael Marder



Landau Diamagnetism 19

� � � 0� 1
6 � B 	 B � 2 � 2 � 0

� 	 2 (L64)
� M � � � �

� H � � �� � �
� B � �

�� 1
3

B 	 2
B

� N

� 	 (L65)

� �

� � 1
3 	 2

B

� N

� 	 � (L66)
�

� 2
3 	 2

B
� N

� 	 (L67)

� 2
3

	 2
BkF m

� 2 

h2 � (L68)
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Metal Z � [Eq. (L68)] � (Experimental)

(10

 6 cm3 mole

 1) (10

 6 cm3 mole

 1)

Li 1 6.90 p 25.00
Na 1 10.26 p 14.00
K 1 15.83 p 18.00
Au 1 5.84 d � 28.00

Be 2 4.50 d � 9.00
Mg 2 9.08 p 6.00
Ba 2 17.78 p 20.00
Zn 2 6.86 d � 9.15
Cd 2 8.66 d � 20.23
Hg 2 5.96 d � 17.10

Al 3 8.32 p 16.40
Ga 3 9.29 d � 21.68
Sn 4 12.65 d � 29.68
Bi 5 16.40 d � 271.67
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� � d2r Bz � d

�

l� � A
 (L69)

A �
� �

2 � r

� (L70)

�

B

Solenoid, flux �
electrons

Interference fringes

(A) (B)

Figure 4: (A) Electrons traveling around a flux tube (B)Small toroidal magnet with no

flux leakage

1
2m �



h
i

�
� � e

c

�

A

�

2

� � � � (L71)
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� � � exp

�

i

�

k� � r� i
e

hc

�r

d� r� � � A �� r� �
�

� (L72)

(A) (B)

2 � m

Figure 5: Interference fringes of electrons passing through small toroidal magnet. In (A)

the phase change is 0, while in (B) the phase change is � . [Source: Tonomura

(1993), p. 67.]
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�

P� e
c

�

A � eie

�

A� �

R �
� hc �

Pe

 ie

�

A� �

R �
� hc (L73)

�� � eie

�

A� �

R �
� hc

�� e

 ie

�

A� �

R �
� hc� (L74)

�

R

��
e

 ie

�

A� �� �
� hc �� R ��� �� R� �

� ��
�

R

�� R � U �� R �� (L75)

2 � l cos � 2 � lb� � � � � l � 1� � l 1 � � � l
 (L76)

b � Ba2

� 0
(L77)

� � akx� (L78)

� l � q � eikq

� l� (L79)
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� l � 1

� l

� �� 2cos � 2 � lb� � � � 1

1 0

� l

� l 1

� (L80)

eiqk � 1

� 0

� � q � 1

� q

� Q � � 
 � � � 1

� 0
(L81)

Q �
q

l � 1

�� 2cos � 2 � lb� � � � 1

1 0
(L82)

� Det �
�

�

Q � � 
 � �� eiqk �
�

�

� 0� (L83)

Det

�

Q � � 
 � � � � e2iqk� Tr
�

Q � � 
 � � �

eiqk � 0� (L84)

Tr

�

Q � � 
 � � �

� 2cosqk
 (L85)

Tr

�

Q � � 
 � � �

� Tr

�

Q � � 
 � � � �

(L86)
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Tr

�

Q � � 
 � � �

�
�

l � �

Fle
iq � l� (L87)

Tr

�

Q � � 
 � � �

� F0 � � � � F1 � � � eiq � � F �

1 � � � e iq �� (L88)

q

l � 1
�� � � e

i � 2 � lb � � � e

 i � 2 � lb � � � (L89)

F1 � � � � �� 1 � q
q

l � 1

e

 2 � ilb (L90)

� �� 1 � qe
 2 � biq � q � 1 � � 2� (L91)

F0 � � � � Tr

�

Q � � 
 � 0 � �
� (L92)

�� 1 � q2cos

�

2 � b� q2� q � " 2� q �
�
� (L93)
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� p � q� 1 �� q � 
 (L94)

� 0 � �

2q

� (L95)

Tr

�
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� 2cosqk � Tr

�

Q � � 
 � " 2q � � � 2cos

�
� b � q2� q � � � q� q �

�
� (L96)

�
�

�

Tr
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Figure 8: (A) States at energies



h � c ��� � 1 " 2 � ,and localized states (shaded). (B) Schematic

circuit for quantum Hall effect
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Figure 9: Gauge invariance for integer Hall effect
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Figure 10: Fractional quantum Hall effect. Data of Boebinger, Chang, Störmer, and Tsui.
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Figure 11: Shot noise for fractional quantum Hall effect [Source: Saminadayar et al.
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Definitions 2

☞ Phenomenology of Magnets

☞ Dipole Moments

☞ Ferromagnets, Ferrimagnets,and Antiferromagnets

☞ Mean Field Theory

☞ The Lenz–Ising Model

☞ Domains

☞ Hysteresis

☞ Order–Disorder Transitions

☞ Critical Phenomena

☞ Landau Free Energy

☞ Scaling and Universality
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Element  Element 

(10 � 6 cm3 mole � 1) (10 � 6 cm3 mole � 1)

Ar � 19.18 N2 � 12.04

As � 5.24 Ne � 7.02

B � 6.70 P � 26.63

C � 5.88 S � 15.39

Cl � 20.18 Se � 23.69

Ge � 7.99 Si � 3.09

H2 � 4.00 Te � 37.00

He � 1.88 Tl � 43.42

I � 45.68 Xe � 43.33

Kr � 28.49
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Figure 4: (A) Specific heat of iron. [Source: Hofmann et al. (1956) p. 53.] (B) Magnetic

susceptibility  of EuO. Source: Matthias et al. (1961), p. 160.]
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Compound Tc � mI Compound Tc mI

(K) (K) �� B � (K) �� B �

Cr a 312 0.59 FeFe2O4 fi 858 4.1
CoO a 291 � 330 3.8 (magnetite)

CuO a 230 � 745 0.5 FeNiFeO4 fi 858 2.3
Mn a 100 0.5 FeLiFeO4 fi 943 2.6
MnO a 122 � 610 5 FeCuFeO4 fi 728 1.3
NiO a 523 � 2470 2 FeCoFeO4 fi 793 3.7
O2 a 23.9 2

Co f 1394 1415 1.72
Dy f 85 157 10.65
Eu f 289 108 7.12
Fe f 1043 1100 2.2
Gd f 302 289 7.97
Ho f 20 87 10.9
Ni f 628 650 0.6
Tb f 20 87 10.9
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Figure 5: Spontaneous magnetization of rare earth iron garnets 5Fe2O3 � R2O2 [Source:

Bertaut and Pauthenet (1957).]
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Antiferromagnets 15

Figure 6: Spin structure of transi-

tion metal oxides such as

CoO or NiO.
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Figure 12: Molar heat capacities of four ferromagnetic copper salts versus scaled temper-

ature T � Tc. [Source Jongh and Miedema (1974).]
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Exponent Fluid Magnet Mean Field Theory Experiment 3d Ising

� C � � � t � � � C � � � t � � � discontinuity 0.11–0.12 0.110

� � n � � t � � M � � t � � 1
2 0.35–0.37 0.325

� KT � � t � � �

� � � t � � � 1 1.21–1.35 1.241

� P � � � n �� � H � � � M �� 3 4.0–4.6 4.82

� � � � t � � �

� � � t � � � 0.61–0.64 0.63

	 g � r � � r

� 1 � � g � r � � r
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☞ Phenomenology of Metals

☞ Anomalous Skin Effect

☞ Plasmons

☞ Interband Transitions

☞ Brillouin and Raman Scattering

☞ Photoemission

☞ Work Function

☞ Angle–Resolved Photoemission Spectroscopy (ARPES)

☞ Charge–Transfer Insulators
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Figure 9: Brillouin scattering from the (111) surface of germanium [Sandercock (1972).]
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Figure 10: Dispersion relation of polaritons in GaP [ Henry and Hopfield (1965)]
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(1987).]

21st September 2003
c� 2003, Michael Marder



Measurement of Work Functions 28

60 40 20 0 -20 -40 -60

0.0

0.5

1.0

Binding energy (meV)Ph
ot

oe
le

ct
ro

n
cu

rr
en

t(
ar

bi
tr

ar
y

un
its

)

Figure 12: Measurement of Fermi function [Patthey et al. (1990)]

21st September 2003
c� 2003, Michael Marder



Work Functions 29

Compound Surface � (eV) Compound Surface � (eV)

Ag (100) 4.64 Na (110) 2.9
(110) 4.52 Nb (100) 4.02
(111) 4.74 (110) 4.87

Al (100) 4.20 (111) 4.36
(110) 4.06 Ni (100) 5.22
(111) 4.26 (110) 5.04

Au (100) 5.47 (111) 5.35
(110) 5.37 Pt (100) 5.84
(111) 5.31 Si (111) 2 � 1 4.85

Be (0001) 5.1 (111) 7 � 7 4.50
Cu (100) 5.10 (100) 2 � 1 4.87

(110) 4.48 W (100) 4.63
(111) 4.94 (110) 5.25

Fe (100) 4.67 (111) 4.47
Ge (111) 2 � 1 4.68 SiC (0001) 4.6

(111) 2 � 8 4.53 AlN (100) 5.35
K (110) 2.39 GaAs (110) 5.56
Mg (100) 3.71 GaSb (110) 4.91
Mo (100) 4.53 InP (110) 5.85

(110) 4.95
(111) 4.55
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of Straub et al. (1986) and Rich et al. (1989). (B) GaAs: Theory

of Pandey and Phillips (1974), experiments of Chiang et al. (1980) and

Williams et al. (1986).
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Figure 17: Optical absorption of CoO. [ Powell and Spicer (1970).]
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Figure 19: Core-level photoemission from CuO [ Ghijsen et al. (1988), and

van der Laan et al. (1981) .]
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Definitions 2

☞ Polarization

☞ Optical Modes

☞ Polaritons

☞ Polarons

☞ Point Defects

☞ Color Centers

☞ Electron Spin Resonance

☞ Franck–Condon Effect

☞ Urbach Tails
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Polarization 3

(A) (B)

Figure 1: Ambiguity of dielectric
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Ferroelectrics 4

J

Figure 2: Measuring the spontaneous electric polarization of a sample.
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Clausius–Mossotti Relation 5
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Optical Modes in Ionic Crystals 8
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Figure 4: Dielectric function for CdS, deduced from reflection data by Balkanski (1972).
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21st September 2003
c� 2003, Michael Marder



Polaritons 13

Compound � � � 0 � T

2 � c

� L

2 � c

m�

m

� p
m�

m

� 1 � � p

6

�

m�

pol

m

(cm

� 1) (cm

� 1)

LiF 1.93 8.50 318 667
LiH 3.60 12.90 590 1116

NaF 1.75 4.73 262 431
NaI 3.08 6.60 124 182

KF 1.86 5.11 202 334
KI 2.68 4.68 102 144 0.325 2.51 0.461 0.540

RbF 1.94 5.99 163 286
RbI 2.61 4.55 76 108 0.368 3.16 0.562 0.720

CsF 2.17 7.27 134 245
CsCl 2.67 6.68 107 168
CsBr 2.83 6.38 78 118
CsI 3.09 6.32 66 94 0.420 3.67 0.677 0.960

GaAs 10.90 12.83 273 296 0.066 0.07 0.067 0.066
GaSb 14.40 15.69 231 240 0.047 0.03 0.047 0.047
GaP 8.46 10.28 365 403 0.338 0.20 0.349 0.350
InAs 11.80 14.61 219 243 0.023 0.05 0.023 0.023
InSb 15.68 17.88 185 197 0.014 0.02 0.014 0.013

CdS 5.27 8.42 244 308 0.155 0.53 0.169 0.170
CdSe 6.10 9.30 174 214 0.130 0.46 0.140 0.140
CdTe 7.21 10.23 141 168 0.091 0.32 0.096 0.096
ZnS 5.14 8 282 352 0.280 0.65 0.310 0.313
ZnSe 5.90 8.33 207 246 0.171 0.43 0.183 0.184

ZnTe 7.28 9.86 177 205 0.160 0.33 0.169 0.169
ZnO 4 8.15 414 591 0.240 0.85 0.274 0.279
PbS 18.50 190 67 214 0.082 0.32 0.086 0.087
PbSe 25.20 280 44 147 0.047 0.21 0.049 0.049
PbTe 36.90 450 32 110 0.034 0.15 0.035 0.035
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Vacancies 19

Crystal Cohesive Energy � � N Vacancy Energy

(eV) (eV)

Na 1.16 0.42

Au 3.8 0.97

Al 3.4 0.76

Pt 5.3 1.4

Ne 0.021 0.020

Kr 0.11 0.077

Ge 3.9 2.0
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F Centers 20
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Figure 6: The F center is a halogen ion vacancy that has trapped an electron.
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F Centers 21

Compound � abs (eV) � em (eV) Compound � abs (eV) � em (eV)

NaF 3.72 1.67 RbCl 2.05 1.09

NaCl 2.77 0.98 RbBr 1.86 0.87

KF 2.85 1.66 RbI 1.71 0.81

KCl 2.31 1.22 CsF 1.89 1.42

KBr 2.06 0.92 CsCl 2.17 1.26

KI 1.87 0.83 CsBr 1.96 0.91

RbF 2.43 1.33 CsI 1.68 0.74
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Electron Spin Resonance and Electron
Nuclear Double Resonance 22
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Figure 7: Electron spin resonance in RbCl F centers at a temperature of 90 K. [Source:

Pick (1972)]
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Electron Spin Resonance and Electron
Nuclear Double Resonance 23
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Figure 8: Electron density versus distance from vacancy center [Seidel and Wolf (1968)]
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Figure 9: The F2 or M center.
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Figure 10: F3 center [Lüty (1961)]
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Franck–Condon Effect 26
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Franck–Condon Effect 27
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Franck–Condon Effect 28
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Figure 11: Franck–Condon effect
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Franck–Condon Effect 29
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Franck–Condon Effect 30
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Urbach Tails 31
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Figure 12: Urbach tails [Haupt (1959)]
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Optical Properties of Semiconductors 1
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Definitions 2

☞ Cyclotron Resonance

☞ Direct and Indirect Optical Transitions

☞ Excitons

☞ Optoelectronics

☞ Lasers
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Cyclotron Resonance 4
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Cyclotron Resonance 5
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Figure 2: Cyclotron resonance in germanium. The magnetic field is oriented at 10 � from

the (110) plane and 30 � from the [100] direction. [Source: Dexter et al. (1956)]

21st September 2003
c	 2003, Michael Marder



Electron Energy Surfaces 8
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Direct Transitions 9
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Figure 3: Measurement of absorption coefficient 	 times �h� , showing a van Hove singu-

larity at onset of optical absorption in the direct gap semiconductor InSb. Data

of Goebli and Fan and reported by Johnson (1967).
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Figure 4: Absorption coefficient 	 in gallium arsenide, showing absorption due to exci-

tons. [Source: Sturge (1962), p. 771.]
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�

h� � � c � � � �

�

h� ph �
�


 k � � (L18)
� �

�

kc

�

k �

 � � c �

�

kc � � � � �
�

k � � � �h� �

�

h� ph �
�


 k �� (L19)

� d � c d � � Dc � � c � D � � � � � 
 � � c � � �
� �h� �

�

h� ph � (L20)

�

� g

d � c

0

d � � � c � � g � � � 
 � � c � � �
� �h� �

�

h� ph � (L21)

�

�h � �
�h � ph

� g

d � c � c � � g

�
h� � � c 	

�

h� ph (L22)

� � �h� 	

�

h� ph � � g � 2
1

0
dy � y 1 � y � (L23)

21st September 2003
c	 2003, Michael Marder



Indirect Transitions 13

0.70 0.72 0.74 0.76 0.78 0.80 0.82 0.84 0.86
0

1

2

3

4

5

�
�

(c
m

�1
� 2

)

Energy (eV)

20 K

77 K

90 K

Figure 5: Onset of optical absorption in germanium.. [Source: Macfarlane et al. (1957)]
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Excitons 14
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Mott–Wannier Excitons 15
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Mott–Wannier Excitons 16
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� 0 � 529Å � (L31)

21st September 2003
c	 2003, Michael Marder



Mott–Wannier Excitons 17
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Figure 7: Absorption in Cu2O. [Experiments of Baumeister (1961), p 361.]
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Solar Cells 18
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Lasers 19
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Lasers 20
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Figure 9: Light in a laser cavity reflects several times back and forth from mirrored ends

of reflection coefficient � so as to stimulate more light emission before exiting.
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Figure 11: (A) Energy levels of Cr3 � in Al2O3 (ruby). (B) Energy levels of Nd in

Y3Al5O12 (Nd:YAG).
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Active Areas 26

☞ Porous Silicon

☞ Negative � dielectrics

☞ Materials to manipulate light as semiconductors manipulate electrons.
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Optical Properties: Phenomenological Theory1
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Optical Properties: Phenomenological Theory2
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Definitions 3

☞ Maxwell’s Equations

☞ Dielectric Functions

☞ Kramers–Kronig Relations

☞ Sum Rules

☞ Kubo–Greenwood Formula
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Return of the Drude Model 4
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Maxwell’s Equations 5
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Maxwell’s Equations 6
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Traveling Waves 7
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Mechanical Oscillators as Dielectric Function9
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Mechanical Oscillators as Dielectric Function10
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Mechanical Oscillators as Dielectric Function11
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Kramers–Kronig Relations 13
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Born approximation:
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If, on the other hand, the time dependent potential were to have the form

U� exp � i �� t � , then one would have instead
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Classics....

☞ Kadanoff and Baym (1962)

☞ Abrikosov, Gor’kov, and Dzyaloshinskii (1965)

☞ Fetter and Walecka (1971)
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☞ Work Functions

☞ Schottky Barrier

☞ Intrinsic Semiconductors

☞ Doping

☞ Semiconductor Junctions

☞ Rectification

☞ Diodes and Transitors

☞ Heterostructures

☞ Two-Dimensional Electron Gas (2DEG)

☞ Quantum Point Contact

☞ Quantum Dot
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Figure 3: An electron attracted to metal surface.
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Figure 7: Periodic unit cell that produces surfaces
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Figure 9: Semiconductor conduction band energy surfaces
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Group V donors, � c � � d (meV)

Host Eq. (L26) N P As Sb Bi

Si 113 140 45 53.7 42.7 70.6

Ge 28 12.9 14.2 10.3 12.8

Group III acceptors, � a � � � (meV)

Host Eq. (L26) B In Ga Al Tl

Si 48 45 155 74 67 25

Ge 15 9.73 12.0 11.3 10.8 13.5

Donors, � c � � d (meV)

Host Eq. (L26) Pb Se Si S Ge C

GaAs 5.8 5.8 5.8 5.8 5.9 5.9 5.9
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Host Eq. (L26) Be Mg Zn Cd C Si Ge Sn Mn

GaAs 23 28 29 31 35 27 35 40 167 113
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Figure 10: Densities of states with doping
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Figure 13: Effect of surface states on metal–semiconductor junction.
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Figure 15: Illustration of the redistribution of mobile charges near a p–n junction.
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Figure 17: The binary junction transistor, made from two back-to-back p–n junctions.

26th August 2003
c� 2003, Michael Marder



Transistor 36

nE � xa � � n2
i

� E
e � eVEB (L79a)

pB � xb � � n2
i

� B
e � eVEB (L79b)

pB � xc � � n2
i

� B
e � eVCB (L79c)

nC � xd � � n2
i

� C
e � eVCB � (L79d)

jEn � e 	 En� E � xa � (L80a)

jE p � � e 	 B p� B � xb � (L80b)

jCp � � e 	 B p� B � xc � (L80c)

jCn � e 	 Cn� C � xd � � (L80d)

JE � JFO � e � eVEB � 1 � � � RJRO � e � eVCB � 1 � (L81a)
26th August 2003

c� 2003, Michael Marder



Transistor 37

JC � � FJFO � e � eVEB � 1 � � JRO � e � eVCB � 1 � (L81b)

with

JFO � eA
	 E

LE

n2
i

� E

	
	 B

LB

n2
i

� B
coth �

xc � xb

LB

� (L81c)

JRO � eA

	 C

LC

n2
i

� C

	
	 B

LB

n2
i

� B
coth �

xc � xb

LB

� (L81d)

� FJFO � � RJRO � eA
	 B

LB

n2
i

� B
cosech �

xc � xb

LB

� � (L81e)

26th August 2003
c� 2003, Michael Marder



Heterostructures 38

� c � eV � x ��

(C)

GaAs

� �

� eV � x �

� c� � eV

(A)

0� 263eV

0� 132eV

1� 82eV 1� 42eV

Al � 3Ga � 7As GaAs

� c � eV � x ��

(B)

GaAs

� �

� eV � x �

Al � 3Ga � 7As

Al � 3Ga � 7As

(D)

Figure 18: Junction between two semiconductors with different band gaps
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Definitions 2

☞ Weak Scattering Theory

☞ Noise

☞ Metal–Insulator Transitions

☞ Green’s Functions

☞ Effects of Impurities

☞ Anderson Localization

☞ Mobility Edge and Localization Length

☞ Scaling Theory
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Weak Scattering Theory of Conductivity 3

Problem: A perfect crystal is a perfect electrical conductor
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Evidence that Liquid Metal Scatter Weakly 8

Metal: Li Na Cu Ag Au Zn Hg Al Ga Sn Pb Sb Bi Fe

lT (Å): 45 157 34 51 27 15 5 20 17 5 6 4 4 3
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Phonon Resistivity 9
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Figure 1: Resistivity of potassium from 0 1 to 300 K. At the lowest temperatures, the

resistance varies as T 2, from 2 to 20 K, it varies as T 5, and from 100 K upwards,

it varies as T 1. [Source: Bass et al. (1990).]
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Matthiessen’s Rule 12

When resistivity is small, add contributions from different sources.
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Fluctuations 13

Thermal noise

� � V 2 � � 4kBTRd � � (L28)

Shot noise
� � J2 ��� 2eJd �� (L29)

1 � f noise.
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Metal–Insulator Transitions 14
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Metal–Insulator Transitions 15
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Figure 2: Metal–insulator transition in silicon doped with phosphorus. Rosenbaum

(1985)
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Metal–Insulator Transitions 16
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Figure 3: A host of different systems displays metal–insulator transitions when a� n1 � 3�

0� 26, Edwards and Sienko (1982)
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Impurity Scattering and Green’s Functions 17
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Green’s Functions 18

�
�

R �
�

G � t � � 0 �� �
�

R � e

� i

�� t ��� h � 0 �� (L38)

�

G �� � � 1
i

�

h

�

0
dt ei � t ��� h�G � t � (L39)

�
�

G �� � � ��� �
�

� �
� 1� (L40)

�
G ��� ���

i�
h

0

� �

dt ei � t ��� h�G � t � � (L41)

�

G� ��� �
�

� �
� 1�

n

��� �
�

� �
� 1 �� n � � � n ��

n

�� n � � � n �

� � � n

� (L42)

�

G� �� � � �� n � � � n � �� r� � n �

�� r� � n � 2� � 2

�
i � �� n � � � n �

�� r� � n � 2� � 2
(L43)

� �� n � � � n �

1

� r� � n

� i � � �� r� � n � � (L44)

26th August 2003
c� 2003, Michael Marder



Green’s Functions 19
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Green’s Functions 20
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Green’s Functions 21
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Green’s Functions 22
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Figure 4: Green’s functions for perfect square tight-binding lattice in one, two and three

dimensions.
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Adding Impurities 23
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Single Impurity 24

�
G � �

G0�
�

G0 � 0 � U0� 0 �
�

G0�
�

G0 � 0 � U0� 0 �
�

G0 � 0 � U0� 0 �
�

G0� � � � (L66)

� �

G0�
�

G0 � 0 � U0� 0 �
�

G0

�

p� 0

�

U0� 0 �
�

G0 � 0 � �

p
(L67)

� �
G0�

�
G0 � 0 � U0� 0 �

�

G0

1� U0� 0 �
�

G0 � 0 �
� (L68)

�

G0 � �� n0 � � � n0 �

� � � n0
(L69)

�
�

G � �� n0 � � � n0 �

� � � n0

� �� n0 � � � n0 � 0 � � 0 �� n0 � � � n0 �

��� � � n0 � � 0 �� n0 � � � n0 � 0 � � (L70)

1� U0� 0 �
�

G0 �� � � 0 ��� 0� (L71)

1 � U0� 0 �
�

G0 ��� � � 0 � 	 � U0� 0 �
�

G� 0 �� n � � 0 � �� � � n � (L72)
26th August 2003

c� 2003, Michael Marder



Single Impurity 25
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Coherent Potential Approximation 26
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Coherent Potential Approximation 27
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Localization 28
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Figure 5: Calculation of the mobility edge.
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Exact Results in One Dimension 29
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Figure 6: Diagram corresponding

to Eq. (L100).
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Exact Results in One Dimension 31
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Exact Results in One Dimension 32
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Scaling Theory of Localization 33
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Scaling Theory of Localization 34
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Comparison with Experiment 36
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Figure 10: (A) Measurement of resistivity versus temperature in PPV, Ahlskog et al.

(1997), p. 6779.
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Transport and Fermi Liquids 1
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Definitions 2

☞ Boltzmann Equation

☞ Relaxation Time Approximation

☞ Onsager Relations

☞ Holes

☞ Wiedemann–Franz Law

☞ Seebeck, Peltier, and Thomson Effects

☞ Classical Hall Effect

☞ Magnetoresistance

☞ Fermi Liquid Theory

☞ Quasi–Particles

☞ Zero Sound
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Boltzmann Equation 3

Suppose have Hamiltonian structure:

��r � ��
� �p�

��p �� ��
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In particular case of electrons in semi–classical approximation (discard anomalous
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Continuity Equation 4
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Figure 1:

Let g � x � be the number of particles per volume. Then the number entering volume Adx

minus the number leaving it is
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Continuity Equation 5

For a system with flows in more than one dimension,
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Occupation Number g 6
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Boltzmann Equation 7
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Relaxation Time Approximation 8
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Relaxation Time Approximation 9
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Figure 2: Electrons that at time t end up at �r
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Relaxation Time Approximation 10
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Relation to Rate of Production of Entropy 11
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Forces and fluxes;
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The flux of � in response to force � is the same as the flux of � in response to force � ,

(provided that one also reverses the sign of the magnetic induction B.)

Heat flux produced by electric field equals electric current produced by temperature

gradient.
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in cubic crystals
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Conductivity related to effective mass
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Alternative form as Fermi surface average.

Conductivity of filled bands is zero.
26th August 2003

c� 2003, Michael Marder



Effective Mass and Holes 18
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Thermopower—Seebeck Effect 22
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Figure 3: Geometry for Thermopower
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Thermopower—Seebeck Effect 23

Element Z L � L0 L � L0 � �� VK

� 1

� � �� VK

� 1

� � nec � nec

300 K 20 K 300 K 100 K 300 K 100 K

Li 1 0.90 0.22 10.6 4.3 � 1.02 � 0.16
Na 1 0.91 0.30 � 5.8 � 2.6 � 0.54 � 0.50
K 1 0.92 � 13.7 � 5.2 � 0.89 � 0.95
Rb 1 � 10.2 � 3.6 � 0.86 � 0.91
Cs 1 � 0.9 � 0.99
Cu 1 0.91 0.31 1.9 1.2 � 0.72 � 0.78
Ag 1 0.96 0.70 1.5 0.7 � 0.84 � 0.84
Au 1 0.96 0.76 1.9 0.8 � 0.69 � 0.68

Be 2 0.97 0.23 1.7 � 2.5 � 30.49 � 30.49
Mg 2 0.97 0.78 � 1.5 � 2.1 � 1.15
Ca 2 10.3 1.1
Sr 2 1.1 � 3.0
Ba 2 12.1 � 4.0
Zn 2 0.92 0.67 2.4 0.7 3.03 3.89
Cd 2 0.97 0.65 2.6 � 0.1 2.06 1.48
Hg 2 1.49 0.65 � 1.97

Al 3 0.89 0.72 � 1.7 � 2.2 � 0.96 � 0.84
Ga 3 1.8 0.5 � 0.96
In 3 1.7 0.6 � 1.00 � 0.50

Sn 4 � 0.9 � 0.0 � 0.05
Pb 4 � 1.3 � 0.6 0.21

Sb 5 1.58
Bi 5 1.07

Mn 4 � 10.0 � 2.5 4.41 � 23.51
Fe 2 1.36 0.98 16.2 11.6
Co 2 � 30.8 � 8.4
Ni 2 0.83 � 19.2 � 8.5
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Figure 4: Geometry of the Hall effect.
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Figure 5: Electron-like, hole-like, and open orbits for the Hall effect.
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Figure 6: [Source: Alekseevskii and Gaidukhov (1960), p. 673.]

Giant Magnetoresistance (GMR) and Collossal Magnetoresistance (CMR)...new read
heads.
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Definitions 2

☞ Drude model

☞ Semiclassical dynamics

☞ Bloch oscillations

☞

�

K �
�

P method

☞ Effective mass

☞ Houston states

☞ Zener tunneling

☞ Wave packets

☞ Anomalous velocity

☞ Wannier–Stark ladders

☞ de Haas–van Alphen effect
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Figure 6: Energy contours on the Fermi surface of copper, showing open and closed or-

bits.
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2 � � K

�

E

Figure 7: The Wannier–Stark ladder is a collection of electrons trapped in Bloch oscilla-

tions by an intense electric field, and spaced at intervals of 2 � � K, where

�

K is a

reciprocal lattice vector.
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74 kG 69 kG

Figure 8: Sketch of de Haas–van Alphen oscillations of magnetization M in gold similar

to those measured by Shoenberg and Vanderkooy (1970).
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2

� B � T �
� j � � � 2 � (L109a)

7th September 2003
c� 2003, Michael Marder



de Haas–van Alphen Effect 33

� � � 9 � 52 � 10


 5 1

� � 1 � B 	 � Å


 2

� T � � (L109b)

B

� F

� F � d�

(A) (B) (C) (D)

Figure 9:

7th September 2003
c� 2003, Michael Marder



Experimental Measurements of Fermi
Surfaces 34

Figure 10: Fermi surface

of copper,

Shoenberg

(1984).

Figure 11: The Fermi surface of tungsten,

Girvan et al. (1968).
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Figure 1: When liquid is sheared between two plates, the force is proportional to the

shearing speed and is inversely proportional to the separation d.

F
A

�
�


 � x


 y � (L11)

1st May 2003
c� 2003, Michael Marder



Navier–Stokes Equation 5

Gas � Liquid �

(g/[cm� sec]) (g/[cm� sec])

He 1 � 99� 10 � 4 NH3 14� 10 � 4

Ne 3 � 17� 10 � 4 H2O 82� 10 � 4

Ar 2 � 27� 10 � 4 CO2 6 � 0� 10 � 4

Kr 2 � 55� 10 � 4 Hg 160� 10 � 4

Xe 2 � 33� 10 � 4 Glycerine 85000� 10 � 4

H2 0 � 89� 10 � 4

N2 1 � 79� 10 � 4

O2 2 � 07� 10 � 4

F2 2 � 36� 10 � 4

Cl2 1 � 37� 10 � 4

CO 1 � 78� 10 � 4

CO2 1 � 50� 10 � 4

Air 1 � 85� 10 � 4
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Figure 4: [Source: Ferry (1980), p. 197.]
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25th October 2003
c� 2003, Michael Marder



Definitions 2

☞ Perfect Diamagnetism

☞ Landau–Ginzburg Equations

☞ Type I and Type II Superconductors

☞ Flux Quantization

☞ Josephson Effect

☞ Superconducting Quantum Interference Devices (SQUIDS)

☞ Isotope Effect and Fröhlich Hamiltonian

☞ Cooper Problem

☞ Bardeen Cooper Schrieffer (BCS) Theory

☞ Bogoliubov Theory

☞ High-Temperature Superconductors
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Expulsion of magnetic fields, not infinite conductivity, is the key.
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Figure 1: Flux threading a current

loop
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Compound Tc Hc � � L

(K) (G) (Å) (Å)

Al 1.18 105 13 000–16 000 160–500
Ba (P � 20 GPa) 5.3
Bi (P � 8 GPa) 8.55
Ce (P � 5 GPa) 1.7
Ga 1.09 58.9
Hg 3.95 340 380–450
Ir 0.10 20.1
Lu 0.1
Mo 0.92 98
P (P � 17 GPa) 5.8
Pb 7.20 803 510–960 390–630
Si (P � 12 GPa) 7.1
Sn 3.7 308 1 000–3 000 340–750
Te (P � 8 GPa) 4.3
Th 1.37 162
Ti 0.42 56
Tl 2.4 180 4200
U 1.8
W 0.02 1.07
Zn 0.85 52
Zr 0.53 47

Nb3Sn 18.5 28 34 1 600
YBa2Cu3O7� x 92 500 4–8 900–8 000
HgBa2Ca2Cu3Oy 135
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2 	 m(A)

5000 Å(B)

Figure 2: A Type II superconductor is unstable to the formation of flux tubes (A) Magnetic

flux entering a lead film [Tonomura et al. (1986)] (B) Top view of an Abrikosov

lattice of flux tubes in NbSe2 [S. Pan and A. de Lozanne]
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Figure 3: Magnetic flux that pierces a su-

perconducting ring is quantized in

units of � 0 � 2.
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Figure 4: Trapped magnetic flux in a superconducting cylinder as a function of applied

field. [Deaver and Fairbank (1961)]
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Figure 5: (A) Setting for Fraunhofer diffraction in a Josephson junction. (B) Measure-

ment of Jc in an Sn–SnO–Sn junction at T � 1.9 K. [R. C Jaklevic, 1969]
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Figure 8: Superconducting transition temperature Tc versus average isotopic mass in four

samples of mercury. [ Reynolds et al. (1950).]
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Figure 10: Sketches of the excitation energy, occupation number, and Fermi function for

the BCS theory of superconductivity.
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Element 2 � � kBT � Cs � Cn � � Cn Element 2 � � kBT � Cs � Cn � � Cn

BCS 3.53 1.43

Al 2.5–4.2 1.3–1.6 Pb 4.0–4.4 2.7

Cd 3.2–3.4 1.3–1.4 Sn 2.8–4.0 1.6

Ga 3.5 1.4 Ta 3.5–3.7 1.6

Hg 4.0–4.6 2.4 Tl 3.6–3.9 1.5

In 3.4–3.7 1.7 V 3.4–3.5 1.5

La 1.7–3.2 1.5 Zn 3.2–3.4 1.2–1.3

Nb 3.6–3.8 1.9–2.0
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Figure 11: (A) Specific heat of aluminum and vanadium, relative to � Tc, where � is the

Sommerfeld parameter. [Boorse (1959)] (B) Inverse nuclear spin relaxation

in aluminum compared with prediction of Bardeen, Cooper, and Schrieffer.

[Masuda and Redfield (1962), ]
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Figure 12: Structure of YBa2Cu3Ox, [Poole et al. (1988)] (A) Orthorhombic structure.
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Moments 1
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Definitions 2

☞ Heitler–London Calculation for Ferromagnetism

☞ Heisenberg Model of Ferromagnets

☞ Néel State

☞ Indirect Exchange

☞ Spin Waves

☞ Schwinger Bosons

☞ Holstein–Primakoff Transformation

☞ Stoner Model

☞ Anderson Model

☞ Kondo Effect and Scaling Theory

☞ Hubbard Model

12th October 2003
c� 2003, Michael Marder



Weakness of Magnetic Dipole Moments 3

�
B � �

� �
�m1�
�

�

1
r�

� 3� r �
�m1�
� r �
	
�m1

r3 � (L1)

�m1� �m2	 3 �
�m2�
� r12 � �
�m1�
� r12 �

r3
12

� (L2)

1
4

m1

� B

m2

� B

2a0

r12

3

� 2
B

a3
0

� 0 9� 10

� 4 eV� m1

� B

m2

� B

2a0

r12

3

 (L3)

12th October 2003
c� 2003, Michael Marder



Heitler–London Calculation 4
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Figure 1: Setting for the calculation of Heitler and London (1927).

l� � d �r ��� 1 �
�r � � 2 �
�r � � (L4)

Singlet:

1

� 2

�� � �	� 1 � � 
 � � 2 �
	 � 
 � � 1 � � � �	� 2 � � � (L5a)

12th October 2003
c� 2003, Michael Marder



Heitler–London Calculation 5

Triplet:
� � �	� 1 � � � � � 2 � S � 1 � Sz � 1

1

� 2

� � � �	� 1 � � 
 �	� 2 � � � 
 �	� 1 � � � � � 2 � � S � 1 � Sz � 0

� 
 �	� 1 � � 
 � � 2 � S � 1 � Sz � 	 1

(L6a)

� s �
�r1 �
�r2 � � 1

� 2 � 2l2� � 1 �
�r1 � � 2 �
�r2 � � � 1 �
�r2 � � 2 �
�r1 � � � (L7a)

� t �
�r1 �
�r2 � � 1

� 2	 2l2� � 1 �
�r1 � � 2 �
�r2 �
	 � 1 �
�r2 � � 2 �
�r1 � � (L7b)

�
�

P2
1

2m

	 e2

�
�r1	
�

R1 � �
� 1 �
�r1 � � � 0 � 1 �
�r1 � (L8)

12th October 2003
c� 2003, Michael Marder



Heitler–London Calculation 6

� � �

�

P2
1

2m

	 e2

�
�r1	
�

R1 �
�

�

P2
2

2m

	 e2

�
�r2	
�

R2 �

�

e2

�
�r1	 �r2 �

�

e2

�
�

R1	
�

R2 �
	 e2

�
�r1	
�

R2 �
	 e2

�
�r2	
�

R1 �
 (L9)

d �r1d �r2 �� 1 �
�r1 � �� 2 �
�r2 �
� � � 1 �
�r1 � � 2 �
�r2 �

� d �r1d �r2 �� 2 �
�r1 � �� 1 �
�r2 �
� � � 2 �
�r1 � � 1 �
�r2 � (L10)

� 2 � 0 � U � (L11)

where

U � d �r1d �r2

�
�

� � 1 �
�r1 � � 2

� � 2 �
�r2 � � 2

�
���

e2

�
�r1	 �r2 �

�
e2

�
�

R1	
�

R2 �
	 e2

�
�r1	
�

R2 �
	 e2

�
�r2	
�

R1 ��� �

(L12)

and
12th October 2003
c� 2003, Michael Marder



Heitler–London Calculation 7

d �r1d �r2 ��� 2 �
�r1 � �� 1 �
�r2 �
� � � 1 �
�r1 � � 2 �
�r2 �

� d �r1d �r2 ��� 1 �
�r1 � �� 2 �
�r2 �
� � � 2 �
�r1 � � 1 �
�r2 � (L13)

� 2 � 0l2 � V � (L14)

with

V � d �r1d �r2

�
�

�� 1 �
�r1 � �� 2 �
�r2 �

� 2 �
�r1 � � 1 �
�r2 �
�

���
e2

�
�r1	 �r2 �

�

e2

�
�

R1	
�

R2 �
	 e2

�
�r1	
�

R1 �
	 e2

�
�r2	
�

R2 ��


(L15)

� s �

� � s �
� � � � s �

� 2
2 � 0 � U � 2l2 � 0 � V

2 � 2l2
� 2 � 0 �

U � V
1 � l2

(L16a)

and
12th October 2003
c� 2003, Michael Marder



Heitler–London Calculation 8

� t �

� � t �
� � � � t �

� 2
2 � 0 � U	 2l2 � 0	 V

2	 2l2

� 2 � 0 �

U	 V
1	 l2

(L16b)
� t	 � s �

2l2U	 2V
1	 l4

� 	 J (L17)

12th October 2003
c� 2003, Michael Marder



Lieb-Mattis Theorem 9

� � � �
�

d �r1d �r2

�

h2

2m � � 1 � �

2 �
�

h2

2m � � 2 � �

2 � U �
�r1 �
�r2 � � � �
�r1 �
�r2 � �

2

� d �r1d �r2 � � �
�r1 �
�r2 � � 2

 (L18)

0

� � � �
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Figure 3: The Néel state.
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Figure 4: (A) Dispersion relation for ferromagnetic magnons in iron. [ Yethiraj et al.

(1991), and Lynn (1975),.] (B) Dispersion relation for antiferromagnetic

magnons in CuO. [ Aı̈n et al. (1989).]
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Figure 5: Resistivity data for MoxNb1 � x alloys. [Source: Sarachik et al. (1964).]
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Figure 8: Low-temperature specific heat of the heavy fermion compound UBe13. [Source

Ott et al. (1983, 1984).]
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Figure 9: Six representative phase diagrams of the two-dimensional Hubbard model
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